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Abstract: We introduce a “web-based formalism” for describing the category of half- 
supersymmetric boundary conditions in 1 + 1 dimensional massive field theories with J\f = 
(2,2) supersymmetry and unbroken U(1)r symmetry. We show that the category can 
be completely constructed from data available in the far infrared, namely, the vacua, the 
central charges of soliton sectors, and the spaces of soliton states on R, together with 
certain “interaction and boundary emission amplitudes.” These amplitudes are shown to 
satisfy a system of algebraic constraints related to the theory of A^ and L^ algebras. 
The web-based formalism also gives a method of finding the BPS states for the theory 
on a half-line and on an interval. We investigate half-supersymmetric interfaces between 
theories and show that they have, in a certain sense, an associative “operator product.” 
We derive a categorification of wall-crossing formulae. The example of Landau-Ginzburg 
theories is described in depth drawing on ideas from Morse theory, and its interpretation 
in terms of supersymmetric quantum mechanics. In this context we show that the web- 
based category is equivalent to a version of the Fukaya-Seidel Aoo-category associated to 
a holomorphic Lefschetz fibration, and we describe unusual local operators that appear 
in massive Landau-Ginzburg theories. We indicate potential applications to the theory of 
surface defects in theories of class S and to the gauge-theoretic approach to knot homology. 
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1. Introduction 
1.1 Preliminaries 

This paper is devoted to the study of massive two-dimensional theories with (2, 2) su¬ 
persymmetry. The supersymmetry operators of positive spacetime chirality are denoted 
Q+, Q+ and those of negative chirality by Q_, Q_. (The adjoint of an operator O is denoted 
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O.) It will be important that there is an unbroken U( 1) i?-symmetry, whose generator we 
call P or “fermion number.” Supersymmetry generators of P — +1 are Q- and Q + , and 
those of P — — 1 are Q+ and Q_. In Minkowski space with metric d £ 2 = —d t 2 + dx 2 , the 
supersymmetry algebra is 

{Q + ,Q + } = H + P 
{Q.,Q_} = H-P 
{Q+,Q.} = Z 

(Q + ,Q_} = Z, (1.1) 

with other anticommutators vanishing. Here H ~ —idt and P ~ —id x are the energy and 
momentum and Z is a central charge, which commutes with the whole algebra and with 
all local operators. 

Typically, we consider a theory with a finite set V of vacua (in some applications, one 
allows infinitely many vacua) in each of which there is a mass gap. Because Z is central, 
in the ij sector, which is defined as the space of states that interpolate from a vacuum i 
at x —>► —oo to a vacuum j at x —* +oo, Z is equal to a fixed complex number zij. Cluster 
decomposition implies that for z, j, k G V, Z{j + zjk = and therefore there are complex 
numbers Wi (unique up to a common additive constant) such that Wi — Wj = i, j G V. 
Wi is called the value of the superpotential in vacuum i G V. 

A large supply of massive Af = 2 theories with U( 1) i?-symmetry can be constructed 
as Landau-Ginzburg (LG) models with chiral superfields </>i,..., <j) n valued in C n , and 
a suitable superpotential function W((f) i,...,0 n ). (Any superpotential at all leads to a 
theory with a 17(1) i?-symmetry. Generically such a theory is massive and we usually call 
these theories massive J\f = 2 theories, leaving the i?-symmetry understood.) Many of 
our considerations apply to more general LG models with general Kahler target space X 
and holomorphic Morse function W, but our considerations are already quite nontrivial 
for the case X = C, and we restrict attention to X = C n in this introduction. Since a 
model defined in some other way may have a description as an effective LG theory at low 
energies, it may be that for some purposes this type of example is universal. In this paper, 
we describe a framework that we believe applies generally, but on some key points we rely 
on knowledge of LG models to infer what structure to expect. 

Our goal is really to understand what additional information beyond the vacua and 
their central charges is needed in order to describe the supersymmetric states of a massive 
M = 2 theory. The most elementary extra needed information concerns the BPS soliton 
states in the ij sector. For useful background and further references see [14, 15, 50]. Let 
Qij = Q- — with |£| = 1. Then for a state of P = 0 in the ij sector, 

{Q ij ,Qi j } = 2(H-Re((r.i Zij )). (1.2) 

A standard argument shows that BPS states - states annihilated by Qij and Qij - can 
exist only if H — \zij\ and Qj = Zij/\zij\. Such states come in supermultiplets consisting 
of a pair of states with P — /, / + 1 for some /. Using cluster decomposition, it can be 
shown that the values of / mod Z depend only on the vacua i and j. The number of BPS 
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multiplets for a given value of / is the most basic observable that goes beyond a knowledge 
of the set Y of vacua and the corresponding superpotential values Wi. In this paper, we 
write TZij for the space of BPS solitons in the ij sector. 

As reviewed in Section §12, in an LG model, a classical approximation to IZij is the 
space Rij of solutions of a certain supersymmetric soliton equation. In general, Rij does 
not necessarily give a basis for the space IZij of quantum BPS soliton states. To determine 
IZij, one must in general compute certain instanton corrections to the classical soliton 
spectrum. The instantons are solutions of a certain nonlinear partial differential equation 
that we will call the (’-instanton equation. 1 For LG models, the construction of this paper 
can be developed taking as the starting point either the classical space Rij of BPS solitons 
or the corresponding quantum-corrected space IZij. However, the construction is probably 
easier to understand if one starts with the classical space Rij , so we will use that language 
in this introduction. For an abstract massive J\f = 2 model that is not presented as an LG 
model (and more generally is not presented with anything one would call a classical limit), 
there is no space Rij of classical solitons and one has to make the construction in terms of 
the space 7 Zij of quantum solitons, that is, BPS states in the ij sector. 

1.2 Branes 

We can get a much richer story by considering also half-BPS branes. We consider our 
theory on a half-plane R defined by x > 0 with a boundary condition at x = 0 determined 
by a brane 25. We suppose that, for some complex number of modulus 1, the brane 
25 is invariant under the supersymmetry = Q_ — C r$ 1 Q+ an d its adjoint Qr&. We also 
generally assume that does not coincide with any of the Qj. (This assumption keeps us 
away from walls at which jumping phenomena occur.) 

A basic question about such a brane is as follows. If we formulate a massive J\f = 2 
theory on the half-plane R with the brane 25 at x = 0 and a vacuum i G V at x = oo, then 
what supersymmetric states are there, and with what values of the fermion number We 
write £i( 25) or just Si for the space of such states. The spaces <%(25) depend on the brane 
25 and on additional microscopic details of the theory. (In a Landau-Ginzburg theory, as 
explained in Section §13, <%(25) can be determined by solving the classical soliton equation 
with boundary conditions determined by 25 and computing instanton corrections. The 
relevant instantons are solutions of the (^-instanton equation obeying certain boundary 
conditions.) 

The assumption that does not coincide with any of the Qj ensures that one cannot 
make a supersymmetric state consisting of a BPS soliton at rest in the presence of the 
brane 25. However, if we transform to Euclidean signature (by letting t = —ir so that the 
metric on M 2 becomes ds 2 = dr 2 + dx 2 ), there can potentially exist a BPS configuration 
consisting of 25 together with a boosted or more precisely (in Euclidean signature) a rotated 
soliton. To understand why, recall that Qj was defined so that an ij BPS soliton at rest 
at fixed x - so that its world line is a straight line in the r direction - is invariant under 
Qij = Q- — C ij i Q+- If we rotate the x — r plane by an angle p, then Qij transforms 

^or some prior work on this equation, see [88, 21, 41]. 
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to Qij — e~ lcp / 2 Q- — C^ 1 e lc ^ /2 Q + . If we pick e lcp — then Qij is a multiple of Q%. 

Hence a soliton whose worldline is a straight line at an angle cpij = Arto the r- 
axis preserves the same supersymmetry as the brane 03. Accordingly, one can ask (Figure 
1) whether there is a supersymmetric coupling by which 03 emits a BPS solition of type 
ij at an angle c pij to the vertical. The answer to this question is not determined in any 
elementary way by any data we have mentioned so far. All we can say from the point 
of view of low energy effective field theory is that in general, the answer depends on the 
choice of a soliton state in Rij, and on the assumed initial and final states in Sj( 03) and 
£i( 03). Thus the answer can be summarized by a linear transformation 2 

Tij%$ : £j[ 03) —> £(») ® Rij. (1-3) 

(In a Landau-Ginzburg theory, this linear transformation can be determined, in principle 
by solving the ("-instanton equation with suitable boundary conditions near the brane and 
at infinity. This is explained in Section §14.) 

1.3 Supersymmetric (03^,0S r ) Strings 

At first sight, it may not be obvious that the amplitude for a supersymmetric brane to 
emit a supersymmetric soliton at an angle is related to anything that is usually studied 
in a supersymmetric theory. To see that it is, replace the half-plane x > 0 with a strip 
0 < x < L, where we can take L to be much greater than the Compton wavelength of 
any particle in any of the vacua i G V. Let 03^ and 0S r be a pair of mutually BPS branes, 
meaning that = (^ r , so that Q% £ = Q^ r ; we denote them as Q?g. Use 03^ and 03 r 
to define boundary conditions at x = 0 and x = L, respectively. By a supersymmetric 
(25^,Q3 r ) state, we mean a state of this system of zero energy or equivalently a state 
annihilated by and its adjoint. 

What is the space of these supersymmetric states? There is an obvious approximation 
for large L. Far from x = 0 and from x = L, the system must be exponentially close to one 
of the vacua i G V. For given i, near x = 0, the system is in some state in and near 

x — L, it is in some state in <%(9S r ). The mass gap means that to a good approximation, 
these two states can be specified independently and thus a large L approximation to the 
space of supersymmetric (03^, 5S r ) states is given by 

® £i(%$r)- (L4) 

In general, however, eqn. (1.4) only gives an approximation to the space of supersym¬ 
metric (9S^,9S r ) states. The states just described have very nearly zero energy, but they 
may not have precisely zero energy. The reason for this is that, rather as in supersymmet¬ 
ric quantum mechanics [87], instanton corrections can lift some approximate zero energy 
states away from zero energy, though only by an exponentially small amount. A simple 
instanton in this context is a process in which brane 53^ emits a BPS soliton at an angle 
and that soliton is absorbed by 9S r (Figure 2). The angle at which the soliton propagates 

2 In the abstract formulation of §4, is generalized to to a multisoliton emission amplitude B (an 

element of the vector space (4.29)) that satisfies a Maurer-Cartan equation (eqn. (4.47)). 



r 

i \ 



Figure 1: An ij soliton emitted from the boundary. This process is supersymmetric if the soliton 
is emitted at the proper angle. 



Figure 2: 


A supersymmetric soliton exchanged between the two branes on the left and the right. 


in this figure is determined by supersymmetry, and therefore it is reasonable to expect that 
the instanton sketched in the figure has precisely 1 real modulus, which one can think of 
as the “time” at which the soliton is exchanged. 

In supersymmetric quantum mechanics, an instanton that depends on only 1 real 
modulus - the time of the instanton event - gives a correction to the matrix element of a 
supercharge of fermion number T — 1. (An anti-instanton that depends on 1 real modulus 
similarly corrects the matrix element of an T — — 1 supercharge.) More generally, in the 
field of an instanton that depends on k real moduli, there are k fermion zero modes, so to 
get a non-zero amplitude, one must insert operators that shift T by k units. In massive 
LG models, the same relationship holds between the dimension of instanton moduli space 
and the violation of fermion number, as explained in Section §14. 

Given the facts stated in the last paragraph, the instanton of Figure 2 describes a 
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Figure 3: This figure shows a variety of rigid strip instantons constructed using boundary vertices 
only. 


process in which T changes by 1 and thus this instanton can contribute to the matrix 
element of Q% between initial and final states that have zero energy in the approximation 
of eqn. (1.4). In other words, such instantons can shift some approximately supersymmetric 
states away from zero energy. They must be taken into account in order to determine the 
supersymmetric (23,£,23 r ) states. 

Once one gets this far, it is not hard to see that additional types of supersymmetric 
instantons might also be relevant. First of all, there might be amplitudes for the branes 
23^ and/or 23 r to emit simultaneously two or more supersymmetric solitons at suitable 
angles. (In a massive Landau-Ginzburg model, such a multiple emission event is again 
computed by a solution of the ("-instanton equation with suitable boundary conditions. 
We consider again the solutions that have only a single real modulus corresponding to 
overall time translations.) If so, when the theory is formulated on a strip, many additional 
types of supersymmetric instantons are possible. In particular, the instantons indicated 
in Figure 3 all depend on only a single real modulus - the overall time of the tunneling 
event - since the angles are fixed by supersymmetry. Therefore, these instantons must all 
must be taken into account to determine which states of the (23^, 23 r ) system are precisely 
supersymmetric. We will say that an instanton in the strip is “rigid” if it has no moduli 
except the one associated to time translations. So the instantons depicted in Figure 3 are 
all rigid. (Later in this paper, we will make a distinction between “rigid” and “taut” webs 
of BPS states on R 2 or on a half-plane, but in the present context of instantons on a strip, 
this distinction does not arise.) 
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Figure 4: A “bulk” vertex that involves a coupling of three BPS solitons. The vacua involved are 
k G V, and the solitons that emanate from the vertex are respectively of types ij , jk , and ki. 


1.4 Bulk Vertices 

This is still far from the whole story. Certain “closed string” processes must also be 
considered. Once one realizes that there can be supersymmetric “boundary” vertices in 
which BPS solitons are emitted from a brane, it is natural to wonder if similarly there can 
be “bulk” vertices involving the coupling of BPS solitons. 3 The most basic example is a 
trilinear coupling of three BPS solitons (Figure 4), with each soliton emitted at an angle 
ipij = Arg Czj'/C^B? as above. Low energy effective field theory allows this possibility. (In a 
Landau-Ginzburg theory, such a coupling arises from a solution of the ^-instanton equation 
with suitable asymptotic conditions.) 

A cubic bulk vertex has at least 2 real moduli, corresponding to the position of the 
vertex in M 2 . For our present discussion, the relevant case is that these are the only moduli 
(otherwise, we will not be able to make a rigid instanton in the strip). We say that a bulk 
vertex is rigid if it has only the 2 real moduli associated to spacetime translations. Is a rigid 
cubic bulk vertex, if it exists, relevant to the problem of understanding the supersymmetric 
(05^, 25 r ) states? One may think the answer is “no” because once a bulk vertex is included, 
even a rigid one, the number of real moduli will be at least 2. 

However, it is not hard to construct strip instantons that depend on only 1 real modulus 
even though they involve bulk vertices that individually would depend on 2 real moduli 

3 Examples of such bulk vertices have been constructed in [13, 39]. No analogous explicit examples of 
boundary vertices are known. 
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Figure 5: Rigid strip instantons whose construction makes use of bulk vertices. We assume the 
bulk vertices have no moduli except the ones associated to spacetime translations. 


each. Some examples are shown in Figure 5. These web instantons must all be included to 
determine which (2^, 2> r ) states have precisely zero energy. 

In short, to answer the seemingly simple question of finding the supersymmetric states 
on an interval in a massive theory, we need a full understanding of all bulk and boundary 
vertices involving couplings of BPS solitons, and how they can be put together to make 
what we will call a “web” of BPS solitons. 

1.5 An Algebraic Structure 

At this point, matters may seem bewilderingly complicated. However, there is a hidden 
simplification: the data that we have described can be combined into a rich algebraic 
structure that makes things tractable. This structure is the real topic of the present paper. 

To illustrate the basic idea, we start with a cubic vertex involving vacua z,j, k and 
another cubic vertex involving vacua fc,j, 1. We assume that each vertex has only the 2 
moduli associated to spacetime translations. If the vertices are far apart, we can make an 
approximate solution involving all four vacua z, j, fc, l by gluing together the jk soliton that 
emerges from one vertex with the kj soliton that emerges from the other vertex (Figure 6). 
After slightly adjusting the output of this gluing operation, one gets a family of solutions 
of the ^-instanton equation with a three-dimensional moduli space that we will call AT 
(One expects that index theory and ellipticity of the LG instanton equation ensure that 
this adjustment can be made.) 

To the extent that we can identify the moduli from the figure, two of them are associ¬ 
ated to spacetime translations and the third is the distance d between the two vertices. So 
if we rely entirely on this figure, it looks like A4 is a copy of R 2 x R + , where R 2 parametrizes 
the position of, say, the ijk vertex, and R + is the half-line d > 0. 


- 12 - 












Figure 6: An “end” of the moduli space of solutions of the (-instanton equation corresponding 
to two widely separated vertices of type ijk and kjl. Assuming the individual vertices have only 
the obvious moduli associated to spacetime translations, this component of the moduli space is 
three-dimensional. 

At least in the context of LG models, M 2 x M + cannot be the correct answer, since 
M + has a boundary at d = 0. Because of the superrenormalizable nature of the LG 
theory, there will be no such boundary in the moduli space of solutions of the £-instanton 
equation. (A technical statement is that the ^-instanton equation is a linear equation plus 
lower order nonlinear terms. The linear equation with target space X — C n does not 
admit “bubbling” and the superpotential is a lower order term which does not change that 
property.) For a generic superpotential, any family of solutions can be continued, with no 
natural boundaries or singularities, and with ends that arise only when something goes to 
infinity. In a massive LG theory, the scalar fields cannot go to infinity (since the potential 
energy grows when they do), so all that can go to infinity are the vertices. This means 
that the “ends” of the moduli space have a semiclassical picture in terms of a soliton web, 
as in Figure 6. Moreover, this is also true for the reduced moduli space AT = M/M? that 
is obtained by dividing out by spacetime translations. 

In Figure 6, the reduced moduli space, to the extent that we can understand it from the 
figure, is a copy of M + with one visible end for d —>► oo. But the moduli space cannot just 
end at d = 0. It has to continue somehow. Because a one-manifold without boundary that 
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Figure 7: The component of moduli space that has one end depicted in Figure 6 must have a 
second end. The second end might be as depicted here. Note that the “fans” of vacua at infinity 
are the same in this figure and in Figure 6 so they can appear as parts of the same moduli space. 

has at least one noncompact end is a copy of M, which has two ends, it must continue to 
infinity with a second end. A correct view of the figure is that it gives a good approximate 
picture of a family of solutions of the £-instanton equation when d is large. When d is 
not large, the semiclassical picture of the solution given in Figure 6 is not valid. But the 
reduced moduli M! must have a second “end” that again has a semiclassical interpretation. 

Low energy effective field theory is not powerful enough to predict what this second 
end will be. In general, there are different possibilities. In the case at hand, a natural 
possibility (Figure 7) is that in addition to the ijk and kjl vertices that we started with, 
there are also solutions of the ^-instanton equation corresponding to ijl and Iki vertices. 
The reason that the soliton webs shown in figs. 6 and 7 can both appear as part of the 
same moduli space is that they connect to the same “web” of BPS solitons at infinity. 

In this situation, if we represent an ijk vertex by a symbol we see that there is 
some sort of relation between the products PijkPkji and fiijifdkij • What is this relationship 
precisely? 

The answer turns out to be that the bulk vertices are part of an algebraic structure 
known as an algebra. (More precisely, they define a solution of the Maurer-Cartan 
equation in an L^ algebra. Such a solution can be used to deform an L^ algebra to a 
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new Lqo algebra.) This structure often appears in closed-string theory (for instance, see 
[96, 97]), and in related areas of mathematics. The vertices associated to emissions from 
a brane can similarly be used to define what in open-string theory and related areas is 
sometimes called an algebra. We expect that these algebraic structures are universal 
for massive J\f — 2 theories, though in motivating them, we have made essential use of LG 
models. The reason that we expect so is that these algebraic structures are well-adapted to 
answering our basic question of how to determine the spectrum of supersymmetric states 
in the presence of branes. 

1.6 Categorical Wall-Crossing Formula 

The spaces IZij of quantum BPS soliton states and the spaces of quantum ground states 
<^(5S) on the half line are objects of independent interest. As the parameters of the under¬ 
lying theory are varied, these spaces of ground states are expected to jump across certain 
walls of marginal stability. The standard theory of wall-crossing constrains the variation 
of the Witten indices of such spaces of states: the BPS and framed BPS degeneracies 

/%■ = Tr TC y-l) F 0(®,i) = Tr£. ( * 3 )(—1) F (1.5) 

The framed BPS degeneracies jump across walls where ^ aligns to some Qj. The form of 
the jump is universal [31]: 

Sij : 0(®,j) ->0(®,j)+0(®,iK (1-6) 

with all other f}(93, k) remaining unchanged. 

The BPS degeneracies jump across walls where Qj aligns to some (^. The form of the 
jump is universal [15] 

l^ik ^ l^ik T f^ijf^jk (1*7) 

with all other /i^ remaining unchanged. This formula can be derived directly by requiring 
compatibility with the framed BPS wall-crossing formula: the relation 

Sij[iASik[iA s jk[iA = s k j[A s ik[ASij[A (i-8) 

implies that the /j, and jj' degeneracies are related as in (1.7). 

In Sections 7 and 8 we address the problem of providing a categorification of such 
wall-crossing formulae, i.e. we describe the categorical data which should be added to the 
vector spaces 7 Zij and <%(5S) in order to allow for a universal description of how such vector 
spaces (and the categorical data itself) jump across walls of marginal stability. 

The categorical data which has to be added to the <%(5S) to describe their wall-crossing 
properties essentially coincides with the amplitudes for the emission of BPS solitons from 
the boundary condition 53, organized into an object of an appropriate category. The 
categorical wall-crossing of <%(5S) is encoded in a “mutation” of that category. 

The categorical wall-crossing of the 7 Zij is determined again by requiring compatibility 
with the categorical framed BPS wall-crossing formula. The existence of a categorical BPS 
wall-crossing formula is related to the observation that mutations form, in an appropriate 
sense, a representation of the braid group. 
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1.7 A More Detailed Summary 

In this introduction, we have omitted several subjects that are treated in considerable detail 
in the main text. These include interfaces between theories, as well as bulk and boundary 
local operators in massive J\f = 2 theories. 

The curious reader who wants to learn more detail, but is daunted by the length of 
the present paper, is referred to [35]. These are lecture notes that summarize the entire 
paper from a broad perspective, and can serve as a detailed introduction. 

2. Webs 

In the previous section we have motivated from qualitative physical considerations the 
concept of webs associated to a massive two-dimensional supersymmetric QFT. In this 
section we abstract that idea and discuss in some detail a purely mathematical construction. 

2.1 Plane Webs 

We begin with webs in the plane R 2 , which we sometimes identify with C. 

The definition of a web depends on some data. We fix a finite set V called the set of 
vacua. Typical elements are denoted i, j, • • • E V. We also fix a set of weights associated to 
these vacua which are complex numbers {^}, that is, we fix a map z : V —>> C. We assume 
that Zij ^ 0 for i ^ j. The pair (V, z) will be called vacuum data. The following definition 
is absolutely fundamental to our formalism: 

Definition: A plane web is a graph in R 2 , together with a labeling of the faces (i.e. 
connected components of the complement of the graph) by vacua such that the labels 
across each edge are different and moreover, when oriented with i on the left and j on 
the right the edge is straight and parallel to the complex number z^ := z\ — Zj. We 
take plane webs to have all vertices of valence at least three. In Section §2.4 we define 
a larger class of extended plane webs which have two-valent vertices. In Section §9 we 
will introduce a further generalization to doubly extended plane webs by allowing certain 
zero-valent vertices. 

Some examples of webs are shown in Figure 8. We make a number of remarks on some 
basic properties that immediately follow from this simple definition: 

1. Note that the edges do not have an intrinsic orientation. If we reverse the orientation 
of an edge then j is on the left and i is on the right and then the oriented edge is 
parallel to zp — —Zij. Edges which go to infinity are called external edges and the 
remaining edges are internal edges. In section §4 we give external edges a canonical 
outward orientation. 

2. At each vertex of a plane web the labels in the angular regions in the clockwise direc¬ 
tion define a cyclic fan of vacua , which is, by definition, an ordered set {A,... ,z s } 
so that the phases of Zi k ^ k+1 , with k understood modulo s, form a clockwise ordered 
collection of points on the unit circle. Put differently 

Imz ik _ uik z—— > 0 (2.1) 
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Figure 8: Some examples of plane webs. 



(a) 



Figure 9: (a) A configuration of weights Zi which is not convex. The green triangles indicate the 
points i Zi. The dual graph gives an example of a web shown in (6). Note that the corresponding 
web has a loop. 


for all k. We generally denote a cyclic fan of vacua by / = {ii,... , and we say 
that / has length s. 

3. A useful intuition is obtained by thinking of the edges as strings under a tension 
given by Zij. Then at each vertex we have a no-force condition: 

Z il,i 2 + Z l2,l3 + ' ” + Z in,il — 0 (2-2) 

It follows that the edges emanating from any vertex cannot lie in any half plane. 

4. For plane webs the graph must be connected. Moreover, for a fixed set of weights {z^} 
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there are only a finite number of plane webs. 4 We can prove these statements with 
a useful argument which we will call the line principle : If we consider any oriented 
line in the plane which does not go through a vertex of the web then we encounter an 
ordered set of vacua given by the labels of the regions intersecting the line. The line 
principle says that no vacuum can appear twice. To prove this note that we can orient 
all the edges which intersect the line to point into one half-plane cut out by the line. 
Then a vacuum cannot appear twice since if it did in the sequence {i,j i,... ,jk,i} 
then, on the one hand, the sum of the tensions Zij 1 + • • • Zj ki i — 0, but on the other 
hand all the terms in the sum point into the same half-plane, which is impossible. 
Therefore there are only a finite number of possible sequences of vacua. This implies 
that there are only a finite number of possible vertices. Other corollaries of the line 
principle are that no vertex can appear twice within any given web and there are at 
least three external edges. 

5. A sequence of weights Zi k is associated to a cyclic fan of vacua I = {ii,..., i s } if and 
only if they are the clockwise ordered vertices of a convex polygon in the complex 
plane. The topology of a web to is captured by the decomposition of the polygon 
associated to /oo(to) into the polygons P v associated to the I v (tv). This can be seen 
by noting that an internal edge of the web connecting vertices v\ and v 2 corresponds 
to a shared edge of the polygons P Vl and P V2 . On the other hand, each external edge 
of the web is associated to a single vertex v and corresponds to an external boundary 
of Pqo. See, for example, Figure 9. Indeed, the decomposition can be identified with 
a dual graph to the web. This provides an alternative, intuitive explanation of many 
properties of the webs. The paper [54] of Kapranov, Kontsevich, and Soibelman 
emphasizes this dual viewpoint and suggests that it is the proper formulation for 
generalizing the structures we find to higher dimensional field theories. 

6. A corollary of the above remark is that for a given set of weights {zi} there is a web 
with a closed loop if and only if there is a sequence of weights {zq,..., zi s } which 
are vertices of a convex polygon such that there is a weight Zi 0 in the interior of the 
polygon. The existence of a web with a closed loop implies that there are positive 
numbers A a with 

^1 z h,io + * ' ' + A s Zi s ,i 0 = 0 (2-3) 

and hence 

z i 0 — tiZi 1: i 0 + • • • + t s Zi aj i Q (2.4) 

with t a = A a /5^ A^. Conversely, if (2.4) holds with Im (zi k _ 1 ^ 0 Zi k ^ 0 ) > 0 for all k 
then it is easy to show that {ik-iPkPo} is a cyclic fan of vacua so the web shown in 
Figure 9(b) exists. 

7. Some notation : We will denote a web (or rather its “deformation type” - defined 
below) by a gothic “w,” which looks like to. The set of vertices is denoted by V(to), 

4 This finiteness property is one advantage of the requirement that all vertices have valence bigger than 
two. 
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and it has order y(tt>). Similarly, the set of internal edges is £(tt)) and has order 
E( to). At each vertex v E V(to) there is a cyclic fan of vacua I v (tv). The cyclic fan 
of vacua at infinity is denoted I QO ( to). 

8. We have the relation V (tv) — E(tv) + F(tv) = 1, where F(tv) is the number of bounded 
faces (and hence the number of internal loops). This follows since if we add a vertex 
at infinity then the web triangulates S 2 . 

9. In the applications to Landau-Ginzburg theories in Sections §§11-17 below the vacua 
V will be the critical points of the superpotential and the vacuum weights Zi are 
essentially the critical values of of the superpotential. The precise relation, as deter¬ 
mined by equation (11.15) and Figure 133 below is Zi = (Wi, where Wi is the critical 
value of the superpotential and £ is a phase, introduced in Section §11. 

10. Finally, we note that in the application to knot-homology described in §18.4 we will 
need to relax the constraint that V is a finite set. In general, if Y is infinite one 
can choose weights Z{ leading to pathologies. (For example, if the weights have an 
accumulation point in the complex plane, there will be infinite numbers of webs with 
the same fan at infinity.) In Section §18.1 we describe a class of models where V is 
infinite, but for which our theory still applies. The knot homology examples belong 
to this class. 



Figure 10: The two webs shown here are considered to be different deformation types, even though 
the web on the left can clearly degenerate to the web on the right. 

A plane web has a deformation type : This is an equivalence class under translation 
and/or scaling of the lengths of some subset of the internal edges. This scaling must of 
course be compatible with the constraints that define a web: In terms of the string model 
of the web mentioned above we are allowed to stretch and translate the strings, but we 
must not rotate them, and we must maintain the no-force condition. In a deformation 
type no edge is allowed to be scaled to zero size. See Figure 10. The set of webs with 
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fixed deformation type to is naturally embedded as a cell V(tv) C by considering 

the (x, y) coordinates of all the vertices of the web. The (internal) edge conditions impose 
E(tv) linear relations on these coordinates, together with inequalities requiring that each 
edge have positive length. When the vacuum weights Z{ are in general position the edge 
conditions will be independent equations and then V(tv) will be a convex cone of dimension 

d(tt>) :=2V(tv) -E(tv). (2.5) 

We will sometimes refer to d(tv) as the degree of the web. Note that there is a free action 
of translations on the set of webs of a given deformation type, so d( to) > 2. We will refer 
to the quotient V r (tv) of the moduli space V(tv) by the translation group as the reduced 
moduli space. Thus, provided the weights are in general position, the dimension of the 
reduced moduli space, called the reduced dimension, is d r (to) := 2V"(to) — E(tv) — 2. 

For generic configurations of weights {zi} the boundary of the closure T>(to) of V(tv) 
in R 2y ( m ) consists of d( to) — 1 dimensional cells where some edge inequality is saturated. 
Thus at each boundary cell two or more vertices of tv collapse to a single point p and tv 
reduces to a simpler web ttq with a marked vertex v at p. In a small neighbourhood of such 
boundary cell tv can be recovered from ttq by replacing v with an infinitesimally small copy 
of a second web ttq formed by the collapsing vertices and edges. The cyclic fan Zoo (ttq) 
coincides with the cyclic fan ip (ttq). 

In order to formalize the relation between tu, ttq and ttq we introduce the key con¬ 
struction of convolution of webs: 

Definition: Suppose tv and tt/ are two plane webs and there is a vertex v E V(tu) such 
that 

I v (tv) = Ioo(tv f ). (2.6) 

We then define tv * v tt/ to be the deformation type of a web obtained by cutting out a small 
disk around v and gluing in a suitably scaled and translated copy of the deformation type 
of tt/. It is important that we only use a deformation type here. In general the external 

edges of tt/ do not necessarily meet at a single point when continued inward. However 

we can deform tt/ so that the edges literally fit with those of tt), provided we take the 
disk sufficiently small. This and similar statements can be proven trivially from the linear 
nature of the constraints imposed on the positions of the vertices by the topology of a web. 

The procedure is illustrated in Figure 11. When writing convolutions below we always 
put the “container web” on the left. 

One easily verifies the relations 

E(tv * v tv') = E(tv) + E(tv') (2.7) 

V(tv * v tv') = V(tv) + V(tv') - 1 (2.8) 

and hence we have the important relation 

rf(to **; tv') = d(tv) + d(tt> 7 ) - 2 (2.9) 
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Figure 11: Illustrating the convolution of a web tr> with internal vertex v having a fan I v ( to) = 
{ji,32,h,H} with a web tt>' having an external fan I QO ( tu') = {ji, h, jsji}- 

showing that we can take any sufficiently small representative to 7 in V r (tv') and insert it 
into any given representative tv in V r {tv r ). 

With these results at hand, it is now clear that, for generic weights {^}, the top 
dimension boundary cells of V(tv) are in one-to-one correspondence with pairs (tDi, tx>2) 
such that tv = tvi * v tV 2 and d(tv\) = d(tv) — 1. In the neighbourhood of each such 
boundary cell we have a local isomorphism between V(tv) and V(tvi) x V r (tV 2 )- 

We now introduce some special classes of webs which will be of the most use to us: 

Definition: A rigid web is a web with d(ro) = 2. A taut web is a web with d{tv) = 3 and 
a sliding web is a web with d(tv) — 4. 

A rigid web must have E(tv ) = 0 hence V(tv) = 1 and hence is just a single vertex. 
Using V(tv) — E(tv ) + F(tv) = 1 and eliminating E(tv) we have 

V(tv) = d{ to) - 1 + F(to) (2.10) 

and hence a taut web has at least two vertices, a sliding web at least three vertices, and so 
forth. 

Let W be the free abelian group generated by oriented deformation types of webs. By 
“oriented” we mean that we have chosen an orientation o(tt>) of the cell V(tv). Henceforth 
the notation tv will usually refer to such an oriented deformation type, rather than a 
specific web. In W the object —tv is the oriented web with the opposite orientation to 
tv. Henceforth, when working with W we will assume the vacuum weights are in generic 
position. We return to this assumption in Section §2.5 below. 

We now define a convolution operation 

*:WxW4W (2.11) 


- 21 - 



by defining tui * v in 2 = 0 if -^oo(w 2 ) 7 ^ ^u(tt>i) and then setting 

tt)i * tt>2 := ^2 tfi *1, lt>2. (2-12) 

vGV(tui) 

Note that, because of the line principle, at most one term on the right hand side of (2.12) 
can be nonzero. Moreover, in order for this to be well-defined on W we must orient 
* 102 ). If o(tv) is an orientation of X>(tt)), thought of as a top-degree form, we can use 
the freely-acting translation symmetry to define a “reduced orientation” by 

OrM := 4^W^)o(n>) (2.13) 

and then we define 

o(tt>i * 102 ) := o(toi) A o r (tt)2). (2-14) 

(This uses the product structure near the boundary of the cell where tx»2 shrinks to a single 
vertex.) 

Since taut webs have a one-dimensional reduced cell we can and will choose a standard 
orientation for all taut webs to be the orientation with tangent vector in the direction of 
increasing size. That is, the moduli of the taut web can be taken to be an overall position 
x,y together with a scaling modulus £. We take the orientation to be dxdydi. Now we 
can define the taut element t G W to be the sum of all oriented taut webs with standard 
orientation: 

t:= E t 2 ' 15 ) 

d{ ro)=3 

Including the orientation data, we arrive at our final characterization of the generic 
codimension one boundaries of V{tv)\ a typical web tv looks like a convolution tv± * v V 02 
where V 02 is a taut web and the orientation of tv is written as o(tu) = o(tv±) A d£ 2 , with £ 2 
oriented towards the interior of the cell V(tv). Applying this picture to the case where tv is 
a sliding web we note that tv\ is a taut web as well, and the natural orientation dxdyd£\d £2 
might or might not agree with the orientation of tv. We should thus write tv = dztDi tV 2 - 
Looking carefully at the global structure of the moduli spaces of sliding webs, we deduce 
our first result: 

Theorem: We have 

t*t = 0. (2.16) 

Proof : Every element rD*tt/ in the convolution is a sliding web, since reduced dimension 
is additive. The reduced moduli space of a sliding web is a two-dimensional cone. Up to a 
linear transformation it has boundary: 

dR 2 + = (M >0 x {0}) II ({0} x M >0 ) II {(0,0)}. (2.17) 

Therefore, the terms can be grouped into pairs, each pair contributing to the same defor¬ 
mation type. If the two boundaries are represented by convolutions of taut webs tui * tt )2 
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and tr »3 * tr »4 respectively, the corresponding orientations d£id£ 2 and d£^d£^ of the reduced 
cell are opposite to each other. Thus 

tt)i * tt)2 + tt)3 * tt)4 = 0. (2.18) 

This concludes the proof. A concrete example illustrating the above argument is shown in 
Figures 12 and 13. 



Figure 12: The two boundaries of the deformation type of the sliding web shown on the right 
correspond to different convolutions shown above and below. If we use the lengths of the 

edges as coordinates then the orientation from the top convolution is dL 2 A dL\. On the other 
hand the orientation from the bottom convolution is dL\ A dL 2 and hence the sum of these two 
convolutions is zero. This is the key idea in the demonstration that t * t = 0. 



Figure 13: A graphical proof that the two boundaries of the reduced moduli space of a sliding 
web are associated to opposite orientations. It is drawn as a cone since the moduli space of plane 
webs inherits a metric from the embedding into M 2V \ and with this metric the two boundaries are 
not orthogonal in general. 
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2.2 Half-Plane Webs 


Definition: 

a. ) Let T~L C M 2 be a half-plane, whose boundary is not parallel to any of the z^. A 
half-plane web in T~L is a graph in the half-plane, which allows some vertices, but no edges, 
to be subsets of the boundary. The boundary vertices have valence of at least one. We 
apply the same rule as for plane webs: Label connected components of the complement of 
the graph by vacua so that if the edges are oriented with i on the left and j on the right 
then they are parallel to zij. 

b. ) A half-plane fan (often, we will just say, “fan”) is an ordered sequence of vacua 

so that the rays from the origin through Zi k ^ k+1 are ordered clockwise for 
increasing k and Zi k ^ k+1 EH. 5 

Remarks: 

1. Unlike plane webs, half-plane webs need not be connected. 

2. Let u denote a typical half-plane web. There are now two different kinds of vertices, 
the boundary vertices V^(u) and the interior vertices H(u) with cardinalities Vq(\x) 
and V*(u), respectively. 

3. We will consider V^(u) to be an ordered set and we will use a uniform ordering 
convention for all half-planes T~L which is invariant under rotation. To this end we 
choose a direction d\\ along dT~L so that if d ( j_ is the outward normal to T~L then d±Ad\\ is 
the standard orientation of the (x, y ) plane M 2 , namely Jy A 6 Now, our ordering 
of the boundary vertices 

Va(u) = «...,<} (2.19) 

is that reading from left to right proceeds in the direction of dy. In particular, if T~Ll 
is the positive half-plane x > xo, (with boundary on the left) then vf, - • • is a 
sequence of vertices with decreasing “time” y, while for the negative half-plane Hr, 
x < xo, (with boundary on the right) the sequence of vertices is in order of increasing 
time. 

4. We denote general half-plane fans by J, reserving / for cyclic fans. We will denote 
the half-plane fan at infinity by Joo(u). Similarly, if v E Va(u) there is a half-plane 
fan J v (u). 

We can again speak of a deformation type of a half-plane web u. The set of webs of a 
given deformation type is denoted V{u). It has dimension: 

d(u) := 2 Vi(u) + V d (u) - E(u). (2.20) 

5 When we write Zij E Ti for a general half-plane 7i we mean that if we rigidly translate 7i to 'H! so that 
the origin is on its boundary then Zij E kt' ■ We will use this slightly sloppy notation again later in the 
paper. 

6 Thus the mnemonic is “Outward-Normal-First” = “One Never Forgets.” 
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Now translations parallel to the boundary of T~L act freely on V(u) and hence d(u) > 1. Once 
again we define half-plane webs to be rigid, taut, and sliding if d(u) = 1,2,3, respectively. 
Similarly, we can define oriented deformation type in an obvious way and consider the free 
abelian group of oriented deformation types of half-plane webs in the half-plane T~L. 
Some examples where T~L — Hl is the positive half-plane are shown in Figures 14, 15, and 
16. 



Figure 14: Two examples of rigid positive-half-plane webs. 



Figure 15: Four examples of taut positive-half-plane webs 

We can again ask how a half plane web u can degenerate near the boundary of the 
closure P(u) in R 2y d u )+ V a(u) yy e j^ye now two types of boundary cells: either the collapsing 
vertices of u come together to a point in the interior of T~t or they come together to a point 
in the boundary T~L. Correspondingly, we can define two kinds of convolution. 

If u and u' are two half-plane fans, v d G V^(u), and J v d{u) — Joo(u') then 

u * v o a! (2.21) 
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Figure 16: Three examples of sliding half-plane webs 


is obtained by cutting out a small half-disk around v d and gluing in a small copy of u' . For 
this operation Vi is additive as is E but Vd{u* v a u 7 ) = Vd(u) + Va(u') — 1, so the dimension 
behaves like: 

d(u * v d u 7 ) = d(u) + d(u 7 ) - 1. (2.22) 

We can extend * v a to an operation 

(2.23) 

by defining u \i r — 0 if J v d(u ) ^ «/oo(u 7 ) and then taking 

u * u' := ^2 u *v d u '- (2.24) 

v d eVd{u) 

Once again, at most one term in this sum can be nonzero. To define the orientation of 
U(u * u 7 ) we again introduce a reduced orientation o r (u) := ^(9||)o(u) by contracting with 
the vector field d\\ described above (2.19) and defining 

o(u * u 7 ) := o(u) A o r (u 7 ). (2.25) 


Similarly, if v G H(u) is an interior vertex then we can convolve with a plane-web to 
to produce a deformation type u * v to with orientation o(u) A o r ( to). Now Vq and E are 
additive but V^(u * v tv) = V^(u) + V (to) — 1 and hence we now have 

d(u * v tu) = d(u) + d(tv) - 2. (2.26) 

Again we can define 

(2.27) 

by defining u * v tv — 0 if I v (u) ^ Too (to) and then 

u * to = ^2 u*^to. (2.28) 

vev*(u) 
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Once again, by the line principle, at most one term in this sum can be nonzero. 

Thus all the boundary cells of T>[u) are associated to some container half plane web 
Ui with either a marked interior vertex v resolved to a small taut plane web tx»2 , or a 
marked boundary vertex v d resolved to a small taut half-plane web U2. We can write either 
u = Ui tr >2 or u = Ui * v d U2 at each boundary cell. 

We now define the half-plane taut element 

in ■■= J2 u ( 2 - 2 9) 

d(u )=2 

There is one scale modulus t so that as £ increases the web gets bigger. The canonical 
orientation of taut elements is then dy\\ Adi where d\\ = Since there are now two kinds 
of taut elements we henceforth denote the planar taut element (2.15) by f p . We now have: 

Theorem: Let t p be the taut element for planar webs and the taut element for the 
half-plane PL. Then, combining the two convolutions (2.23) and (2.27) 

Hi * Hi + Hi * ip = 0. (2.30) 

Proof : The idea of the proof is essentially the same as in the proof of (2.16). The 
reduced moduli spaces of sliding half-plane webs are still two-dimensional cones, and have 
paired boundary cells which induce opposite orientations. Thus all terms in 2.30 cancel 
out in pairs. An example of the argument is shown in Figure 17. 



Figure 17: An example of the identity on plane and half-plane taut elements. On the right 
is a sliding half-plane web. Above is a convolution of two taut half-plane webs with orientation 
dy Adi\ Adiz- Below is a convolution of a taut half-plane web with a taut plane web. The orientation 
is dy A di2 A dJL\. The two convolutions determine the same deformation type but have opposite 
orientation, and hence cancel. 


Remark: Since half-plane webs are not connected one might wonder whether we should 
introduce a new operation of time-convolution in the identity (2.30). Certainly terms 
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appear which can be interpreted as time-convolutions but these are properly accounted for 
by the first term of (2.30). On the other hand, will see in §2.3 below that when we replace 
the half-plane by a strip we do need to introduce a separate time-convolution operation. 

2.3 Strip-Webs 

We now consider webs in the strip [xi,x r \ x M. Again, we assume that the boundary of 
the strip is not parallel to any of the Zij. Strip-webs are defined similarly to half-plane 
webs: We allow some vertices but no edges to lie on the boundary of the strip. Now there 
are two connected components of the boundary of the strip so the boundary vertices are 
decomposed as a disjoint union of two sets Vq = U Vd,R- Every strip web is associated 
to a certain choice of vacua in the far future (y —>> +oo) and in the far past (y — oo). 
We can refer to them as the future and past vacua of the strip-web, respectively. 

Once again we can speak of deformation type. We denote a generic strip-web, or 
rather an oriented deformation type, by s. The dimension of the space of strip-webs of 
fixed deformation type is 

d(s) := 2 Vi(s) + V d (s) - E(s). (2.31) 

Again time translation acts freely on the set T>(s) and hence d(s) > 1. As overall rescaling 
is not a symmetry of the problem, the moduli spaces V(s) are not cones anymore. 

Definition: We define taut strip-webs to be those with d(s) = 1 and sliding strip-webs 
to be those with d(s) = 2. In other words there is no distinction between rigid and taut 
strip-webs. 

Remark: The above definition might be surprising since we did not introduce rigid strip 
webs. The source of the distinction is the presence or lack of scaling symmetry. When 
the geometry in which the webs live has a scaling symmetry, such as the plane or half¬ 
plane, we distinguish between rigid and taut webs. Otherwise rigid and taut webs are 
indistinguishable, and have no reduced modulus. 

We can define as usual the closure T>(s) of T>(s) in £ 2 hW+V r aW i This introduces three 
kinds of boundary cells, corresponding to a collection of vertices collapsing to a point in the 
interior or on either boundary of the strip. Correspondingly, we have now three kinds of 
convolution. Recall that the “container web” is written on the left. First, we can convolve 
strip webs with planar webs so that 

d(s * Vi to) = d(s) + d( to) - 2 (2.32) 

and o($* Vi to) = 0 ( 5 ) Ao r (to). Next, we can convolve a strip web 5 with a positive half-plane 
web with vertices on the left boundary as 

s * v d Ur (2.33) 

where v d G V« 9 5 l(s). Similarly, if v d G V« 9 5j r(s) and Ur is a web in the negative-half-plane 
(so it has boundary vertices on the right) then we write 

5 * v d Ur. (2.34) 
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We have 


d(s * v d u) = d(s) + rf(u) — 1 (2.35) 

with orientation o(s) A o r (u) in both cases. The reduced orientation is defined with the 
vector field d\\ defined in (2.19). 

An important aspect in what follows is that we can introduce another operation on 
strip-webs namely time concatenation: If Si and 52 are two strip webs such that the future 
vacuum of 52 coincides with the past vacuum of $1 we define 

Si o 52 (2.36) 

to be the deformation type of a strip web where $i and S 2 are disconnected and separated 
by a line at fixed time, with $1 in the future of $ 2 . If the future vacuum of S 2 and the past 
vacuum of Si differ, we define the concatenation Si o s 2 to be zero. Note that when Si o 52 
is nonzero then 

d(s 1 ° £ 2 ) — d{s 1 ) + d(s 2 )- (2.37) 

Because of the assumption that none of the Zij points in the direction along the strip, 
no connected strip-web may have an arbitrarily large extension along the strip. The only 
webs which can grow to arbitrarily large size have at least two disconnected components, 
and can thus be written as the concatenation of simpler webs. 

Proceeding as before we define the free abelian group Ws generated by oriented 
deformation types of strip-webs. We extend * in the usual way to define operations 
* : Ws x W —» Ws and * : Ws x Wl : r —>* Ws where Wl is the group of positive- 
half-plane webs (with boundary on the left) and Wr is the group of negative-half-plane 
webs (with boundary on the right). We introduce the taut element for the strip: 

is := ^ s (2.38) 

d(s )=1 

with s oriented towards the future. That is, choosing any boundary vertex v d with y- 
coordinate y d the orientation is o(s) = dy d . 

It is natural now to study the moduli spaces of sliding webs. There are two possible 
topologies: the closure of the reduced moduli space V r (s) for a sliding web s can be either 
a segment or a half-line. 7 At each of the boundaries at finite distance s can be written as 
the convolution of an appropriate taut strip-web and a taut plane or half-plane web. In all 
cases, the convolution gives an orientation pointing away from the boundary. On the other 
hand, the semi-infinite end of a half-line moduli space is associated to a concatenation 
of two taut strip-webs. If we denote the coordinates on the moduli space of two taut 
strip-webs and 52 as y\ and 2 / 2 , the orientation of $1 o is 

o(si O s 2 ) = dyi A dy 2 = -dyi A d(yi - y 2 ) (2.39) 

7 In the case of extended webs introduced below there are some exceptional cases where the moduli space 
of sliding webs can be R. Nevertheless there are two ends with opposite orientation and the convolution 
identity holds. 
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In the conventions where 5± in the future of £ 2 , V\ ~ y 2 is the natural coordinate on 
the reduced moduli space, increasing towards infinity. Thus the concatenation gives an 
orientation on the half line towards the origin. 

Thus we have the 

Theorem: Let t p be the planar taut element and and t# the taut elements in the 
positive and negative half-planes, respectively, and t s the strip taut element. Then 

is * t L + is * t R + is * ip + is o is = 0. (2.40) 



£3 


Figure 18: The only vertex in a theory with three vacua. 



Figure 19: The positive and negative half-plane taut elements are illustrated here. Letting y 
denote the ^/-coordinate of any boundary vertex and £ the internal edge length t l has orientation 
—dyd£ and has orientation dyd£. 
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Figure 20: The taut element on the strip with three vacua. Letting y denote the y coordinate of 
any edge vertex the orientation is dy 



Figure 21: The various terms in the convolution identity on the strip. In this simple example with 
three vacua i s * t p = 0. The orientations of the three terms are —dyd£ on the first line and -\-dyd£ 
on the second line. 

Example Suppose there are three vacua in V. Then two of the R ezij have the same sign, 
and without loss of generality we will assume that Re^i 2 > 0 and Rez 23 > 0. Thus the only 
planar vertex is of the form shown in Figure 18. The taut element t l for the positive-half 
plane then has two summands while the taut element for the negative half-plane has a 
single summand as shown in Figure 19. The taut element on the strip is shown in Figure 
20. The various convolutions are illustrated in 21 and cancel. 

2.4 Extended Webs 

A small generalization of the webs defined above will turn out to play a role below. In 
some circumstances it will be useful to relax slightly the restriction that interior vertices 
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should be at least tri-valent and boundary vertices at least univalent. In particular, we will 
consider the following two generalizations: First, we can allow two-valent interior vertices 
and second, we can allow zero-valent boundary vertices. These generalizations weaken 
somewhat the finiteness properties of webs. Nevertheless, the number of webs of a given 
degree d is still finite since the addition of such vertices increases d by one. This is sufficient 
to keep our formulae sensible. 

We will refer to this larger class of webs as extended webs when the distinction is 
important. Extended webs satisfy most of the same properties as standard webs. The def¬ 
initions and properties of deformation types, orientation and convolution will all hold true 
for extended webs. The taut elements for the extended webs satisfy the same convolution 
identities as the taut elements for standard webs. The whole algebraic structure defined in 
the next section 3 persists as well if we consider extended webs. 

2.5 Special Configurations Of Vacuum Weights 

At several times in our discussion above we required the set of vacuum weights {zi} to 
be in general position. Nevertheless, there are special configurations of weights which will 
be of some importance in the discussion of certain homotopies in Section §6.3 and in the 
discussion of wall-crossing in Section §8 below. 

We can consider {zi} to define a point in C v — A, where C v is the space of maps 
V C and A is the large diagonal where Z{ — Zj for some pair i ^ j. Within this space 
are two subspaces of special weights. They are generically of real codimension one but have 
complicated self-intersections of higher codimension. 

The first special codimension one subspace is defined by weights such that some triple 
of weights Zi, Zj,z^ for three distinct vacua z, j, k become colinear: 

ImZijZjk — 0. (2-41) 

We call these walls of marginal stability. Generic one-parameter families of weights will 
cross such walls. When this happens the set of cyclic vacua and the set of webs changes 
discontinuously. For example, with four vacua we can pass from a set of webs which are 
all tree graphs to a set of webs with loops. We will discuss some consequences of such 
wall-crossings in Section §8, and especially in Section §8.4 below. 

A more subtle special configuration of weights is one for which there exist exceptional 
webs. These are, by definition, webs such that 

D{ to) := dimP(tD) > d(tv). (2.42) 

Such webs can arise because, for some configurations of vacuum weights there can be webs 
where the edge constraints are not all independent. We say that some edge constraints are 
ineffective. Let us decompose zij into real and imaginary parts Zij = U{j + i vij. If an edge 
e is of type ij and has vertices (x^t\y£^) and (x^\y£^) then the edge constraints are a 
set of linear equations 

Uij(e){yi 2) - y [ e ] ) - %(e)(4 2) “ 4^) = 0 (2.43) 
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Figure 22: An example of an exceptional web. There is only one reduced modulus corresponding 
to overall scaling. Therefore dimD(ro) = 3. Nevertheless V = 4 and E = 6 so d( to) = 2V — E = 2. 

which we can write as M(tt))L(tD) = 0 for a matrix M(to) of edge constraints and a vector 
L(to) of vertex coordinates. The real codimension one exceptional walls in C v — A are 
defined by the loci where the rank of M{tv) drops from E( to) to E(tv) — 1. Of course, the 
closure of the exceptional walls will have many components, intersecting in places where 
the rank drops further. 

An example of an exceptional web is shown in Figure 22. This is plainly a taut web, so 
the dimension of is deformation space is three, but d(tv) = 2! When such phenomena arise 
we will distinguish the true dimension D( to) from d(tv) by calling the latter the expected 
dimension. We use the terminology of index theory because, as we will see in Section §14, 
this literally does correspond to an issue in index theory. 

The example shown in Figure 22 requires at least six vacua. If we hold all but one 
fixed and vary the last then it is clear that any small perturbation will destroy the web. 
However, a generic one-parameter family of weights nearby this configuration will have 
a point admitting such an exceptional web. Further triangulating one of the triangles in 
Figure 22 reduces the expected dimension by 1 and in this way we can produce examples of 
exceptional webs with arbitrarily small and negative expected dimension. In general, if a 
deformation type tv is exceptional so that v D(tv ) — d(tv) > 0 then generic ^/-parameter 
families of weights {zi} will intersect the loci of such webs. We will discuss the consequences 
of exceptional walls in the wall-crossing story in Section §8.3. 

We can now be more precise about the meaning of “generic weights” or “general 
position” used both above and below. This term implies that the weights are not on walls 
of marginal stability and do not admit exceptional webs. 

Remarks 

1. Finally, we remark that there are certain high codimension configurations of weights 
where webs can degenerate in ways which are not described in terms of convolution 
at a single vertex. An example is shown in Figure 23. 
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Figure 23: The sliding web shown here has two degenerations, neither of which is of the form 
tDi * tD2- 


2. There are also exceptional vacuum configurations and webs for the half-plane and 
strip geometries, and these will be used in Section §8. 

3. Tensor Algebras Of Webs And Homotopical Algebra 

In this section we consider algebraic operations defined by webs on various tensor algebras 
such as 8 

TW:=WeW® 2 ©W® 3 ©--- (3.1) 

and its analogs for Wn and Ws- Here we take the graded tensor product using the Koszul 
rule. The grading of a web such as to,u,s will be given by the dimension d(tt»), d(u), d(s), 
respectively. We will find various algebraic structures familiar from applications of homo- 
topical algebra to string field theory. While these algebraic structures emerge naturally 
from thinking about webs the reader should be aware that the L^ and A^ algebras which 
are used to make contact with the physics only make their appearance when we come to 
Section §4. 

3.1 Loo And Plane Webs 

The convolution of webs is not associative: (tDi * tt)2) * tt )3 — tt)i * (tx>2 * ^ 3 ) consists of 
terms where tr»2 and t 03 are are glued in at distinct vertices of tt)i. One could readily write 
down a tower of associativity relations for some generalized convolution operations, which 
insert multiple webs at distinct vertices of a single container web. It turns out that for our 
applications we only need an operation 

T(to) : W® y(w) -> W (3.2) 

8 We take the tensor algebra without a unit, i.e. we do not include the ground ring Z. 
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which replaces all the vertices of a plane web with other webs. More precisely, we define 
T(to) as follows: 

Given an ordered collection of l = V"(to) plane webs {trq,..., tt^}, we seek some per¬ 
mutation a of an ordered set of vertices {iq,... , of tv (with any ordering), such that 
^ ( r(a)( tt) ) = ^oo(tOa) for a = 1,... , A If the permutation does not exist, i.e. if the ar¬ 
guments cannot be inserted into tv (saturating all the vertices exactly once) then we set 
T(m)[tDi,..., trq] = 0. If the permutation exists, it is unique, since a given cyclic fan of 
vacua can appear at most once in tv . We then define T(ro)[tDi,..., to^] to be the oriented 
deformation type obtained by gluing in tv a in small disks cut out around the vertices v G ( a ) 
of tv. The orientation is given by o(to) A o r (wo A • • • A o r (toi). This is the only place the 
ordering of {trq,..., ttq} is used. In particular, T(tv) is graded symmetric, exactly as we 
would expect from manipulating graded elements tv a of degree d(tv a ) with the Koszul rule. 
(Since d and d r differ by two the sign is the same.) Now, we regard {ttq,..., tv as a 
monomial in and extend by linearity to define (3.2). Finally, we can extend T( tv) to 
a map T(tv) : TW -A W, by setting T(tv) : W® n A W to be zero unless n = K(tn). 

It is useful to recall at this stage the definition of n-shuffles. If S is an ordered set 
then an n-shuffle of S is an ordered disjoint decomposition into n ordered subsets 

S = Si II S 2 II • • • II S n (3.3) 

where the ordering of each summand S a is inherited from the ordering of S and the S a are 
allowed to be empty. Note that the ordering of the sets S a also matters so that Si II S 2 
and S 2 II Si are distinct 2-shuffles of S. For an ordered set S we let Sh n (S) denote the set 
of distinct n-shuffles of S. We can count n-shuffles by successively asking each element of 
S which set S a it belongs to. Hence there are n^l such shuffles. 

We are now ready to formulate a useful compatibility relation between the * and T 
operations: 

T(ro * ... ,tt> n ] = J2 tT(to)[T(to')[S 1 },S 2 } (3.4) 

Sh 2 (S) 

where we sum over 2-shuffles S = Si H S 2 of the ordered set S = {to 1 ,..., tv n } and we 
understand that T(to) [0] = 0. The sign e in the sum keeps track of the web orientations, and 
it is determined as follows. We let o r (S a ) be the ordered product of reduced orientations 
of the ttp in S a and define 

_ Or (Si) A O r (S 2 ) _ 

o r (tt>i) A • • • A o r (tD n ) ’ €Sl ’ S2 
exactly as we would expect from manipulating graded elements tv of degree d(tv) with the 
Koszul rule. 

Next we extend the map tv -A T(tv) to be a linear map by setting T(titq + ^ 2 ) := 
7>i)+ 7> 2 ). It now makes sense to speak of T[t], which will play a particularly important 
role for us. The relation (3.4) is bilinear in tv and rob Summing tv and tt/ separately over 
taut elements and applying t * t = 0 it follows that, for any ordered set S (i.e. for any 
monomial in TW): 

5] es 1 ,s 2 T(t)[T(t)[5 1 ],5 2 ]=0. (3.6) 

Sh 2 (5) 
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We can interpret these relations as defining a version of an u L oc algebra.” To make 
this clear and to lighten the notation let us denote by b n (“closed brackets”) the restriction 
of T(t) to so 

b n : -> W (3.7) 

has degree deg(6 n ) =3 — 2 n and satisfies the identities 

X e 8i,s 2 bn 2 (bn 1 (Si),S 2 ) = 0 (3.8) 

Sh 2 (S) 


where Hi — |S^|, i — 1 , 2 . 

Remarks: 

1. The degrees and associativity relations (3.8) coincide with the notion of L^ algebra 
which appears in other areas of physics, such as closed-string field theory [96, 27]. 

The degrees and signs used in the mathematical literature are slightly different. Our 
definitions are known as the L^—l] relations. (For a relation of these relations to 
the more standard L^ relations see [73].) 

2. It is worth noting that (tt)i * tt^) * tt >3 — tDi * (tr »2 * ^ 3 ) can be interpreted as webs with 
tx »2 and tt >3 inserted into distinct vertices of tt)i and is therefore graded symmetric 
in tx »2 and This is precisely the definition of a (graded) “pre-Lie-algebra,” thus 
making contact with the papers [16, 63, 78, 8 ]. 

3. Note that since every taut web has at least two vertices the differential b\ is always 
identically zero. In technical terms these algebras are “minimal” [57]. 

4. Moreover, b n ( tt>i,..., to n ) is a web with 

n 

F = n + X(^(Wi)- 1 ) (3-9) 

1=1 

vertices. Since we can grade W by the number of vertices it follows that 62 is a 
nilpotent multiplication. 

5. The T operation also satisfies a natural associativity relation. 

r(T(tt))[nji<8)---(8)tt) n ])[tBi(2)---(8)»jv] = X eT l m ) [T(tt)i)[S , i],T(tt)2)[5 , 2],...,T(tt) n )[S , n ]] 

SMS) 

(3.10) 

where the sum over n-shuffles refers to the ordered set 

S = {roi, • • • , tDjv} (3.11) 

The sign e in the sum keeps track as usual of the webs orientations. This relation 
will not play an important role in the following. 
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3.1.1 Examples Of Web Algebras 

We can describe the L^— l]-algebra fairly explicitly if there are n vacua with weights 
which are in the set of extremal points of a convex set. We can enumerate the vertices by 
ordering the vacua so that {1,... ,n} is a cyclic fan of vacua. Then there is an n -valent 
vertex tt)i 2 ... n and we can make all other (n — j)-valent vertices by deleting j vacua from 
the cyclic fan {1,..., n} to form cyclic fans with smaller numbers of vacua. We must have 
at least 3 vacua so there are in all: 

Y ( 1 = 2 n - -(n 2 + n + 2 ) (3.12) 

3 = 0 

different vertices. We denote these by tt)/ where / is a cyclic fan of vacua, which, in these 
examples is just a cyclically ordered subset of { 1 ,..., n} with at least three elements. 

We can make all taut elements by “resolving” the vertices. These will be enumerated 
by pairs of cyclic fans of vacua A, A which are compatible in the sense that they are of the 
form: 

I\ {4, i2i • • •, 4} A {4, 4+1* • • • 1 4 } (3.13) 

and, if we denote 

A * A = {4,4, • • •,4,4+i, • • • ,4} (3-14) 

then I\ * A is also a cyclic fan. Then we have 

t=E * D ^ 2 ^ 3 - 15 ^ 

where we sum over such compatible pairs of fans. All the taut webs have exactly two vertices 
and therefore (for such convex configurations of vacuum weights) the higher products b n — 0 
for n > 2 . 

The only nonzero products of vertex webs is 

^(tuju tt>j 2 ) = tt)/ i; j 2 (3.16) 

However, if a taut web tro / i; / 2 has vertices with I\ or I 2 of length greater than 3 then it can 
also define products of non-vertex webs which have ioo(tt)) — I\ or = I 2 . Note also that no 
taut web has any vertex with 7^ = { 1 , 2 ,..., n} and so any web with 7 00 (tu) = { 1 , 2 ,..., n} 
such as the vertex and all its resolutions, will be in the annihilator of 62 - We have 

an (n — 2)-step nilpotent algebra. That is, (n — 2) applications of 62 will always vanish. 

When the weights of the vacua are not extremal points of a convex set then the 
algebras can be more complicated and the higher products b n can be nonzero. 

3.2 Algebraic Structures From Half-Plane Webs 

There are three obvious generalizations of T to half-plane webs: we can either replace all 
interior vertices of some half-plane webs u with plane webs, replace all boundary vertices 
with half-plane webs, or both. The latter operation is the composition of the former 
two: we can first replace the interior vertices, then the boundary vertices (if we try the 
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opposite, we create new interior vertices at the first step). It is instructive to discuss all 
three possibilities. The first case, discussed in §3.2.1, shows how half-plane webs provide 
an Loo-module for the Loo-algebra of plane webs. Then, in §3.2.2 we show that inserting 
half-plane webs into half-plane webs defines an Aoo-algebra structure. When we combine 
the two operations we end up with a set of identites we call the LAoo-identities in §3.2.3. 
Finally in §3.2.4 we give a conceptual interpretation of the LAoo-identities in terms of an 
Loo-morphism between the Loo algebra of plane webs and the Loo algebra of Hochschild 
cochains on the Aoo algebra of half-plane webs. 

3.2.1 Loo-Modules 

The first possibility - replacing just interior vertices - is not our essential goal, but it is 
instructive. We define a multilinear map T^[u] : TW —>► which is, as before, zero unless 

there is some permutation a which matches the arguments tv a of a monomial {tt)i,..., 
to the interior vertices of u in the sense that I v i (u) = /oo(tD a ), in which case it is the 

o-(a) 

simultaneous convolution with orientation o(u) A o r (tt)i) A • • • A o r (tt^). This map has a 
simple relation to convolutions: 

Ti(u5] eT i (u)[T(to)[S 1 },S 2 ] 

Sh 2 (5) 

Ti (u*u') to n ]= J2 ^(uMSiUTiOi')^] (3.17) 

Sh 2 (S) 

with the usual definition S = {trq,..., tt» n }. 

The e signs keep track of the relative web orientations on the two sides of the equations. 
It is important to observe that the signs arise from the reorganization of a product of 
reduced web orientations. It would thus be incorrect to assume glibly that e coincides 
with the Kosznl rule: we defined the degree of a web as the dimension of the unreduced 
moduli space. The correct sign rule could be denoted as the “reduced Koszul rule”: treat 
the symbols as if they had degree given by the reduced dimension of moduli spaces. This 
subtlety was invisible for bulk webs, for which the reduction of moduli space removes two 
dimensions, but it is important for half-plane webs. The prime on the e in the second 
equation of (3.17) takes into account that we must bring u' across the monomial Si in the 
tensor algebra using the reduced Koszul rule. 

If we plug our second theorem % * % +* ip — 0 into (3.17), we get a neat relation 

E e ^,5 2 T i (t H )[T(i p )[S 1 },S 2 ] + 4, Sa iKtwMS!] *Ti(t w )[52] = 0 (3.18) 

Sh 2 (S) 

This identity can be used to define Wn as a “right-module for the Loo-algebra W.” 

In general, if C is an Loo-algebra with products b£ of degree 3 — 2n, then a left L^- 
module M is a graded Z-module with operations b^ -> Ai defined for n > 0 and 

of degree 1 — 2 n so that the analog of the Loo-identities holds, i.e. for all S = {Ll, ... ,4} 
and m £ At: 

E e&Ei( 6 fi( 5 i)> 5 2;m)+ E eb £( S i’’ b £( S X m ))= 0 ( 3 - 19 ) 

Sh2(5) Sh 2 (S) 
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In the present case, the module operations for a set S = {tDi,. .., tv n } are 

u i—u * Ti(iy)[S] (3.20) 

The module relations are 

es 1 ,s 2 u*T l (t n )[T(t p )[S 1 },S 2 } + e' SuS2 (u * T^Sr]) * Ti(t n )[S 2 ] = 0 (3.21) 

Sh 2 (5) 

and can be proven from (3.18) by convolving with u. The only nontrivial step is the 
observation that 

(ui * 112 ) * U 3 - ui * (ii 2 * U 3 ) (3.22) 

is (reduced Koszul) graded symmetric in U 2 and U 3 . That is, once again we use the property 
that convolution defines a pre-Lie algebra structure. 

3.2.2 Aoo-Algebras 

We can define the second natural multilinear map T%[u] : TWn Wn, by inserting half¬ 
plane webs at all boundary vertices of u. In contrast to the interior vertices, the boundary 
vertices will always be time ordered, so we define the map to be zero on Ui ® ® 

unless the arguments match the boundary vertices, J v d (u) = Joo(u a ) for a — 1 ,... ,£, in 
that order. (Recall from equation (2.19) that we have chosen an ordering of the boundary 
vertices.) When this is satisfied we glue in to get a new deformation type in the usual way 
with the orientation 

o(u) A o r (ui) A • • • A o r (ui). (3.23) 

Before stating the compatibility of with * it is useful at this point to define a notion 
of ordered n-partitions. If P is an ordered set we define an ordered n-partition of P to be 
an ordered disjoint decomposition into n ordered subsets 

P = p x n P 2 II • • • II P n (3.24) 

where the ordering of each summand P a is inherited from the ordering of P and all the 
elements of P a precede all elements of P a +i inside P. We allow the P a to be the empty 
set. For an ordered set P we let Pa n (P) denote the set of distinct n-partitions of P. If 
p = \P\ there are such partitions. 

Now we can state the compatibility: 

n 

T u (u * tt>)[ui, ... ,u n ] = e (T w (u)[ui, ... ,u n ]) * to - ^ e T n (u)[u i,... ,u m * tu, .. .u n ] 

171=1 

n(u*u')[ui,...,u n ] = tT H ( U )[P 1 ,T H ( U , )[P 2 },P 3 } 

Pa 3 (P) 

(3.25) 

In the second identity we have introduced a sum over ordered 3-partitions of an ordered 
set P of half-plane webs. As before, we take TA [u] [P] = 0 if P = 0. 
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Combining this with % * = 0 we arrive at the relation 


e i [ui, • • •, u n ]) * ip ^ ^ ^2 T'j-i{i'j-i) [ui, • • •, u m * tp,... u n ] 

m =1 

+ E e 3 1h( tn)[Pi, T-u{iu)[P 2 ], P 3 } = 0 . 

Pa 3 (P) 


(3.26) 


where 


ei = (_i)E s rfr(u s ) g 2 = (_l)E«xrfr(tt s ) g 3 = (_i) p i := (- 1 )^u6P 1 d '-( U ). (3.27) 

We can interpret (3.26) as the the standard axioms for an Aoq algebra structure on 
Wft. To make this clear and to lighten the notation let us denote by a n (“open brackets”) 
the restriction of ty) to Wy 1 for n > 1 and the operation 

fll (u) = T u (i u )[u] - (- 1 )^ 11 *^ (3.28) 

for n — 1. The first of the A^-relations demands that ai(ai(u)) = 0. This works out to 
be 

^(t W )(T w (t w )[u])-(-l) d ^ u )T w (t w )[u*i p ]+(-l) d ^ u )(T w (t w )[u])*i p -(u*t p )*t p = 0 (3.29) 

Thus to match to (3.26) we also need to check that (u * tp) * ip — 0. Although convolution 
is not associative, the difference (u * i p ) * i p — u * (tp * t^) consists of terms where two taut 
webs tui and tt )2 are inserted separately at two vertices v 1 and v 2 of u. Each such terms 
appears twice in the sum, either from (u * v i tDi) *^2 tt )2 or from (u *^2 tx>2) * v i tui. The two 
contributions have opposite orientations and cancel out against each other. 

Moving on to the higher identities, the 

a n ■ WT -^Wh n > 1 (3.30) 

have degree deg(a n ) = 2 — n and satisfy the identities 

'y ' (—1) 1 a Pl +p 3 +i(Pi, a P 2 (P 2 ), P 3 ) = 0 (3.31) 

Pa 3 (P) 

where pt = \Pi\, * = 1,2,3. 

3.2.3 The LA^-Identities 

Finally, we can consider the combined operation 

T(u) : TW n ®TW^W n (3.32) 


as 


T (u) [ui, • • •, U 77 ,; tu 1 ,..., tx> 777 ,] i— e Tq-i ( Ti (u) [tx> 1 ,..., tu m ]) [ui,..., u n \ (3.33) 
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We included a sign, to convert the orientation 

o(u) A (o r (tt) 1 ) A • • • A o r (to m )) A (o r (ui) A • • • A o r (u n )) (3.34) 

in the right hand side to the natural orientation for the order of the arguments on left hand 
side 

o(u) A (o r (ui) A • • • A o r (u n )) A (o r (tt)i) A • • • A o r (to m )). (3.35) 

Again, we note that convolution and T interact well together: 

T(u*u')[P;S] = Y eT(u)[P 1 ,T(u')[P 2 ;S 1 },P 3 -S 2 } (3.36) 

Sh 2 (S),Pa 3 (P) 

where S is the set of plane web arguments and P is the set of half-web arguments. The 
sign is given by the usual reduced Koszul rule. 

Similarly 

T(u*xv)[P-S}= Y, £S 1 ,s 2 T( U )[P ] T(w)[S 1 },S 2 } (3.37) 

Sh 2 (S) 

Combining (3.36) and (3.37) with (2.30) we get some nontrivial algebraic identities 
Y eT(t H )[P 1 ,T(t n )[P 2 -,S 1 ],P 3 -,S 2 }+ Y tT(t n )[P-,T(t p )[S 1 ],S 2 ] = 0. (3.38) 

Sh 2 (S'),Pa 3 (P) Sh 2 (S) 

We will refer to this hybrid equation as an U LA 0c ” identity. (This is not standard 
terminology.) It has a somewhat refined algebraic meaning, which we will decode presently. 
Before that, we would like to remark that both T{ and can be recovered from T by 
filling either kinds of slots with the sum over all rigid plane webs t or all rigid half-plane 
webs Kq-i'. 

T.[S] = ^T[t®”;S] 

n 

T H [P} = Y^T[P^ n ] (3-39) 

n 

and we can similarly fill in the slots of (3.38) to get the corresponding equations (3.18) and 
(3.26). 

3.2.4 Conceptual Meaning Of The LA^-Identities 

We now give a conceptual interpretation of the LA^ identities (3.38). It is useful to 
organize the equations (3.38) by first considering the special cases where S has cardinality 
0,1,2. Then the general structure will become clear. Correspondingly, we can decompose 
the taut element according to the number of interior vertices in the taut webs: 

in = 4 ? + + 4 ? + • • • (3-40) 

Note that the only taut half-plane webs with no interior vertices have precisely two bound¬ 
ary vertices and therefore /j, := T(tff) is simply a multiplication map 

n ■ Wn x Wk —> W-h- (3-41) 
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When (3.38) is restricted to S — 0 we learn that /i is an associative multiplication, up to 
sign: 

m(m(u 1,U 2 ),U 3 ) + (-l) d(ui)_1 /i(iii,^(u2,u 3 )) = 0 (3.42) 

and therefore /I(ui,U 2 ) = (—l) d ( Ul ) _ 1 /r(ui,U 2 ) is strictly associative. 

Next, for a fixed planar web tv let 


M (i) := T ( t (i))[.TWji -> W n 


(3.43) 


Recall that a Hochschild cochain on an algebra A is simply a collection of linear maps 
F n : A® n A, n > 1 , or equivalently an element of CC*(A) := Hom(T*4, A). Therefore 
for a fixed tv we may view fi ^ as a Hochschild cochain on the associative algebra Wn- 
Then, taking S — {to}, equation (3.38) becomes 


0 = ^(ui,/x (1) (u 2 ,.. • ,u n ))+ 

n— 1 

+ ^ ^ (~1) ^(Ui, . . . , U r ,/i(u r +i, U r +2) 5 U r -j-3, . . . , U n ) 

r =0 

+ (-l) n /I(/I (1) (ui,. . . ,U n _i),U n ) 

=: £ (1) (/Z (1) )(ui,... ,u n ) 


(3.44) 


where is related to fi^ by signs in a way analogous to the relation of fi and Jl. In 
the last line of (3.44) we have recognized that the previous lines define the Hochschild 
differential B W on the Hochschild complex. Thus, our identity (3.38) when 1^1 = 1 simply 
says that is a Hochschild cocycle. In order to discuss the cases 1^1 > 2 we introduce 
the notation 

M (n) (S) := e n T( t^)[- • • ; S] : TW n -> (3.45) 

where S — {t Di,..., to n }, n > 1, and is again an appropriate sign redefinition. Then the 
identity for \S\ — 2 reads 


/r (1) (6 2 (tt5i,«2)) = i? (i y (2 ^(tt5i,tt52) + i? (2) (/r (1 ^(rDi),/r (1) (tt52)) 


(3.46) 


where 62 is the multiplication on W defined by T(t p ), and we have introduced the Hochschild 
bracket B on the Hochschild complex CC* (W^). 

Quite generally the Hochschild bracket on CC*(A ) may be defined on two cochains 
F, G of degree n, m by 


S ( 2 ) (F, G):=FoG- (-ljd^l-^d^-^G O F 

F o G '.= 'y ) ei 7 (ui jj u r , G(u r -|- 1 ,... t u r -)- m ), •.. u n -|_ m —i) 


(3.47) 


where the sign e can be found in many papers. See, for examples, [58, 1]. In general, the 
Hochschild complex is a differential graded Lie algebra with operations B W and B^ 2 \ A 
differential graded Lie algebra can be considered to be a special case of an Loo-algebra, so 
we can speak of the L^ algebra of a Hochschild complex. 
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To summarize these facts concisely we need the general notion of an L^ morphism 
between two algebras. See equation (A.52) below. 

Now, returning to our example, we consider the map 

/2:TW ^CC'(Wu) (3.48) 

defined by 

tt>i 0 • • • ® tt) n i-> T(i n [- • • ; roi 0 • • • 0 to n ]). (3.49) 

Then, separating (3.38) into the cases Si = 0, or S 2 = 0, or both Si,S 2 are nonempty, 
and grouping together the terms Si II S 2 with S 2 II Si in the latter case we see that the 
equation (3.38) may be concisely summarized as the statement that ft is an L^-morphism 
from the L^-algebra of planar webs to the L^-algebra of the Hochschild complex ofWxt- 
This is the conceptual meaning of the LA 0 c identities. 

3.3 Bimodules And Strip Webs 

Starting from a strip web s, we can define three elementary operations which 

replace either all interior, left boundary or right boundary vertices with plane, positive 
half-plane or negative half-plane webs, respectively. (Recall that the positive half-plane 
T~Ll has boundary on the left.) The definitions of these operations are completely parallel 
to the definitions given in the previous two sub-sections. Due to our choice of ordering 
of boundary vertices, the arguments of Tl(s) should be ordered left to right in decreasing 
time, and right to left in decreasing time for Tr(s). 

We can then define appropriate composite operations 

T L>i {s)[P;S\ :=eT L (Ti(s)[5])[P] 

TiA*)lS-,P'} := Tr (Tj(s)[5]) [P'] 

T LtR (s)[P;P'] :=T r (T l (s)[P])[P'] 

T(s)[P; 5; P’\ := e’T R (T L (T,( S )[5]) [P]) [P 1 ] (3.50) 

where e, e' are (reduced, as always) Koszul signs for reordering the arguments. 

We will now just sketch some of the various algebraic structures which follow from the 
strip web identity (2.40) which we quote here: 

U * II + U * tR + t 5 * ip + t s o t s = 0. (3.51) 

These structures will involve the notion of an A^-module. 

In general, if A is an A^-algebra with products m^ then a left A^-module A4 is a 
graded Z-module with operations : A® n ® M M defined for n > 0 and of degree 

1 — n so that the analog of the Aoo-identities holds, i.e. for all P — {ai,...,a p } and 
m G M: 

(-l) Pl m^ +p3+1 (P 1 ,m^ 2 (P 2 ),P3-,m) + Y ( p i\ mJ £( p 2\m)) = 0 (3.52) 

Pa 3 (P) Pa 2 (P) 
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Similarly, one can define right A^-modules as well as bimodules. When we include interior 
operations T{ then there will be Loo maps to the Loo algebra of Hochschild cochains with 
values these modules. 

As the simplest example let us consider I-Ll, the positive half-plane and denote t l := 
t r l and Wl •= Proceeding as in the previous section the identity (2.40) implies: 

eT L (t s )[P 1 ,T HL (t L )[P 2 ],P 3 }+ 

Pa 3 (P) 

n 

+ eT L (i s )[P] * in + eT^(t s )[P] * t p — eT^(t s )[ui,. .. ,u m * t p , . .. u n ]+ (3.53) 

m =1 

+ eT L (t s )[Pi]oT L (t s )[P 2 ] = 0 
Pa 2 (P) 

where, as usual P = {ui,... u n }. 

One can interpret the equations (3.53) as defining a left A^-module structure on 
A4 = Ws for the A^-algebra A = Wl defined using Tr l ( ijf). To see this define 

m^{B):={-l) d ^ 5 *{i v + i R ) (3.54) 

and, for n > 1, rri^ 4 : Wf n ® Wg —» Ws by 

mf(P; S )=T L (t s )[P]o 5 (3.55) 

In verifying the module relations we find that (m^) 2 = 0 for reasons analogous to those 
mentioned above. Then we compose the LHS of (3.53) with 05 and use 

(-1 ) Ms) (T L (t s )[P] * (ip + t R )) o s = (T L (t s )[P] os) * (tp + t R ) - T L (t s )[P] o (a * (tp + t fl )) 

(3.56) 

to recast these equations into the left-module conditions. 

In a similar fashion, Tr(I s ) gives a right A^ module for the A^ algebra we associated 
to Tpi R {in) and Tl : r( t s ) gives an A^ bi-module, with left and right actions given by the 
two A 00 algebras we associated to and T RR (t R ). 

As for the interior operation, T*(t s ) will satisfy relations such that the operations 
*Ti(i L ) + *T{(t R ) + *Ti(t s ) define a right Loo module. The three T L>i ( t s ), T i)R ( t s ), T(t s ) 
satisfy lengthy axioms, which essentially define some left, right or bi-module for the /x 
operations (as in Section §3.2.4) associated to either boundary, together with L^ maps 
from the Loo-algebra of planar webs to the Loo-algebra of the Hochschild complexes of the 
modules, compatible with the maps defined before. 

4. Representations Of Webs 

Definition: Fix a set of vacua V and weights A representation of webs is a pair 

P = {{Rij}, { K ij}) where 

a. ) Rij are Z-graded Z-modules defined for all ordered pairs ij of distinct vacua. 

b. ) Kij is a degree —1 symmetric perfect pairing 


-44- 


Kij I Rij 0 Rji —^ 


(4.1) 


By degree —1 we mean that (r^-, r*F) is only nonzero when deg(r^j) +deg(r'- i ) = +1 
so that the integer is degree zero. The pairing is symmetric in the sense that 

Kij (rij , Tjj) — Kji {rji , r‘ij ) (4-2) 

As the degrees of the arguments differ by one unit, the symmetry of K{j makes sense. 
Property ( b ) of K{j is motivated by the realization in Landau-Ginzburg models explained 
near equation (12.18) above. Note that since is nondegenerate, R^ and Rji have the 
same rank. The property that it is a perfect pairing will be used in several points of the 
development, for example, in the derivation of equations (7.26),(7.27) below. Often we will 
drop the subscripts and just write to K for the pairing when no confusion can arise. 

4.1 Web Representations And Plane Webs 

Given a representation of webs, for every cyclic fan of vacua / = {A, ^ • • •, in} we form 

Ri := Ri 1 i 2 0 Ri 2 : i 3 0***0 Ri n ,ii ( 4 . 3 ) 

Note that to write this formula we needed to choose a place to start the cyclic sequence. 
Different choices in the definition of Rj are related by a canonical isomorphism because 
the Koszul rule gives a canonical isomorphism 

Ri 1,12 0 Ki 2 ,is 0 ' * * 0 Ri n ,ii — -^2,^3 0 ^ -^3,24 0 ‘ * 0 Ki n ,ii 0 Rii,i 2 - ( 4 * 4 ) 

We will sometimes refer to Rj as a representation of a fan. 

Now we collect the representations of all the vertices by forming 

R [nt — QjRj (4.5) 

where the sum is over all cyclic fans of vacua. We want to define a map 

p(tv) : TR int -> R int (4.6) 


with properties akin to T(tv). 

As for T(tv), we take p(tv)[ri,... ,r n ] to be zero unless n = y(ro) and there exists an 
order {v\ ... v n } for the vertices of tv such that r a E Ri Va • If such an order exists, we will 
define our map 

p(rn) : ®vev(tt))Ri v (w) Ri^to) (4-7) 

as the application of the contraction map K to all internal edges of the web. Indeed, if an 
edge joins two vertices V\,V 2 G V(fo) then if Rj ^ contains a tensor factor R^ it follows 
that Ri (yo) contains a tensor factor Rji and these two factors can be paired by K as shown 
in Figure 24. 

In order to define p(t d) unambiguously, we need to be very precise about the details of 
the contraction: Since K has odd degree, the order of the contractions will affect the sign 
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of the result! It is useful to denote by K e the pairing which we will apply to the tensor 
factors associated to the edge e. Then we are attempting to make sense of the overall sign 
of an expression such as 

®e€S(«,)K e o <S>a=l r a (4-8) 

where each of the r a E Ri Va (vo) a linear combination of tensor products ® • • • ®ri rn ^ 1 
if I Va (rv) = {* 1 , 22 , • • • ,im}- 

Given a specific order of the edges in 5(tn) and vertices in V(tn), the meaning of 4.8 
is clear: we shuffle the symbols around using the Koszul rule until each K e is followed by 
the two tensor factors it is supposed to contract, and then we execute all the contractions. 
We are left with a sequence of residual tensor factors, which can be reordered again with 
the Koszul rule until they agree with the order in R Ioo ^y The final result depends on the 
initial order we picked for the vertices and edges of tv in an obvious way: by the Koszul 
rule for permuting the r a or the degree —1 K e symbols among themselves. Our aim is to 
define a graded-symmetric operation. As the r a appear in the product in the same order 
as the arguments of p(tu), this is automatically true. 

The only remaining subtlety is to relate the order for the edges of tv and the orientation 
o(fo) in such a way that 

p(-nj) = -p(ro) (4.9) 

We can do so if we remember that the moduli space of deformations of a web is given by a 
locus in R 2y ( m ) cut locally by a linear constraint for each edge of the web. We can easily 
describe a vector field transverse to some edge constraint. For example, we can define d e 
by acting with a clockwise rotation on the coordinates of the two endpoints of the edge 
(the choice of origin for the rotation is immaterial). If we have some order for the edges, 
we can define an orientation for tv from the canonical orientations dx v dy v in each R 2 factor 
as 

II 4° II dx v dy v (4.10) 

eE£(to) 'uEV(tt)) 

where o means we contract the poly-vector field on the left with the differential form on 
the right. 

We are finally ready to give a complete definition: if the arguments are compatible 
with the vertices of the web 


p(tu)[ri,...,r n ] 


_o(»)_ 

rieef» d e ° n„ev(w) dx v dy v 


®eGf(w) Ke o ®a =1 r a 


(4.11) 


where we use the same ordering of edges for the product over d e in the denominator and 
for the product over K e . Otherwise, p(tt»)[ri,..., r n ] =0. This map has degree — E(tv). 
The analogy between T and p extends to the interplay with the convolution operation. 


p(to*m')[ri,...,r n \ = ^ e Su s 2 p(to) [p(tt/)[Si], S 2 ] (4.12) 

Sh 2 (S) 


where we sum over 2-shuffles of the ordered set S = {ri,..., r n }. Once again we define 
p(tu)[0] = 0. The sign esi,S 2 keeps track as usual of the Koszul signs encountered in the 
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Figure 24: The internal lines of a web naturally pair spaces Ri ± ^ 2 with Ri 2l i 1 in a web represen¬ 
tation, as shown here. 

shuffling of the arguments r{. The only subtlety in checking this relation is the overall sign 
of each term in the left and right hand sides. It is useful to observe that we can order the 
edges of tv * tv f by listing all edges of tv first, then all edges of ft/. Then the order of the K 
factors on the two sides of the equation is the same, the order of the d e vector fields in the 
denominators is the same, the orientations in the numerators coincide and the reshuffling 
of the arguments is accounted for by the e sign. 

On the left hand side, the overall position of the second web is removed (convolution 
uses the reduced orientation of ft/) from the numerator, the position of the insertion vertex 
in tv is removed from the denominator. As the overall position of the second web is identified 
naturally with the position of the insertion vertex, this does not introduce any extra sign. 

Now we extend p linearly by defining p(ft) + ft/) := p(tv) + p(ft/). In close analogy to 
the previous section we can plug tp*t p = 0 into the relation (4.12) and arrive at the axioms 
of an algebra p( t) : Ti? int -T i? int : 

Yi e Si,s 2 P(tp)[p(V)[ 5 'i]> 5 '2] = 0 (4.13) 

Sh 2 (S) 

The main difference between this algebra and the web algebra W we encountered before is 
that R mt may have a rich subspace of degree 2, which allows us to discuss solutions to the 
Maurer-Cartan equation for the L^ algebra: 

Definition: An interior amplitude is an element /? E R mt of degree +2 so that if we define 

e P e TR int 0 Q by 

e/? := P + ^P®l 3 + liP®l 3 ®l 3 + '" ( 4 - 14 ) 

then 

p(tp)(e?) = 0. (4.15) 
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Note that any taut summand tv in t has 2V(to) — E(tv) = 3 and then p(tv) has degree 
—E(tv), so evaluated on p® v ( w ) we get an element of degree 3. Thus, (4.15) is a nontrivial 
identity consisting of a sum of elements of degree 3. 

Definition: A Theory T consists of a set of vacuum data (V,z), a representation of webs 
1Z — ({Rij}, {Kij}) and an interior amplitude /3. If we want to talk about Theories with 
different data we can write T(V, 7£, (3). In the remainder of this section we will assume 
we are working within a specific Theory. 

An interesting property of the Maurer-Cartan equation (4.15) for an L^ algebra is 
that a solution can be used to “shift the origin” of the algebra. If we define 

Pp{to)[ri,---,re] := p(to)[ri,... ,rg,eP] (4.16) 

then we claim that pp(ip) : TR int —>► R mt satisfies: 

Y es i,s 2 Pp(Sp)[pp(tp)[Si],S 2 ]=0. (4.17) 

Sh 2 (S) 

To prove this note that the 2-shuffles of the ordered set S = S U {/3,..., /3} with n copies 
of P appended at the right end of S include (^) copies of decompositions of the form 

S= (SxU {/?,...,/?}) II (S 2 U {/?,...,/?}) (4.18) 

with k P's in the first summand and n — k /?’s in the second. 9 Now we multiply the 
axiom for p(t p ) applied to S by ^ and sum over n. Thanks to the above remark the sum 
can be rearranged to give the left-hand-side of the the L^ axioms for pp(t p ) applied to 
S. Thus far the argument applies to any element P E R mt . To see what is special about 
interior amplitudes note that while we defined p(tx>)[S] = 0 for S — 0, we have pp(tv)[®\ ^ 0 
in general! Hence, for general /3, the term with Si = 0 will contribute an extra “source 
term” in the identities. However, if /? is an interior amplitude then we can drop this term 
and just sum over shuffles with Si ^ 0 to recover the standard L 00 relations. 

Remarks: 

1. The p and T operations are compatible: 

p(T(K>)[t°i, ■ ■ ■ ,tD n ])(n, • • • ,r N )= e [/^(rt>i)[‘S'l], y o(tD 2 )[*S' 2 ], - - -, ^(tn^)[S' ri ]] 

Sh n (S) 

(4.19) 

where S = {rq, • • • , r?v}- This equation is clearly analogous to the TT associativity 
relation. In a sense, p behaves as a representation for the algebraic structure defined 
by T, hence our terminology. 

9 We are being slightly sloppy here about the difference between union and disjoint union. Consider the 
initially appended /3’s as distinct and only identify them after we apply p(t p )[Si], etc. 
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2. The origin of the term “shift the origin” is from the analogy to string field theory. 
Our space R mt is analogous to the space of closed-string fields, and solutions of the 
Maurer-Cartan equation are analogous to on-shell backgrounds (at tree level). Now, 
there is an identity 

pp(S,e^) = p(S,e^') (4.20) 

which shifts the origin of the space of string fields. 

4.1.1 Isomorphisms Of Theories 

It is worth giving a careful definition of an isomorphism between two Theories T W and 
T (2) . First of all, we require that there be a bijection 

ip : V (1) -)• V (2) (4.21) 

so that the weights are mapped into each other. That is, viewing the vacuum weight as a 
map z : V —¥ C we have 

p*{z^ 2) ) = z (1 ) (4.22) 

It will be convenient to “trivialize” p so that we identify V 1 " 1 ^ = V 2 ) = V. Then p is a 

bijection of V with itself. Because we will discuss successive composition of interfaces from 

the right it will be convenient to write the action from the right so 

i i —iip (4.23) 


and the condition on the weights is 


(2) = z (1) 
i<p ^i 


Vi € V 


(4.24) 


Next, for every distinct pair of vacua (i,j) we have an isomorphism of graded Z- 
modules: 

vn ■ ( 4 - 25 ) 

such that 

(p ij ®p ji y(K%] jip ) = K% (4.26) 

Finally, for any cyclic fan of vacua / we let lip be the image cyclic fan of vacua (it is 
cyclic thanks to (4.24)). Then the <pij induce an isomorphism (pj : and we 

require that 

<m4 1} ) = 4J ( 4 - 27 ) 

These three conditions define an isomorphism of Theories. 

Remarks: 


1. If <^ 12 ) : T (1) -> T (2) 
phism then <^( 12 )(^( 23 ) 


is an isomorphism and ip ( 23 ) : T® is another isomor- 

is an isomorphism T ^ —> T®. 
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2 . Automorphisms are isomorphisms of a Theory with itself, and these always form a 
group. Note that a non-identity automorphism must still induce the identity per¬ 
mutation on V. For, suppose that icp 7 ^ i for some i. Then (4.24) implies zi = z^. 
But, setting j := i(f we see that this clashes with the condition on vacuum data 
that Zij ^ 0 for all i ^ j. The maps (fij can still be nontrivial so a Theory can still 
have a nontrivial automorphism group. In the text we make use of some nontrivial 
isomorphisms which are not automorphisms. 

4.2 Web Representations And Half-Plane Webs 

In Section §5.2 below we will introduce an abstract notion of the Lefschetz thimbles which, 
in the context of Landau-Ginzburg theory define special branes in the theory associated to 
each of the vacua. (See Section §11 below.) This motivates the following 

Definition: Fix a set of vacua V. We define Chan-Paton data to be an assignment i —>> Si 
of a graded Z-module to each vacuum i G V. The modules Si are often referred to as 
Chan-Paton factors. 

Now fix a half-plane PL. If J — {j 1 ,..., j n } is a half-plane fan in PL then we define 

Rj(£) := £ h ® R ]un 0 • • • ® Rj n _ tJn 0 £* n • (4.28) 

and the counterpart to (4.5) is 

R d (£) := ®jRj{£) (4.29) 

where we sum over all half-plane fans in PL. 

We are ready to define the web-representation analogue of T(u) defined in (3.32), 
namely a map 

p(u) : TR d (£ ) <g> TR int -> TR d (£ ) (4.30) 

graded symmetric on the second tensor factor. As usual, we define the element 

P(u)[rf,...,r^;ri,...,r n ] (4.31) 

by contraction. In the equations below we will abbreviate this to p(u)[P; S] where 

P = {rf,...,r^} S = {n,...,r„}. (4.32) 

We define p(u)[P; S] to be zero unless the following conditions hold: 

• The numbers of interior and boundary vertices of u match the number of arguments 
of either type: Vq(\x) — m and V^(u) = n. 

• The boundary arguments match in order and type those of the boundary vertices: 
rf G Pj a ( u ) (Recall these are ordered from left to right in the order described in 

v a V 

(2.19).). 

• We can find an order of the interior vertices V^(u) = {v \,..., v n } of u such that they 
match the order and type of the interior arguments: r a G Rj va ( u y 
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If the above conditions hold, we will simply contract all internal lines with K and 
contract the Chan Paton elements of consecutive pairs of rf by the natural pairing £j®£* 

Z. We keep track of signs as before, building an orientation for u from the orientation on 
(u) -\-Vq (u) ^ denoting the coordinates of interior vertices as x v ,y v and boundary vertices 
as y^. The edge vector fields d e can be built as before, adjusting them so that the boundary 
vertices remain on the boundary. 


p(u)[rf,...,r^;n,...,r n ] = 


o(u) 


Ylees (u) 


[nr., <*»}] [n 


^eVi(u) 


dx v dy v 


^ee£(u)-^-e] 


n 

,a=1 




(4.33) 


The ordering of the products over dy^ and de a follows that specified in (2.19). 

In order for the signs to follow as closely as possible the conventions in T[u], we 
introduced m auxiliary degree —1 variables 0 a , to be contracted with dual de a to get the 
final result. The 6 a produce useful signs as they are brought across the rf by the Koszul 
rule. The use of 9 a r® mimics the use of reduced orientations in the definition of T. Omitting 
the 9 a auxiliary variables in p would have the same effect as replacing 


°r( u a) JJ d y a o(u a ) (4.34) 

a a a 

in T, giving rise to somewhat less pleasing sign rules in the various associativity identities. 



Figure 25: A typical half-plane web. The signs for the contraction are fixed as explained in the 
example. 


Example: As an example of how the formalism works consider the half-plane web shown in 
Figure 25. This half-plane web is taut and hence has a canonical orientation o r (u) oriented 
towards larger webs. Therefore o r (u) = [dx] = [dyi] = [— dy^\. (Note that the web gets 


- 51 - 











larger if we increase x or y\ but smaller if we increase 2/2-) Now we can take <9y = — ^ so 
we get o(u) = [dyidy 2 \- Similarly, d ei A d e2 = — ^ A Thus, the prefactor on the first 
line of (4.33) works out to 


_ o(u) _ = [dyidy 2 \ = _ 

d ei A 9 e2 (-rfyi)(-rfi/2)(rfa;rfy) -[rfyidi/ 2 ] 

Now, p(u) can only be nonzero on sums of vectors of the form rf <S> rf ® r where 

rf € S h <g> <g> £* 3 Ji = {ji, j 2 , jz} 

r 2 € % <g> i?j 2 <g> J 2 = {J.3, il} 

e Rj I = {j‘21 j4; j - s } 

Moreover it suffices to consider monomials of definite degree: 

r l = £ ji r jlj2 r j2j3 £ j 3 

r 2 = 4 r J3M£i4 

/v» - . . rv* . . rp . 

1 — 1 3234' J4J3 1 3332 

Therefore 

P( u )[ r f) r 2; r ] = -K ei K e2 d ei d e2 (e 1 rf)(e 2 r^)r 
= {-l) 1+ \^K hj3 K j3j Ar d 2 r 
From here on, we simply apply the Koszul rule. The net result is 


(4.35) 


(4.36) 


(4.37) 


(4.38) 


p(u) [rf, rf; r] = ne h (g> r jlj2 <8> r hji <g> £* 4 € £ h <g> g> £* 4 (4.39) 


where Joo = {ji, J4} and ft is a scalar given by 

^ — 1) ' (^' 3 (^ 3 )) * (^J3J4 ( r j3J4 5 r j4j3 ) ) ‘ (^J2J3 ( r j2j3 5 r j3j2 ) ) 

s = 1 + |rf | + |rj 2 j 4 |(|rj 4 j 3 | + |rj 3 j 2 |) + |rj 2 j 3 |. 


(4.40) 


With this definition in hand, we can check that p behaves just like T as far as convo¬ 
lutions are involved. Since the combinatoric structure is the same as for T, we can focus 
on the signs. First, we can look at: 

p(u*w)[P;S}= e S 1 ,S a p(u)[P;p(w)[S 1 ],S 2 ]. (4.41) 

Sh 2 (ft) 

The orientations in the numerators appear in the same way on both sides of the equation. 
The K factors in p(tv) on the right hand side are inserted to the right of the 9 a r f factors in 
p(u) and need to be brought to the left in order to match the left hand side. This reproduces 
the reduced Koszul rule. We also need to bring the d e factors in the denominator to the 
left of the dy g, but this cancels against the sign to bring the K factors to the left of the 


- 52 - 




Next, we can look at 


p(u * u')[P; 5] = Y, e p(u)[P 1 ,p(u')[P 2 -,S 1 },P 3 -S 2 }. (4.42) 

Sh 2 (S),Pa 3 (P) 

To compare the right hand side to the left hand side, we need to transport the Kdg block 
in p(u / ), together with the 9 in front of it, to the left of the P\ arguments 9 a r® in p(u). We 
also need to transport the arguments r a of Si to the right of the P3 arguments 9 a r f. This 
reproduces the reduced Koszul rule. All denominator manipulations needed to reorganize 
the d e and dy a give signs which cancel out against the identical manipulations on the K 
and do a . 

Plugging in the usual convolution identities for taut elements, we derive the LA 0 c 
relation for p[ty] analogous to (3.38): 

Y 6 p(fp)[^i 5 p(fp)[^2;S'i],P3;S f 2] + Y 6 p(^h)[P] p(^)[Si], S 2 ] = 0. (4.43) 

Sh 2 (S),Pa 3 (P) Sh 2 (S) 

The most important consequence of these identities is that if we are given an interior 
amplitude /3, we immediately receive an Aoq algebra with operations 

pp{tu) : TR d (S) -»■ R d {E) (4.44) 

defined by 

Pp(tn)[rf,-..,r 9 } := p(t«)[rf,... ,r®;e^] (4.45) 

This is the main object of interest for us. A useful point of view on this derivation is that 
because p{t p )[e^] = 0, any convolution of the form u * t p will give zero when inserted into 
pp\ applying the convolution identities to we get 

p(u * ip) [P, e 13 } = p(u) [P; p(tp) [eP], e p ] (4.46) 

We are ready for the the half-plane analog of the interior amplitude: 

Definition 

a. ) A boundary amplitude in a Theory T is an element B E R d (£) of degree +1 which 
solves the Maurer-Cartan equations 

oo 

Y J Pp{iu)[B® n ] = 0. (4.47) 

71=1 

b. ) A Brane in a Theory T is a pair 55 = (£,£>) of Chan-Paton data £, together with a 
compatible boundary amplitude B. 10 

10 We will often simply refer to a Brane 3$ by its boundary amplitude B when the Chan-Paton data are 
understood. 
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We remark that equation (4.47) is a sum of elements of degree 2. Note that we can 
also define formally 11 


—— = w 

l-£ A; 


n=0 


and write the equation as 


Pp( i n)[ 1 ~ g \ = 0 . 


(4.48) 

(4.49) 


Remarks: 

1. In conformal field theory the term “brane” is often used for conformally invariant 
boundary conditions consistent with a given conformal field theory C. These branes 
form a category. In our context we think of a boundary amplitude as a bound¬ 
ary condition and indeed in the context of Landau-Ginzburg theories, as described 
in Sections §§11-14.7 below, we will see that boundary conditions indeed provide a 
boundary amplitude. We will see that, for a fixed Theory T, the boundary ampli¬ 
tudes, or equivalently the different Branes, also form a category. 

2. The higher operations 

Pp(t n )[P-S} :=p(t H )[P-,S,e?] (4.50) 

still satisfy LA 0 c relations. They will not play a further role for us. 

3. As for /?, we can use B to “shift the origin” in the Aoq algebra. The operations 

ty) : TR d {£) —)► R d (£) defined by 

Pf (t«)[r?. • • • = Pp(t«)[ r 4g. rf, ^ • • •. (4.51) 

again satisfy the A^-relations if B is a boundary amplitude. The proof is similar 
to that of (4.17). We will identify this A ^ algebra in §5.2 with an A ^ algebra of 
endomorphisms Horn(£>,£>) (see (5.17)). 

4.3 Web Representations And Strip-Webs 

Now we will explore what implications a representation of webs has when combined with 
strip webs. Suppose we are given a web representation 1Z = ({Rij}, K) and Chan-Paton 
factors £l^ and £r^ for the left and right boundaries of the strip. We will denote the fans 
for the left boundary as J and the fans for the right boundary as J, with corresponding 
spaces Rj(£l) and Rj(£r). The direct sum over positive- and negative- half-plane fans 
with these Chan-Paton spaces will be denoted as R^(£l) and R^(£r), respectively. 

Definition: We define the space of approximate ground states to be 

£lr := ©zev^L,; ® (4-52) 

11 The reader is cautioned about a possible notational confusion. Late on, we will introduce an identity 
element Id. Given a multilinear function /, the first term in the expansion of some f(X , Y) is f(X , T), 
not f(X, Id,Y) 
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and a typical element is denoted by g. 

Given a strip web 5 we plan to define an operation 

p[s] : TR 9 L (£ L ) 0 TR int 0 S LR 0 TR 9 r (£ r ) -> S LR (4.53) 


As usual, we take this to be zero unless all the arguments are compatible with the appro¬ 
priate vertices of the strip web and defined by a familiar formula otherwise: 


o(u) 


n e ef( S ) °e] ° [nr=i %y] [n^w [nju d v\\ 


^e££(s)K-e\ 


n*. 

,a =1 


.a =1 




£=l r o] ® 5 




(4.54) 


Recall that, reading from left to right the r 9 are inserted on the boundary in order of 
decreasing y while the rj are inserted in order of increasing time. 



Figure 26: Strip webs whose contractions are described in the text. 

Example: The contraction associated with the strip-web on the left in Figure 26 maps 

Rji(£) 0 (Si 0 St) 0 Rij(S) Sj 0 £■ (4.55) 

It operates on a typical primitive tensor via 

(vj 0 rji 0 v* ) 0 (v[ 0 vf) 0 (vi 0 0^)4 ±(v* • Vi)(vf • Vi)K(rji , rji)vj 0 F* (4.56) 

where the superscript * indicates a vector is in £* and the sign is determined by the Koszul 
rule. Similarly, the strip-web on the right in Figure 26 maps 

(Rkj(S) 0 Rji(S) \ 0 (Si 0 £*) 0 R ijk (£) -^ 4 ® SI. (4.57) 
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It operates on a typical primitive tensor via 


(vk ® rkj <8> v*) ® (v'j <g> rji <g)v* ) <g> (vi <g> v*) <g> (v'i ® Uj <g> rj k <8> v k ) 

^ • Vi)K(r kj ,r jk )K(rji, r i:j )v k ® v* k 


(4.58) 


where the sign is determined by the Koszul rule. 

The full map p(s) satisfies the same compatibility relations with convolutions as T(s) o, 
which combined with the convolution identities for the taut elements tell us that p(i s ) 
satisfies the same lengthy algebraic relations as T(t s )o , described in Section §3.3. 

Now let us select a specific choice of interior amplitude /?, together with left and right 
boundary amplitudes Bl and £>#, respectively, and define an operator (Ilr : Slr -> Slr 
by the equation 

d L R-9 ^ p(t 8 )[ 1 ^ f B ]■ ( 4 - 59 ) 

The t s o t s + • • • = 0 identity (2.40) reduces to the crucial nilpotency 

d 2 LR = 0 (4.60) 

essentially because all other terms in the convolution identity give zero when evaluated on 
x-s L ? an d i-Br • That is, (Ilr is a differential on the complex £lr- 
We believe these considerations amply justify the following 

Definition: The complex of ground states associated to a left and right brane in a given 
theory is (Slr, ^LiO- The cohomology of this complex gives us the exact ground states for 
this system. 

Remarks: 

1. When our formalism is applied to physical theories and physical branes the above 
definition coincides with the physical notion of groundstates, thus realizing one of 
the primary objectives of the introductory section §1. 

2. We can define operations 

pp, R {ts)[P-, g\ ■= p(t s )[p-e^;g; - f & ] (4.61) 

These endow Slr with the structure of an A^ left module for pp(ii)- Similarly, 

pp{i s )[P-g-P'] :=p(t s )[P;eP-,g;P'} (4.62) 

defines an A qq bimodule structure on Slr- 
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4.4 On Degrees, Fermion Numbers And R-Symmetry 

Throughout this section, and in later sections, we define the Rij as graded vector spaces, 
with a Z valued degree which determines the Grassmann parity of objects and allows us 
to use the Koszul rule in our manipulations. 

The integral grading of objects such as the complex of ground states £lr, the R mt and 
R d [£] spaces used in defining the interior and boundary amplitudes should be canonically 
well-defined, as these objects are expected to be in correspondence to objects in a physical 
theory which have a well-defined, integral grading given by the conserved R-charge. 

On the other hand, the individual R^ and £i spaces are expected to be in correspon¬ 
dence with objects in a physical theory for which the definition of R-charge is possibly not 
integral and ambiguous, due to contributions from boundary terms at infinity. Concretely, 
the R-charge operators %j and qi on Rij and £{ are defined up to a constant shift 

Qij Qij + fi ~ fj Qi ^ Qi fi (4.63) 

which leaves the R-charges of £lr , R int and R d [£\ invariant. 

When we attempt to associate a web representation to a certain physical theory, we 
can always select some choice of fi such that the R-charges are integral, and can be used 
to define integral degrees. Such a choice, though, it is not unique, and may break some 
symmetry of the theory. Different choices are related by shifts with integral fi. 

As changes in degrees affect the Koszul rules, a shift in degree in the Rij will lead 
to sign changes in the definition of p. Furthermore, it may affect the signs in the MC 
equations for interior and boundary amplitudes. In order for our algebraic structures to 
behave well under degree shifts, we would like to be able to reabsorb such signs into sign 
redefinitions in the £lr , R mt and R d [£\ spaces and in the K pairing. 

More precisely, we would like to define a new web representation in terms of some 
w Rij isomorphic, perhaps not canonically, to the degree-shifted Rpf- , and CP factors 
w £i isomorphic, perhaps not canonically, to the degree-shifted £\ ^ such that we have 
canonical isomorphisms 

£ lr ^ v £ lr R int ** v R int R d [£\ ** y R d [£} (4.64) 

which intertwine between p defined by the original representation, and v p defined by the 
new representation and map interior and boundary amplitudes for the original representa¬ 
tion to interior and boundary amplitudes for the new representation. 

There is a natural, physical way to find such maps, but the story has an unexpected 
twist: in order to relate naturally p and v p, we need to also act with an automorphism of 
the web algebra, i.e. a linear map fyy : to — ^ to which commutes with all web convolution 
operations. Such a map will not , in general, preserve the taut element and thus will not map 
interior amplitudes to interior amplitudes, except in some special cases we will describe 
below, unless we generalized the notion of taut element and interior amplitude slightly. 

Lets first describe our degree-shift maps. The maps will act as ±1 on each summand 
£i ® £*, Rj, Rj[£]- Consider some one-dimensional graded vector spaces Vi of degree fi 
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and their duals V*, with a canonical isomorphism V* 0 Vi = Z. Define 

= Vi® Rij 0 y/ v fi = Si® V? (4.65) 

We can focus on R mt and the plane web representation. The same analysis holds for 
half-plane and strip web representations. Consider the v Rj. We can apply the canonical 
isomorphism V* 0 Vi = Z to relate canonically 

W Ri 1 -i n = V il ®R il ... in ®V* (4.66) 

We can then define a canonical isomorphism w Ri v ..i n = R^...^ by Koszul-commuting 
all the way to the right and applying the canonical isomorphism. It is easy to see that 
such canonical isomorphism makes a neat commutative diagram with the isomorphisms 
Rhh-in ~ R i2-inh and WR hi2-in — W Riz-inh defined in 4.1. 

We should define v K as well. Of course, w Rij 0 v Rji is canonically isomorphic to 
Vi 0 Rij 0 Rij 0 V*. As the degrees of the middle factors add up to 1, there is no sign 
to pay to bring Vi all the way to the right and apply the canonical isomorphism again to 
Rij 0 Rij . Thus we can take W K to coincide with K up to this canonical isomorphism. 

Lets compose v p with the canonical isomorphisms: we take the arguments r a in i?/ a , 
map them canonically to elements in v i?/ a and do our contractions with V X, which means 
we contract the Rij elements with K and the V{, V* pairwise according to the same pattern. 

Effectively, the only difference between y p and p is the composition of a bunch of 
canonical “pair creation” maps Z -A V* 0 Vi and “annihilation” maps V* 0 Vi = Z, along a 
pattern dictated by the topology of the web. It is easy to see that the chain of contractions 
produces a loop for every internal face of the web. Thus v p and p differ by a factor of 

rTzefacesfro] 

We can absorb the difference into a linear map 


to ->■ /[ro]ro = 


n i-h' 

zE faces [tx>] 


to 


(4.67) 


Thus the web representation transforms canonically under the degree shift combined with 
the action of this linear map on the space of webs. 

The sign /[ to] has a striking property: 


/[tt>l *V tt> 2 ] = /[tt>l]/[tt> 2 ] 


(4.68) 


as convolution does not create new internal faces. Thus the map commutes with all web 
algebraic operations. We can call a collections of numbers with such property a cocycle for 
the web algebra. 

It should be clear that the taut element t is not invariant under twisting by a general 
cocycle cr[to]: 12 

t to- = cr[tt>]tt). (4.69) 

tautro 

12 A notable exception is a case of vacuum weights which form a convex polygon: the special cocycles are 
trivial because there are no internal faces. Half-plane and strip taut webs may have internal faces bounded 
by one of the boundaries of the space, but the extra sign can be reabsorbed in a re-definition of R d [S\. This 
will be important in later examples 
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On the other hand, the twisted taut element t a is still nilpotent, and we could extend 
our definition of theory by replacing t with t a in our definition of interior amplitudes, etc. 
Although we will suppress this possibility in the remainder of the paper, it is likely relevant 
to concrete applications. 

Our final statement is that degree shifts fi in the Rij relate canonically a theory 
associated to a cocycle a and a theory associated to a cocycle erf. 



Figure 27: In figure (a) we show an extended taut planar web. The contribution of this web to 
the equation for an interior amplitude shows that such an (extended) interior amplitude can be 
used to define a differential on R^. Similarly, in figure (b) we show a taut extended half-plane 
web. Its contribution to the Maurer-Cartan equation for the corresponding algebra shows that 
a component of the (extended) boundary amplitude defines a differential on Si. 



Figure 28: A bivalent vertex can be added to any leg of any vertex to produce a taut extended 
web, as shown here. 
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4.5 Representations Of Extended Webs 

We can extend the definition of web representations to extended webs. For plane webs, we 
have new fans available, with two vacua only, and associated vector spaces 

R(ij) = Rij 0 Rji (4.70) 

The interior amplitude includes now a component /3ij in R(ij). We can use K to “raise an 
index” of flij to define a degree 1 map 

Qij • Rij ^ Rij (4.71) 

by 

Qij (rij) := (1 0 K 2 3 )(Pij 0 rij). (4.72) 

where the subscript 23 means that K is contracting the second and third factors in R^ 0 
Rji 0 Rij . The equation satisfied by /3 implies that Qij is a nilpotent differential, making 
Rij into a complex. This is illustrated in Figure 27(a). 13 As the two-valent interior vertex 
only appears in taut plane webs with two vertices, the equations for (3 differ from the 
standard case only by terms where some Qij acts on an external ij leg of f3. The relevant 
kinds of taut webs are illustrated in Figure 28. 

For half-plane extended webs, we have a single-vacuum fan available, and associated 
vector spaces 

Ri(S) := £i 0 £* (4.73) 

associated to a half-plane “web” consisting of one vertex on the boundary, with no ingoing 
lines. When working with extended webs the definition of R d (£) in (4.29) now reads 

R d (£) = ®i£i 0 £* © ® Zij en (£i 0 Rij 0 £*) ® • • • (4.74) 

When speaking of elements of R d (£) we refer to the new summand ®i£i®£* in the definition 
of R d (£) as the scalar part Thus the boundary amplitude includes now a scalar part Qi in 
Ri(£). The Maurer-Cartan equation now includes a taut web with two zero-valent vertices 
and this contribution requires the scalar part Qi to be a differential on <%, making the 
Chan-Paton factors into a complex. See Figure 27(b). Moreover, the zero-valent boundary 
vertices only appear in taut half-plane webs with two vertices, so the equations for Qi + B 
differ from the equations for B with unextended webs only by an anti-commutator between 
some Qi and B. 

It is also interesting to observe that we can define an element Id^ as the canonical 
identity element in Ri. Then we set 


Id := ©,Id, . (4.75) 

13 To give a little more detail: The interior amplitude identity says that K 23 (flij 0 Pij) — O 5 where again 
the subscript 23 indicates which factors the K acts upon. Then, using similar notation, to check Q?j = 0 
we need to verify K 2 3 {Pij 0 K^(f3ij 0 r^)) = 0. Since K 23 and K 45 act on different spaces and hence 
(anti)commute we can first contract K 23 {pij 0 flij) to get zero. 
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The Id element behaves as a graded identity for the A ^ algebra %), i.e. pp{iu)[ Id] = 0, 
(since there is no taut web with a single boundary vertex) while, using the conventions of 
(4.33), 

M t «)[ Id > r ] = r pp(i u )[r,ld] = (-l) |r| r, (4.76) 

while pp{iy)[Pi, Id, P 2 ] = 0 if both Pi, P 2 are nonempty (simply because there are no taut 
webs of the appropriate kind). This feature alone can make extended webs useful. 

For extended strip webs, the new vertices only appear in simple taut (=rigid) webs 
consisting of a single zero-valent vertex on either boundary. Thus we should simply add 

©iev [Ql,i ® 1 + 1 0 Qr,i\ (4.77) 

to the differential d 

4.6 A Useful Set Of Examples With Cyclic Vacuum Weights 

We will now describe an infinite family of non-trivial examples of Theories and Branes 
which will be used again in Sections §5.7 and §7.10 to illustrate our formal constructions. 
As explained in Section §4.6.4, they are also of physical interest. 

Fix a positive integer N and consider the vacuum data 

: z k = e -^~^ k k = 0, ■ ■ ■ N — 1 (4.78) 

For convenience, in this section, we choose a small positive $, so that zo has the most 
positive real part among all vacua, and a small negative imaginary part. The vacua are 
a regular sequence of points on the unit circle ordered in the clockwise direction. In 
particular they form a regular convex polygon and hence there are no webs with loops. Let 
us enumerate the rigid vertices. Note that if i, j, k are three successive vacua in a cyclic fan 
then, by our conventions, they label regions in the clockwise order and hence Zjk rotates 
counterclockwise through an angle less than n to point in the direction of Zij. It follows 
that the corresponding vertices 2 ^, Zj, z^ on the unit circle must be clockwise ordered. From 
this we can conclude that the rigid vertices are in one-one correspondence with increasing 
(reading left to right) sequences of numbers between 0 and N — 1. In particular, the 
trivalent vertices are labeled by triples of vacua with 0<i<j<k<N — 1. 

In what follows we will consider two examples of web representations 1Z. We will 
analyze the resulting L^ MC equation and, for a specific choice of interior amplitude /? we 
will analyze the A^ MC equations and Branes in these Theories. While the development 
is a purely formal illustration of the mathematical constructions developed above, the two 
classes of models are meant to correspond to two physical models, as explained in Section 
§4.6.4 below. 

4.6.1 The Theories 

Our first class of Theories, denoted have web representations such that Rij is one¬ 
dimensional space, with degree (or “fermion number”) 0 or 1: 

Rij = i < j 

Rij = Z i > j (4.79) 
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Moreover, we take K to be the natural degree —1 map K : ZM 0 Z —>► Z given by multi¬ 
plication. 14 

This restriction on the degree has a neat consequence: the degree of Rj equals \I\ — 1, 
where \I\ is the number of vacua in the fan I. Thus the interior amplitude, which must have 
degree 2, is concentrated on trivalent vertices only. We can therefore label the independent 
components of the interior amplitude by fiijk E Rij®Rjk®Rki with i < j < k. To complete 
the definition of the theory we must choose a specific interior amplitude. Therefore, let us 
examine the L^ MC equation. 



Figure 29: The two terms in the component of the equations for i < j < k < t. 

The only taut webs with only trivalent vertices have four vacua at infinity. For each 
increasing sequence of four vacua, i < j < k < £, there are two taut webs corresponding to 
the two ways to resolve the 4-valent vertex as shown in Figure 29. Therefore the MC 
equation is a collection of separate equations, one for each such increasing sequence, of the 
form 

P(fp )[Pijki ftikt] T fijkt] = K-ik ° (Pijk ® fiikt) T Kjt ° (flijt ® fijkt) ~ 0 (4.80) 

where Kik is the contraction of the Rik 0 Rki factors and so forth. We used the fact that 
for a canonically oriented taut web tv with two vertices, 

d e o ( dx 1 dy 1 dx 2 dy 2 ) = dxidy 2 d{y 1 - y 2 ) = o(tt>) (4.81) 

to deal with the orientation ratio in p. (See Section §4.1 for the definition of d e .) 

In order to compute the relative signs in the two terms of the MC equation, we re¬ 
member that 

Pijk ® Pikt £ Rij 0 Rjk 0 Rki 0 Rik 0 Rkt 0 Ru (4.82) 

14 One could introduce an extra multiplicative factor in the definition of K. Invertibility over the integers 
constrains it to be d=l. One could extend it to be a nonzero rational number and tensor the representations 
over Q. When counting the £-webs of Section §14 it is natural to take the multiplicative factor to be 1. 
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and thus has to go through two degree 1 spaces R^ ® Rjk to contract R^i ® Rik , while 

fiijt ® @jkt ^ Rij ® Rjt ® Rfi & Rjk ® Rkt ® Rtj (4.83) 

As R t j has degree 0, we can carry it through the other factors to the right of Rjt , and then 
Kjt has to go through a single degree 1 factor Rij in order to contract Rjt®Rtj- Therefore, 
if we identify now flijk with an integer bijk then the MC equations becomes the system 
of quadratic equations: 

bijkbikt ~ hjtbjkt = 0 i < j < k < t (4.84) 

For example, for N = 4 we have a single equation familiar from the conifold. On the 
other hand, for large N there are more equations than variables so it is nontrivial to have 
solutions at all, let alone integral solutions. 15 Fortunately there is a simple canonical 
solution given by b^k — 1 for all i < j < k. This choice of interior amplitude (5 defines the 
Theory we will call . 

Next, we can look at half-plane webs and Branes. In general the half-plane taut 
element will depend on the relative choice of $ and of the slope for the half-plane T~L. We 
have already chosen d to be small and positive and we will now choose R to be the positive 
half-plane. 



Figure 30: Paths defining positive-half-plane fans for the cyclic weights (4.78). These can be 
divided into four types according to whether the vacua in J = {i, are down-type vacua 

i, j G [0, y) or up-type vacua i, j G [y, N — 1]. (We use the fact that is small and positive here.) 
Reading the paths in the direction of the arrows gives the sequence of vacua encountered reading the 
fan in the counterclockwise direction, and this corresponds to reading the vacua in J = {i,... ,j} 
from right to left. Shown here is the case N = 8. The vacua zo ,..., Z 3 are lower vacua. The vacua 
Z 4 ,... ,Z 7 are upper vacua. The green path is of type u. . .u. The maroon path is of type u .. .d. 
The blue path is of type d.. .u. Finally the purple path is of type d.. .d. 

Let us now enumerate the possible positive half-plane fans J — {j 1 ,..., j s }, where we 
recall that reading from left to right we encounter the vacua in the clockwise direction. The 

15 From the relation to Landau-Ginzburg theory discussed in Section §14 we expect integral solutions. 
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presence of the boundary breaks the cyclic symmetry so that when speaking of half-plane 
webs and Branes it is very useful to distinguish “upper vacua” or “up vacua” from “lower 
vacua” or “down vacua.” The up vacua have positive imaginary part and the down vacua 
have negative imaginary part. Thus, the down vacua correspond to i with 0 < i < y and 
the up vacua correspond to i with y < i < N. 

In order to enumerate the positive half-plane fans we begin by noting two points: 
First, Zj p j p+1 has to have positive real part, and hence Ke(zj p ) > Ke(zj p+1 ). Second, 
z j p ,j p+ 1 must rotate counterclockwise to point in the direction of Zj p _ 1 j p . Now read the list 
of vacua counterclockwise, i.e. from bottom to top, and from right to left in J. The vacua 
then define a path of points on the unit circle, and the half-plane fans are enumerated 
by paths which move to the right so that the successive segments rotate counterclockwise. 
One way to classify these paths is the following: Denoting generic up- and down-type 
vacua as u or d respectively note that the segments dud or uuu rotate clockwise and 
are excluded. Therefore the half-plane fans J must be sequences of the type {u\ • • -iq}, 
{u\ • • • {d\ • • • iq}, {d\ • • • cfc} where in each case the ellipsis • • •, if nonempty, is an 

ordered sequence of down-type vacua. An example is shown in Figure 30. 

Since our interior amplitude is supported on trivalent vertices, to write the A^ MC 
equations we need only list all the taut half-plane webs with trivalent vertices. This can 
be done, with some effort. Indeed, if we associate to each half plane fan the sequence of 
edges in the weight plane between the corresponding vacua, then each half-plane web with 
non-zero representation can be associated to a triangulation of the polygon defined by the 
sequences of edges for half-fans at boundary vertices together with the half-fan at infinity. 



Figure 31: The three kinds of taut half-plane webs which can contribute to the -Maurer-Cartan 
equation in the examples with cyclic weights. 

If the half-plane web does not include intermediate upper vacua in the sequence of 
vacua along the boundary, all we can have is a disconnected taut web (Figure 31(a)) or a 
web with a single boundary vertex, an edge of which splits at an interior vertex to give a 
half-fan at infinity with one extra edge than the half fan at the boundary vertex (Figure 
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31(b)) . If the half plane web includes a single intermediate upper vacua, the only relevant 
taut half-plane web has two half-fans and a single interior vertex at which the last edge of 
one fan and the first of the next fan join to a new semi-infinite line (Figure 31(c)). Webs 
with more intermediate upper vacua cannot be taut. 

Solving the MC equation is still a rather formidable task, and therefore (with some 
later applications in mind), we will constrain the problem further, and impose a simple but 
powerful constraint on the degrees assigned to the (nonzero) Chan-Paton factors £f. we 
will choose the degrees to be decreasing as we move clockwise around the lower vacua and 
decreasing as we move counterclockwise around the upper vacua. Moreover, we require a 
reflection symmetry on the degrees of nonzero Chan-Paton factors. So we take: 


deg £k — n — k 0 <k< N/ 2 

deg^Tv-fc-i —n — k 0<fc< N /2 


(4.85) 


for some n. (The integer n is not really needed here but cannot be shifted away in the 
related example (4.117) below.) 



Figure 32: Three nontrivial components of a boundary amplitude in the cyclic theories. Note 
that for small $ the slope zjsr-k,k is nearly vertical, Zk : N-k -1 always points downwards, while 
ZN—k,N—k—i can point upwards or downwards, depending on k. 

The restriction (4.85) strongly constrains which half-plane fans can support a nonzero 
boundary amplitude B (since B must have degree 1). It will allow a simple analysis of 
the MC equation for a boundary amplitude with such Chan-Paton factors. Suppose we 
consider a component Bij G i?p...j}(£). It is useful to look at first at fans which include 
two vacua only so Bij G Si 0 Rij 0 £*. If i > j then by (4.79) Rij has degree 0 and hence 
the degree of Si 0 £* must be 1. The only two possibilities are i — N — k and j = /c, with 
1 < k < N/2 or i = N — k and j = N — k — 1, with 1 < k < N/2. In both cases i is ?i-type. 
On the other hand, if i < j then by (4.79) Rij has degree 1 and hence the degree of £i 0 £* 
must be zero. Then the only possibility is i = fc, j = N — k — 1 with 0 < k < N/2 . In this 
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case i is d-type. It turns out that no half-fans with more than two vacua may contribute 
to a degree 1 amplitude. For example, if we consider £n-U ® RN-k/ ® Rt,k ® £1 with 
k < £ < N — k then {N — k} is never a valid half-plane fan. The reason is that the 
real part of z^-k,k is sin('d) sin(27r£;/7V) and is arbitrarily small, and will be smaller than 
R e ( z i,k) whenever Re(z^) > 0. We conclude that the only potentially nonzero components 
of a boundary amplitude are of the form: 


&N-k,N-k-l 

o fk € Hom(£Ar_fc_i ,Sjsr-k) 

1 < k < N/2 


Bk,N-k-l 

O g k e Hom^jv-fc-i, £k) 

0 < k < N/2 

(4.86) 

&N-k,k 

o h k G Hom(£fc,£jv-fc) 

1 <k< N/2 



where in the second column we have interpreted the indicated component of B in terms of 
linear transformations fk^dk^k- See Figure 32. 



Figure 33: Three nontrivial equations in the MC equation. 

We can now write out the nontrivial components of the Aoq Maurer-Cartan equation 
for B. We organize them by the type of the half-plane fan Joo. The uu component arises 
from a taut web with a single interior vertex and two boundary vertices as in Figure 31(c). 
It takes the form 


P(tn)[13N-k,N-k-l, BN-k-l,N-k-2] f^N-k-2,N-k-l,N-k] = 0 (4.87) 

and it tells us that fkfk+i = 0 in the notation of (4.86). 
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In a similar fashion, the dd component takes the form 

p(tn)[Bk,N-k-i,BN-k-i,k+i\Pk,k+i,N-k-i\ = 0 (4.88) 

and it tells us that if gkhk+i — 0 in the notation of (4.86) (where k < N/2 — 1). 

Finally, the udu component involves two kinds of webs: a web with two boundary 
vertices only as in Figure 31(a), and a web with a single boundary vertex and a single 
interior vertex as in Figure 31(b). Both webs contribute to a term in the MC equation 
with a half fan of three vacua, which takes the form N — fc, fc, N — k — 1. Thus we need to 
solve 

p(tn)[BN-k,kiBk,N-k-i\ + p(tu)[BN-k,N-k-i m > Pk,N-k-i,N-k\ = 0 (4.89) 

which tells us that fk = h^g^. 

Note that the fkfk+i — 0 constraint follows from the other constraints. Thus the 
general solution of the A^ MC equation subject to the constraint (4.85) is given by a set 
of linear transformations {/&,#&, hk} as in (4.86) subject to the two conditions gkhk+1 = 0 
and fk — hkgk (for values of k for which this makes sense). These equations are illustrated 
in Figure 33. 

Let us consider two simple types of solutions. The the first are the “thimbles” % 
defined by the Chan-Paton factors 

£{%)j = SijZ (4.90) 

with fj — gj — hj — 0. The second kind are the Branes <£&, with 1 < k < N/2. These are 
defined by taking Chan-Paton spaces 

£(£&)#-& = £(£fc)jv-fc-i = Z £(£k)k = % (4.91) 

with all other Chan-Paton spaces £(£k)j equal to zero. For the boundary amplitude we 
take fk,gk,h k to be be multiplication by 1 (and of course fj,gj,hj vanish for j ^ k) and 
hence fj = hjgj and gjhj+i — 0 for all j is satisfied. The motivation for writing down 
these branes is that they are generated from rotational interfaces as described at length in 
Section §7.10 below. 

In order to look at the strip we need to define some boundary amplitudes and Branes 
for the negative half-plane. One convenient way to do this is to use the symmetry of 
the model and rotate the half-planes by tv. We can construct a family of cyclic Theories 
by simultaneous rotation of all the vacuum weights Z{ —)• As the edges parallel to 

Zij rotate we continue to associate the same spaces Rij to them, together with the same 
interior amplitudes, and thus we obtain a family of Theories. A rotation by a multiple of 
2tt/N leaves the set of vacuum weights invariant. Hence there is an isomorphism of the 
rotated planar theory with the original theory. However, because of the degree assignments 
in equation (4.79) this isomorphism involves an interesting degree shift on the web repre¬ 
sentation. If Zi —>> (jj~ d Zi with uj — ex.p[2ni/N] then the isomorphism acts by i —>> i where 
i — (i + d)mod7V with 0 < i < N and the rotated web representation Q* d (Rij) is related to 
the old one by 

K(Rij) = 4 "' ] ( 4 - 92 ) 
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i (4.93) 
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Figure 34: Rotating the theory for N even by 7r maps left Branes to right Branes using the above 
rule. 

In general the rotation takes one half-plane theory to another half-plane theory. If N 
is even we can use a rotation by uj~ n / 2 = — 1 to take the positive half-plane theory to the 

negative half-plane theory as in Figure 34. Our rule for mapping Chan-Paton spaces will 

be that 

&> = s\ Si] (4.94) 

and the degree shifts are chosen so that there is a degree zero isomorphism 

Si ® $* N/2 {Rij£j (4.95) 

and hence the degree-shifts on the Chan-Paton spaces are determined, up to an overall 
shift, by 

The general solution to (4.96) is 

[s y < i < JM - 1 

for some s. These maps define an isomorphism of theories as in 4.1.1. See also 4.6.3. 

In particular, applying this procedure to the Branes (£& produces a collection of Branes 
for the right boundary, (£*., 1 < k < N/2 with 

£{l k ) N - k = Z [s] £{l k )k-i = % ls ~ 1] £{l k )k = Z [s] (4.98) 


(4.96) 


s + 1 


0 < i < y 


(4.97) 
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and the simplest choice is to take 5 = 1. In the above we have renamed the Brane (£& 

rotated by n to be Cjv, . The components of the boundary amplitude of £& are obtained 

2 K 

from those of Cw/2-fc an d are ±1- 

The strip complex for the Branes (£& and £* is non-empty only if k — t or k — t — 1. In 
either case, it is a two-dimensional complex, with differential “1”. For example for k — t 
we have the complex of approximate ground states 

£lr = ®i£(£k)i ® £(£k)* 

(4.99) 

^ z © z [_5] © z [1] © z [_s] 

There is only one taut web which contributes to given by the amplitude and hence 
dLR(m,n) = (0,m). The cohomology is therefore zero: there are no exact ground states 
on the strip between (£& and (£*. In particular, in a physical manifestation of this example, 
although there are good approximations to supersymmetric groundstates on the interval 
in fact instanton effects break supersymmetry. 

4.6.2 The Theories 

There is an interesting, and much richer, variant of the Theories we have described above: 
we keep the same weights, but define 

Rij = Afk i < j 

Rij — A-N+j—i i > j (4.100) 

where A£ is the £-th antisymmetric power of a fundamental representation of SU(N). 16 
We will show now how to define an S'Lf (Y)-invariant interior amplitude, and thus a family 
of Theories whose algebraic structures will be SU(N ) covariant. We choose an 

orientation on the fundamental representation A i, or equivalently, a nonzero vector in 
Aw, denoted by vol. It will also be convenient in some formulae to choose an oriented 
orthonormal basis {ei,...,ew} and, for multi-indices S = {a\ < <22 < • • • < ai} the 
corresponding vector es — e ai A e a2 A • • • A e a£ . These vectors form an orthonormal basis 
for An. 

The fan spaces Rj are the product of SU (. N) representations whose Young tableaux 
have a total of N boxes, and thus contain a unique SU(N ) invariant line: Taking the outer 
product of the antisymmetric tensors from each of the factors we antisymmetrize on all the 
indices. 

The pairing Kij : © Rji —> Z is uniquely determined by SU(N ) invariance to be 

A Vo 

Kij(v 1 0 v 2 ) = Kij (4.101) 

where is a nonvanishing normalization factor. For simplicity we will take the Kij to be 
given by a single factor k for i < j. Then, by the natural isomorphism Rij®Rji = Rji<S)Rij 
Kji — with a sign determined by z, j. 

16 If we want to work over Z or Q we should replace SU(N) with SL(N , Z) or SL(N , Q). We will informally 
write SU(N ), since this is what appears in the main physical applications. 
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Since the degree assignments of (4.100) are the same as those of (4.79) the interior 
amplitude only has components on trivalent vertices. We will assume our interior ampli¬ 
tudes are valued in the invariant line in Rj and therefore, for i < j < k the amplitude must 
be of the form 

Pijk = bijk e *;r 3 6Sl 0 652 0 eSs (4.102) 

Shi jk 

where b^ is a scalar, exterior multiplication is understood in the first factor in the sum 
on the RHS, and Sh^ is the set of 3-shuffles of S' = {1,..., Af} such that \S\ \ = j — i and 
\S 2 \ = k-j. 

Now let us write the L^ MC equation. When we compute i^/c(Ajfc0Afct) we a PPly the 
contraction to a sum over pairs of 3-shuffles Si IIS 2 II S 3 G Sh^ and S[ II S' 2 II S 3 G Sh^. 
In fact, the contraction turns out to be valued in the SU(N) invariant line in 
because the contraction of three epsilon tensors is proportional to an epsilon tensor. In our 
notation we have the identity: 


e Sl es 2 es 3 e S[ e S' 2 e S' 3 e S[ e S 3 

vol vol vol 


’ e Si e S 2 e s' 2 e s' 3 
vol 


Si n s 2 n s' 2 n s' 3 € s^ kt 

else 


(4.103) 


where Sli^ kt is a sum over 4-shuffles with lengths j — i,k — j,t — k,N + i — t. Note that 
one must be careful to contract 0 Z in that order. It therefore follows that 


K-ik(@ijk 0 fiikt) — ^ijk^ikt 


Shl jkt 


e S 1 eS 2 e S! ? e S'z 

vol 


L CS1 0 es 2 0 e S > 0 e S ’ 


(4.104) 


A similar result holds for Kj t (f3ijt 0 fijkt), which turns out to be (when considered as 
an element of Rij 0 Rjk 0 R^t 0 Rti) 

es 1 egf eg' eg 3 

Kjt(/3ijt 0 fijkt) = -nbijtbjkt 2 _^ - pp - e Sl 0 ep 0 e$/ 0 eg 3 . (4.105) 

Sh^ fct 

The overall minus sign has the same origin as in the second term of (4.84). Therefore the 
Lqo MC equations are 


bijkbikt bijtbjkt — 9 i < j < k < t. (4.106) 

These are the same equations as before. For general N they are overdetermined, and once 
again we take the canonical solution b^ — 1 to define the Theories T^ U(yN \ 

We can impose the same restrictions on the degree of Chan-Paton factors as in (4.85). 
The same reasoning as before implies that we can interpret the possible nonzero components 
of the boundary amplitude as linear transformations. We give them the same names as 
before, but now equation (4.86) is generalized to give a set of three maps 


BN-k,N-k-l 

** fk € Hom(£jv-fc-i, £n-h <8> A/v-i) 

l<k<N/2 

1—1 

1 

1 

SQ 

O g k <E Hom(£jv-fe-i ,£k ® A N- 2 k-i) 

0 <k< N/2 (4.107) 

&N-k,k 

0 h k € Hom(4, SN-k ® A 2 k) 

1 < k < N/2 
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There are two independent MC equations. The first (see the northeast corner of Figure 
33) says that 

^26^35(1 8) Pk,k+l,N-k-l)9khk+l • £k+ 1 SN-k-l ® Mk+2 

y £k ® ^N—2k—l ® ^2k+2 

y £k ® ^N—2k—l ® A 2 k-\-2 ® A^ ' 

£k ® A\ 


' ^N-2k-2 ® ^Zk+l 


(4.108) 

must vanish. Written out in components this means the following. Choose bases {v ak } for 
Sk and define matrix elements: 


h k (v ak ):= h p N -kJWk v pN-k® e i 

P N _ k ,\I\=2k 

:= ® e i 

7 fc ,|/|=JV-2fe-l 


(4.109) 


and the MC equation becomes (assuming bk,k+i,N-k-i ^ 0 as is true for the canonical 
interior amplitude): 


0 ^ ^ 8 iJl,l29^ k j2\^N-k-l^ l ^N-k-lJlWk + l 

(3N-k-lJlj2 


(4.110) 


The sum is over all multi-indices / 1 ,12 with \I\\ = 2k + 2, \I 2 \ = N — 2k — 1. The equation 
is meant to hold for all 7 *., and 1 < i < iV. The factor E {0, ±1} comes from 

contracting 3 epsilon tensors. The explicit formula is 


£z,/l,/2 * 


e i e I^ e I[ 

vol 


Ei 2 £h 


(4.111) 


where I' denotes the complementary multi-index to / in {1,..., N} and ej e/Aej/ 


vol 


The second MC equation says that the sum of the two diagrams on the bottom of 
Figure 33) must vanish. Thus, 


hk9k : £N—k —1 y £k ® £^N—2k—l 


£N—k ® A 2 k ® ^N-2k-l 


(4.112) 


plus 


^ 24(1 ® p)fk : £N-k -1 £ N -k ® An-1 


£N-k ® An-i ® A^}_ 2k _i 0 0 A 2 k 

iW 


(4.113) 


y £N—k ® Ajy_ 1 ® A 2 k 

must vanish. When written out in terms of the matrix elements this means that, for all 
and all v (3 N -k an< 4 all multi-indices |/i| = N — 2k — 1 and \I 2 \ = 2k we must have 


C/ 1 ,/ 2 / 


,l2j PN- 2 kA a N- k - 




(4.114) 


ik 
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(4.115) 


where £/, j, 2 is a constant given by 


&i,/ 2 = ( _1 ) r 


-fe+i /g/i A ej A ej 2 \ / A e 


vol 


vol 




This constant is zero unless I\ II I 2 — i for some i E {1,..., iV}, and i is the multi-index of 
length N — 1 complementary to z. 

The last MC equation follows from the first two, as in the theories, fk is a map 
fk : Sjsf-k -1 &N-k £5 A/v-i- We identify A/v-i — A* and then the component of the MC 
given by the upper left diagram in Figure 33 becomes a map 


[fkfk+l] ‘ &N-k -2 &N-k ® ^2 


(4.116) 


obtained by antisymmetrizing the two A\ indices to an A* 2 index. The antisymmetrization 
is due to the contraction with /3]\r-k-2,N-k-i,N-k- The form of fk determined above in 
4.114 shows that [fkfk+i\ = 0. 

Writing down solutions of these Aoq MC equations is considerably less trivial than in 
the T#* theories! It is now natural to impose a requirement of SU{N) invariance on the 
boundary amplitude component so that Bij is in the invariant subspace of Si ® Rij ® £*. 
Equivalently, we require that fkidk^k be intertwiners . 



Figure 35: The CP factors for the Brane 9T n in the theory, for the case N = 8 and n = 3. 

Based on this observation and a certain degree of guesswork using the rotational inter¬ 
faces discussed in Section 7 below, we have found a neat class of Branes for this model: 
They are generated from thimbles by using the rotational interfaces. See equation (7.161) 
et. seq. below. The Chan-Paton factors of are 

0 < k < N/2 

T [n+l-N+k] N _ -1 ^ jL < ivr _ i 
h l,n+k+l-N 2 1 < K S ^ 1 

The superscript indicates the degree in which the complex is concentrated, as usual. Here 
L^ m are the representations of SU(N ) labelled by an (upside down) L-shaped Young 
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diagram with a column of height a row of length m and a total of t + m — 1 boxes. They 
have dimension 


_ (N + m — 1)! 1 

” (N-£)\(£-l)\(m-l)\£ + m-l 


(4.118) 


Note that Lp m = S m , the m th symmetric power of A\. Note that we also have 1 = S m 

and 1 = Ag. For the lower-vacua, moving clockwise the L shrinks in width and gets 
taller. For the upper-vacua, the representation is always a symmetric power, and the 
Young diagram gets longer as the vacua move clockwise. Note that the two sets of cases in 
equation (4.117) overlap for k = (N—l)/2. The upper representation is anc ^ 

the lower one is L^ n ^ N ^y 2 and these are isomorphic. In order for the representations to 
make sense the definition requires us to take n sufficiently large. In particular, n > [y] +2 
will suffice. We will extend it to all integer n in a later section 7.10. 

To define the Brane we must specify the maps 


fk -Sn—k ^ S n —k +1 ® 7l_/V— 1 

9k n—k ^ I J 2k-\-l J n—k+1 ® ^7V—2fc—1 (4.119) 

hk ‘L/2k J t-l,n—k J t~l ^ ^n—k+1 ® j/ ^-2ki 0 < k <C N /2 


such that the MC equations (4.110) and (4.114) are satisfied. It will be convenient to 
use the volume form to perform a partial dualization on /& and g & and instead use the 
equivalent maps 


fk • Sn—k ® A\ ^ S n —k+1 

9k • 'n—k ® j/ ^-2k J i~l ^ I J 2k+l,n—k+1 


(4.120) 


Our choice of Chan Paton factors is such that we have a unique, non-zero SU(N) 
invariant line where to choose the maps /&, hk maps. Indeed we note the isomorphism 


An © Sjyi — Ln~\-l : m © Ln^m+i 

and we choose nonzero intertwiners (projection operators) 

m • © S m y Ln~\-l^m 

^ An © S m y Ln^rn+i 

These projection operators are very easily understood. Given a tensor product of an 
antisymmetric and symmetric tensor, t a ®t s , we could antisymmetrize one index of t s with 
the indices of t a to obtain Ft] m or we could symmetrize one index of t a with the indices of 
t s to obtain Il| m . 

Now we can make Sf7(iV)-equivariant maps by declaring: 

fk ■= "kH-ln-k 

g k -.= lA +l ,n-k (4-123) 

n 1 O h k := rj k l u 2 oh k = 0 


(4.121) 


(4.122) 
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where z/fc,7fc and Vk are scalars. The map fk is particularly easy to write when viewed as 
a map S n -k —^ S n -k+i 0 A* since it is just given by symmetrization: 

fk ■ Sym(e ai <g> • • • e an _ k ) ->• v k ^ Sym(e ai <g> • • • e an _ fc <g> e h ) ® e b (4.124) 

b 

where {e 6 } is a dual basis to {e a }. From this viewpoint the [fkfk+ 1] — 0 follows easily as 
we are antisymmetrizing two indices which had been symmetrized. For the [gkhk+i\ — 0 
equation we note that the composition (given by contracting with the interior amplitude) 
is a map L2k+3,n-k ^2fe+i,n-fe+i 0 Ai but working out the tensor product there is no 
nonzero intertwiner, by Schur’s lemma. Finally, fk can be defined in terms of hkQk-> and 
since the relevant space of intertwiners is one-dimensional it is always possible to choose 
Vk appropriately given and rjk • To be precise 

n !fc+l,n—fc (fk ® 1) = mdk (4.125) 


When the scalars are related in this way the A^ MC equations are solved. 

It is not hard to build a sequence of Branes based on the conjugate representations 
S m , L n m . They have Chan-Paton factors 


£(Wn)k 


T [-k-n\ 

^N-2k,n+k+l 
-q[k+l—n—N] 

^ n-\-N—k 


0 < k < y 

f < k<N -1 


(4.126) 


Finally, we can look at strip complex. We take N even so that we can produce Branes 
for the negative half-plane using rotation by 180 degrees, as in the theories. The 
rotation exchanges upper and lower vacua and, taking into account the degree shift (4.97) 
we produce Branes 7t n : 


m n ) k = 4+7 +s+1] o<,<f-i 

£ (ytn) N —k—l = 4v—2fc— l,n+fc ® ^ ^ (4.127) 

where n — n — y + 1 and s is an arbitrary degree shift. 

The complex for the segment with Branes yi nL and ^l nR is a somewhat forbidding 
direct sum of tensor products of SU(N) representations: 



t [nL-k] 

^2fc+l,n+l-fc 


o [' n R + k + s + 1 ] 
D n R +k 



q[n L -k\ 

D n L -k 


0 L 


[n R +k+s] 

N—2k—l,n R +k 


(4.128) 


where the left and right sums come from the lower and upper vacua, respectively. Using 
this block form the differential is schematically of the form 


: f-i ( 0 (Jk 0 h}\ 

k=0 \hk ®gk 0 J 


(4.129) 


The techniques explained in Section §7.10 below (see especially equations (7.172) et. seq.) 
can probably be used to evaluate the cohomology of (4.128). 
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4.6.3 Cyclic Isomorphisms Of The Theories 

In Section §4.1.1 we gave a formal definition of an isomorphism of Theories. If we relax the 
constraint that $ be small and positive we can illustrate that notion with some nontrivial 
isomorphisms which will be extremely useful to us in Section §7.10 below. 

If we consider the Theories and TiY 2 tt then there are isomorphisms between them. 
For example 

7^ (4.130) 

N 

satisfies 

= j =F 1 mod TV (4.131) 

The map (ftj : Rij is a map Z —» Z or ZM —» ZW and consequently has degree 

zero, except when i = 0 or j = 0. If i = 0 then 

<Po,j : Roj Rn-ij-i (4.132) 

is a map ZM —» Z for all j = 1,..., TV — 1. This necessarily has degree —1. Similarly, 


<Pi ,0 • Ri ,0 Ri-1,N-1 


(4.133) 


is a map Z — ZM for all z = 1,..., TV — 1. This necessarily has degree +1. Note that cpj 
has degree zero for a cyclic fan of vacua. It is natural to take (fij to be multiplication by 
1, together with an appropriate degree shift. Since this map preserves cyclic ordering, and 
bijk all have the same value, the condition (4.27) is satisfied. 

If we consider the Theories an d then there are isomorphisms between 

w 

them. Once again 

^ : T a SU(m -4 7£T> (4.134) 

satisfies 

— j -F 1 mod TV (4.135) 

For (fij, so long as i ^ 0, j ^ 0 we have 

Vij : -»• ^ i < j 

V 7 *? : ^ A+j-i i > 3 



and for z = 0 or j = 0 the representations are cunningly chosen so that 

Voj : ^ A j j = 1 , ..., TV — 1 

<ft,o : A/v-z — A", j = 1,... , TV — 1 


(4.137) 


Again, it makes sense to take all of these to be the identity map, up to the appropriate 
degree shift. 
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4.6.4 Relation To Physical Models 

We now briefly explain how the above models arise in a physical context. The first class of 
examples, 7^, is meant to correspond to the physics of the simple LG model with target 
space X — C with Euclidean metric and superpotential 


W = 


C 


N + 1 
N 



0*+ x \ 

N + l) m 


(4.138) 


The prefactor is introduced so that, with the relation — (Wfc the vacuum weights 
coincide with those in (4.78). Indeed the vacua are the critical points of the superpotential 
(f>k — (Here £ is a phase introduced in Section §11. In those sections we fix a 

superpotential and vary (.) The 5-matrix and soliton spectrum have been worked out in 
[23]. All the data agree with the theory 7^. 

We refer to Section §11.2 for a general discussion of boundary conditions in LG models. 
For now, we can describe the specialization to this simple model. Following Section §11.2.4, 
we want Im(C _1 VF) —> +oo at large |0| for branes on a boundary of the positive half-plane 
and Im(C _1 VF) — oo at large |0| for branes on a boundary of the negative half-plane. The 
sign of Im(£ _1 IU) at large |0| is governed by that of — sin((7V + l) arg 0 — TV#). Accordingly, 
the 0-plane at infinity is subdivided into a sequence of 27V + 2 angular sectors of width 
-jyqTj- with boundaries arg0 = + 2 j v+ 2 7 L s G Z. Typical boundary conditions are 

represented by open curves in the 0 plane whose endpoints go to infinity in sectors labeled 
by s G Z such that for a boundary of a positive half-plane we have: 


Left boundary : 


45-2 


- 7 r + 


N 


-# < arg 0 < 


4s 


27V+ 2 TV +1 27V+ 2 

and for the boundary of a negative half-plane we have: 


7r + 


TV 


TV + 1 


Right boundary : 


4s 


27V+ 2 


TV 0 ^ 4s + 2 

7r + ——;——v < arg0 < i ^ 7r + 


TV 


TV + 1 


27V+ 2 


TV + 1 




-# 


(4.139) 


(4.140) 


It is instructive to try to draw the (£*. branes in the 0-plane. In Section §7.10 we 
construct a family of Branes for the positive half-plane Q3& such that 23o is the left Lefshetz 
thimble 17 To and successive brane are obtained by rotation by ^ in the space-time plane. 
It is shown in Section §7.10 that for 2 < k < [y] we have 53^ = Now equation (4.91) 

only defines (£& for k < TV/2 so the rotation procedure extends the definition to larger 
values of k. It turns out we extend (£& by a sequence of down-vacua thimbles, and (£& by a 
sequence of up-type thimbles. When this is done for the Theory the rotation operation 
is periodic and 23w+i = ©o- I n order to draw figures of the Branes we should bear in 
mind that the Chan-Paton spaces for LG branes are obtained from intersections with the 
right Lefshetz thimbles. See equation (13.2) below. Using this one can deduce that the (£*. 
branes are Lagrangians stretching between sectors labeled s and s + 1 in (4.139), where s 
depends on k. 

Let us illustrate the procedure for TV = 4. The stability sectors and a basis (for the 
relevant relative homology group) of right Lefshetz thimbles is shown in Figure 36. For 

17 For a definition see Section §11.2.5. 
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Figure 36: This figure illustrates the stability sectors in the 0-plane for the T™ Theory for 
N = 4 and small positive $. Branes for left boundaries must asymptote to infinity in the red 
regions. Branes for right boundaries must asymptote to infinity in the blue regions. These regions 
are divided equally by the rays along which Lefshetz thimbles asymptote. The right thimbles are 
shown in gold. 



Figure 37: A system of elementary Branes for the Theory for N = 4 and small positive 
The Brane £i is the Brane 03 [2]. 


N — 4 the only (£*. Brane defined by (4.91) has k — 1, and corresponds to OS 2 ^. From 
the intersection numbers we see that it has the shape of OS 2 in Figure 37. The Brane 03 1 
is neither a left thimble, nor a (£& Brane. The Branes OS 3 and OS 4 turn out to be thimbles 
in this case. Finally, the Branes are related by 2n/5 rotations in the (p-plane. There is a 
similar picture for Branes on the right boundary of a negative half-plane obtained by 
rotating by 7 r/ 10 . In particular, (£4 stretches from arg0 = tt/10 at infinity to arg0 = 57 t/10 
at infinity. We conjecture that the obvious generalization of 37 holds for all values of N. 
It seems quite likely that the Branes described here are closely related to those studied in 
(in the conformal theory) in [69] and in section 6.4 of [74]. 

One can now go on to consider the local operators between these Branes. This is 
worked out in detail for several pairs of Branes in the Theories in Section §5.7. 

The complex of ground states on a segment is built from a vector space generated 
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by intersections between the left and right branes. The intersection number, i.e. the 
Witten index of the complex of ground states on the segment, is robust under continuous 
deformation thanks to the boundary conditions at infinity. Note that £ 1 , as depicted in 
Figure 37 is equivalent to a sum of Lefshetz thimbles L\ + while (£1 is analogously 

equivalent to Rq + R*[ + R%. The representation in terms of sums of thimbles gives the 
complex (4.99), while the brane (£1 shown in Figure 37 and its analogue for (£i have zero 
intersection. These are consistent because (4.99) has no cohomology. 

Using Remark 5 near equation (7.53) we can go on to compute the actual spaces of 
BPS states more generally once we know both the space of local operators between Branes, 
and how the Branes behave under rotation (in the (x,r) plane) by 7r. 

The second class of examples is meant to correspond to the A-model twist of the 
affine Toda theory, i.e. the Landau-Ginzburg model whose target space is the subvariety 
of X C (C*)^ defined by 


$ 

II 

(4.141) 

W = Y x + • • • + Y n 

(4.142) 


• N a 

In our case q — e l]V ~ 1 . The expected SU(N) global symmetry is not fully manifest in 
this LG model. Clearly there is a symmetry by the Weyl group of SU(N ), and the N 
critical points are permuted by the center of SU(N). The fundamental group of X can 
be identified with the root lattice of SU(N) and the solitons have a “winding number” of 
logYi which is independent of i and equal to k/N modulo integers for some k. Thus, the 
winding numbers can be identified with the weight lattice of SU(N). 

According to [48, 50] the B-model mirror of this A-model is the supersymmetric 
C pN-i^ B-twist. This model has manifest SU{N) global symmetry. 18 The study 
of this model goes back some time [17] [86]. and the solitons of type (i,i + 1) are in the 
fundamental representation of SU(N) 1 while those of type (i,i + k) are boundstates of 
k fundamental solitons. This justifies nicely our choice of the Rij used in (4.100) above. 
The exact S-matrix for the C P N model was written in [60]. The Witten indices fiij were 
computed in [15, 48]. 

A nice geometrical interpretation of the Branes should be available in the CP^ -1 
model in terms of homogeneous vector bundles. We propose that the thimbles may be 
identified as 

t Zj = 0(-j) o < J < f (4.143) 

for the down-vacua, and 

% N -j = A N ~ 2j TX ®0(j - N) ^ <j<N-l (4.144) 

Li 

for the up-vacua. The main justification for this is that the space Q-closed local operators 
between these thimbles coincides with the results (5.92)-(5.94) found below using formal 
techniques. The branes are obtained from the down-vacua thimbles by rotations, which 

18 Indeed, the mirror transformation is a T-duality along the (C*)^ isometries. 
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can be interpreted as B field shifts, and hence the integer n with the first Chern class on 
the bundles. 

We should note a few differences between the purely formal presentation of this section 
and the physical models. First, in the physical models the fermion number of the ij soliton 
sector is 19 

hi = {^} (4.145) 

where, for a real number x, {x} E [0, 1) is the fractional part of x. That is, x = [x] + {x}. 
In general, it is possible to add an exact one-form to a conserved fermion number current 
J F and thereby define a different consistent fermion number. In the LG model this means 
that J F -R J F + df, and if the function / has values f{(j)i) — fi at the critical points 
of W then the fermion number f R *J F is shifted according to fij fij — fi + fj. Since 
we wish to apply the Koszul rule it is useful to make such a redefinition to get integral 
fermion numbers. One choice which achieves this is fi = i/N. In that case we obtain the 
fermion number assignments used in (4.79) and (4.100) above. Of course, this still leaves 
the ambiguity further integral shifts of fi, but those modifications are dealt with in Section 
§4.4 above. 

Another difference from the physical models is that we work over Z. We make a 
canonical choice of interior amplitude (3 and it would be very gratifying to know if it 
corresponds to that which applies to the physical models. 

5. Categories Of Branes 
5.1 The Vacuum A ^-Category 

In this section we would like to discuss the properties of Branes associated to a Theory T 
and a half-plane T~L. Since we will be comparing branes with different Chan-Paton factors 
we should recall the definition of Rj from Section §4.2. We denote by Rj(£) and R d (£ ) 
the Z-modules built as in (4.28) from some Chan Paton factors £i and in this section Rj 
will denote the “bare space” with trivial CP factors 

Rj := Rj u j 2 0 • • • 0 Rj n -i ,j n • ( 5 - 1 ) 

In defining the morphisms of the vacuum category below we will make use of the space Rij 
defined as the direct sum of Rj over all half-plane fans of the form J = {i,..., j}, that is: 

Rij - = Rij 0 (©^ 7 ?^ 0 -£^kj ) © © 7 ? k\k 2 ® © ( 5 * 2 ) 

where the prime in the direct sum indicates that we only sum over half-plane fans in R. 
20 This allows us to write the Aoo-algebra defined by (4.44) as 

R d {£) = ® Rij ® £*■ ( 5 . 3 ) 

19 Incidentally, this gives an example where the adiabatic formula for the fermion number, (12.8) below, 
which is often used in the literature, is in fact not correct. 

20 Note that, as opposed to Rij, the expression Rij depends on a choice of half-plane R and is only defined 
for half of the pairs It will also be convenient to define Ru = Z, concentrated in degree zero. Care 

should be taken when using this notation to distinguish webs from extended webs. 
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Until now, we always extended all our maps to give zero whenever some of the ar¬ 
guments cannot be fit together. This is self-consistent, but it hides some structure which 
is sometimes useful to make manifest. The natural way to discuss operations which only 
make sense (or are only nontrivial) for certain pairs of arguments is to use a categorical 
language. In the present case, we need an A^ category: 


Definition: Suppose we are given the data of a Theory T and a half-plane T~L. The 
associated Vacuum A^-category 33ac has as objects the vacua i, j, • • • G V while the space 
of morphisms is given by 


Hom(j, i) 


Rij 

e n 

< Rii — ^ 

* = 3 

0 

V 



and 


Zij i n 


(5.4) 


The Aoo-compositions rmP ac are given by pp( t%) (defined as before, but without the con¬ 
tractions of Chan Paton factors). See (5.8) below for a more precise statement. 

We should make a number of remarks about this definition 


1. Recall that Z{j G R means that if R is translated so that the origin is on its boundary 
then is in the translated copy of R. 

2. The category depends on the data T and R. We will generally suppress this depen¬ 
dence in the notation but if we wish to stress the dependence or distinguish different 
choices of data then we will indicate them in the argument and write some or all of 
the data by writing 33ac(T, R) and so forth. 

3. Note that we defined 33ac with the “bare” Rj. We can “add” Chan-Paton factors to 
define a new A^-category which we will denote as 33 ac(£) (when T, R are understood, 
and as 33ac(T, R,£) when they are not). The morphism spaces are determined by 
replacing Rij — > Si 0 Rij 0 £* in (5.4). To define the ^^-multiplications we tensor 
mP ac with the obvious contraction operations (£\ 0 £|) 0 (£2 0 £3) —> (£1 0 ££). 

4. Note that Hom(i, i) = Z means the complex concentrated in degree zero, consisting 
of scalar multiples of the graded identity element Id^. The definition fits in well with 
(5.8) if we use extended webs. Recall that the ^^-multiplications involving Id^ are 
defined near (4.76). 

5. There are three interlocking conventions for composition of morphisms, which we will 
now spell out somewhat pedantically. First, one can compose morphisms successively 
on the left or on the right. Second, one can read an equation from left to right, or 
vice versa. Third, the time ordering implicit in successive operations might or might 
not agree with the geometrical time ordering of increasing y in the (x, y) plane. In 
equation (5.4), Hom(j,i) refers to the set of arrows which go from object j to object 
i. It is useful to define 

Hop(i,j) := Hom(j,«) (5.5) 
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where Hop is an abbreviation for Hom opp . Equations with Hop should generally be 
read from right to left. Including the Chan-Paton factors we define Horn-spaces by 
using 

Hop £ (i,j) := Si 0 Hop(i, j) 0 £* (5.6) 

so that the ^^-multiplications 

Hop £ (i 0 ,H) 0 Hop £ (ii,i 2 ) 0 • • • 0 Hop £ (i n _i,i n ) ->■ Hop £ (io,i n ) (5-7) 

are computed from 

P/3(in)(,n, ■ ■ ■ ,r n ) G Hop £ (i 0 ,in) (5.8) 

with r s G Hop^(z s _i, i s ). Successive morphisms are composed on the left and the 
successive composition of arrows should be read from right to left. Now, if T~L is the 
positive half-plane x > xq with boundary on the left then this successive composition 
of morphisms can be visualized as taking place forward in “time” y. However, by 
the same token, if T~L is the negative half-plane x < xq with boundary on the right 
then successive composition on the left and reading from right to left corresponds to 
going backwards in time y. This leads to some awkwardness when we discuss web 
representations and categories associated to strips and interfaces, since these involves 
both positive and negative half-plane webs. (Of course, for the negative half-plane, 
reading the composition of morphisms from left to right corresponds to going forward 
in time, but reversing the time ordering corresponds to composition of morphisms 
in the opposite category. ) We will adopt the convention that successive operations 
on £lr of (4.52) act on the left and correspond to transitions forward in time. This 
makes £lr an RP L ® (i?^) opp H^-module. (That is, an R d L — R d R bimodule.) Similarly, 
i £L,i®^Ri defines a 2 Jac (£l) x Q3ac(£#) opp module of Hoo-categories, in the sense 
of Definition 8.14 of [5]. 

Examples 

1 . Consider the top left taut positive half-plane web in Figure 15. Choose arbitrary 
elements r\ G Rij and r 2 G Rjk • In this case the composition m^ ac (ri,r 2 ) is simply 
r\ ® r 2 G Ri k . 

2. Now consider the bottom left taut web in Figure 15. This taut web leads to a 

contribution to which we can illustrate as follows. If r\ G Ri 1: j and r 2 G Rj,i n 

then the contribution of this web to 

mf ,ac (ri,r 2 ) <E Hop(zi,*n) = Ri lt i n (5.9) 

is computed as follows. The interior vertex has a cyclic fan of vacua 

I = {^?70 J? h? ^2) • • • 5 i"n— l}* (5.10) 

Let Pi be the component of ft in Rj for this cyclic fan. Then we consider 

KuK 2 3(ri ®r 2 ® /3j) (5.11) 
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where K 23 contracts Rj : i n ® Ri n ,j ^ and then if 14 contracts iiqj ® —>> Z 

leaving behind an element of 

Ril : l 2 ® ® Rin-liin Z Ril,in (5.12) 

3. Similarly, the two taut webs on the right in Figure 15 contribute to mi. The first at 
order /3 with one contraction of K and the second at order /3 2 with three contractions 
of if. 

5.2 Branes And The Brane Category OSt 

We are now ready to define an A^ category of branes OSt, associated to a given choice of 
Theory T and half-plane T~L. The objects of OSt are Branes, i.e. pairs 03 = (£,£>) of some 
choice of Chan Paton data £ together with a compatible boundary amplitude B. Recall 
that a boundary amplitude B is a degree one element 

B G ® Hop(i, j) 0 £* (5.13) 

which satisfies the Maurer-Cartan equation in 53ac(£): 

OO 

) = 0. (5.14) 

_’ V 

n ~ n times 

The space of morphisms from OS 2 = (£ 2 ,£> 2 ), a Brane in 03ac(£ 2 ) to 03 1 = (f 1 ,^), a 
Brane in 03ac(f 1 ) is defined to be 

Hop(03i, 0S 2 ) := ®Hop(i,j) ® (£?)*. (5.15) 

In order to define the composition of morphisms 

Si G Hop(OS 0 , OSi), 82 G Hop(03i, 0S 2 ), ..., 6 n e Hop(0S n _i, 0S n ) (5.16) 

It is useful to observe that the boundary amplitude B of a Brane 03 is, thanks to the 
definition (5.15), a morphism in Hop(03,0S). With this in mind it makes sense to define 
the multiplication operations in OSt using the formula 

M n (Si, ...,S n ):=m (y^B~ 0 ' S Y^B~Y ^ 2 ’'' ‘ ' ( 5 - 17 ) 

where m is the tensor product of mP ac with the natural contraction on CP spaces. Note 
that M n (5i, ..., 8 n ) G Hop(OS 0 , 0S n ). 

After some work (making repeated use of the fact that the B a solve the Maurer- 
Cartan equation) one can show that the M n satisfy the A^-relations and hence OSt is an 
Aoo-category. Although this is well-known we provide a simple proof in Appendix B, below 
equation (B.4). 

Remarks: 
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1. As in our notation for 23ac, the A^-category 231 implicitly depends on the Theory 
T(V, 2 :, 1Z, /?), as well as the half-plane T~L. When we wish to stress this dependence we 
will write these as arguments. Note that 23t(T, H) does not depend on any specific 
choice of Chan-Paton spaces £. 

2. We should note that the passage from 2Jac to 231 is quite standard in the theory 
of homotopical algebra where a Brane is known as a “twisted complex.” See, for 
examples, Section 31, p.43 of [81] or Definition 8.16, p.614 of [5]. Our category 03r 
would be denoted Tw(QJac) in the mathematics literature. 

3. It will be useful to extend the Brane category to include the extended webs of Sections 
2.44.5. If we use extended webs then the extended web representations (4.74) mean 
that the morphisms now have a “scalar part” Qi with Q? = 0. Now we define the 
morphism spaces to be 

Hop(5S / , 53) = (©*£' <g> £*) © {® Zij en£l ® % ® sf) (5-18) 

and we again refer to the component in @i£[®£* as the “scalar part.” The scalar part 
of S G Hop(0S / , 03) is just a collection of linear maps fi : £(25)^ £(2S r )i. Those maps 

can be composed or applied to (5.15) and hence we can define the multiplications 
(5.17) by using the extended webs in the taut element in the definition (5.8) of 
rmP ac . We will generally work with this extended Brane category. 

4. The category of vacua is naturally a full subcategory of the category of Branes: each 

vacuum i maps to “thimble Branes” X \ (also called simply “thimbles”). The reason 
for the name is explained in §11.2.5. The Chan-Paton spaces of X^ are defined by 
£{%)j = SjiZ, in degree zero. It follows that Hop(Xi,Xj) = Hop(i, j). Moreover, the 
boundary amplitude Bi of X^ is taken to be zero (even if we used extended webs). 
Thus the insertion of (5-17) has no effect on the contractions and hence 

M n — m^ ac on chains of morphisms between thimbles. 

5. The thimbles form an “exceptional collection,” from which all other branes, by def¬ 
inition, arise as twisted complexes. Other exceptional collections will exist in 93t, 
especially the ones obtained from mutations of the thimble collection. We will dis¬ 
cuss these mutations briefly in Section §7.8 below. 

6 . Finally, we note that M\ — 0 and hence each space of morphisms Hop(2$i,932) is a 
chain complex. In the physical applications the cohomology of the differential M\ on 
this complex is interpreted as BRST-invariant local operators which can be inserted 
at the boundary of the half-plane T~L and change the boundary conditions. See the 
end of Section §7.4.1, Remark 5 for further discussion. 

5.3 Homotopy Equivalence Of Branes 

Working in the framework of the extended Brane category we can define a notion of ho¬ 
motopy equivalence which will be extremely useful in Sections §6-8. 
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Because 8 —>► M\ (5) for 8 G Hop(5S 7 ,55) is a differential we can consider Mi-exact 
and Mi-closed morphisms. The composition M 2 is compatible with M\. We can use Mi 
and M 2 to define useful notions such as homotopy and homotopy equivalence, treating the 
branes as an analogue of a chain complex. 

We define two Mi-closed morphisms to be homotopic if they differ by an Mi-exact 
morphism, i.e. 

61 ~ 62 <—> — 62 = M\( 8 %) (5.19) 

for some £ 3 . Similarly, we define two branes 53 and 5S 7 to be homotopy equivalent , denoted, 

53 - 53', (5.20) 

if there are two Mi-closed morphisms 5 : 53 —)> 5S 7 and 5' : 5S 7 —^ 53 which are inverses up 
to homotopy. That is: 

M 2 ( 6 , 6 ') ~ Id M 2 (5 7 , 5) - Id. (5.21) 

Recall that Id is the graded identity defined in (4.75). 21 

If we have two morphisms 81 and 82 in Hop(5S / , 53) and Hop(5S // , 5S 7 ), respectively, with 
scalar parts given by collections of maps and / 2 ? i, the scalar part of the composition 
M -2 (5i , 82 ) is simply given by the composition of the scalar parts f 2 ,ifi,i- Similarly, if the 
scalar parts of the boundary amplitudes of 5S 7 and 53 are Qi and Q 7 , respectively, and the 
scalar part of a morphism 8 : 53 5S 7 is /^, then the scalar part of M\( 8 ) is 

Q'Ji ± fiQi (5.22) 

Thus the scalar part of an Mi-closed morphism is a collection of chain maps between the 
Chan Paton factors, homotopic morphisms have homotopic scalar parts and homotopy 
equivalent branes have homotopy equivalent Chan Paton factors. 

The following will prove to be a very useful criterion for homotopy equivalence between 
branes 53 1 and 532 in our discussions in Sections §§6,7,8. (See, for examples equation (6.65) 
and the discussion at the end of Section §7.4.1.) We consider the special case where the 
two Branes have the same Chan-Paton data: £(53i) = £(5S 2 ), and where the homotopy 
equivalence can be written as a morphism of the form Id + e, where e is a degree zero 
element in Hop(5S 2 ,53i) with no scalar part. Note that Id G Hop(5S 2 ,5Si) makes sense 
because the Chan-Paton factors are assumed to be the same. If we require such a morphism 
between two branes 53 1 and 5S 2 to be Mi-closed, we find the relation: 

Mi (Id + e) := pp( tu)[- _ ^,Id + e, ^ 

— Pp{^n)[^ 2 , Id] + pp(tn)[ Id, £u] + pp(in)[-y _ ^ > C ^ ^ ] (5.23) 

= Bi- #2 + pp(tu )[ 1 _ 1 _ q ] = 

21 Physically, S and 5' correspond to boundary-changing local operators whose OPE is the identity operator 
up to exact boundary operators. Homotopy equivalent branes essentially represent the same D-brane in a 
topologically twisted physical model. 
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where in the last line we used the condition that £>2 has degree one and the third term 
refers to unextended webs. Recall that we can regard £>1 and £>2 to be themselves elements 
of Hop(*£> 2 , 2$i), so the equation (5.23) makes sense. 

We must also guarantee the invertibility up to homotopy (5.21) of Id + e. This is 
actually automatic in our setup. Indeed, we can solve M 2 (Id + e, Id — e') — Id recursively 

by 

e / = e-M 2 (e,e / ) (5.24) 

The recursion will stabilize after a finite number of iterations thanks to the finiteness 
properties of the webs involved in M 2 . As M 2 is associative up to homotopy, Id — e' is also 
a left inverse up to homotopy. More generally, if we consider a morphism / + e with scalar 
part / and g is an inverse of / up to homotopy then we can find e' so that g — e' is an 
inverse of / + e, up to homotopy. 

For examples of homotopy equivalent pair of branes, see Sections §7.6 and §7.10. 

In all the constructions of homotopy equivalences in the rest of the paper, we will 
actually produce both morphisms Id+e, Id— e' explicitly and will not rely on these finiteness 
properties to argue for the existence of the inverse. Aside from being philosophically more 
satisfying, this will be useful because we can then extend the results to cases of interest 
with an infinite number of vacua (such as those relevant to knot homology and the 2d/4d 
wall-crossing-formula). 

5.4 Brane Categories And The Strip 

Given a Theory T we can associate two A^-categories to the strip geometry [x^ x r \ xl. We 
have the category of Branes *Bxr associated to the left boundary, controlled by the operation 
P(3 ^l) and the category of Branes %$Xr associated to the right boundary, controlled by the 
operation pp{iR). 

Our strip bimodule operation pg(t s ) defined in (4.62) above can be given several dif¬ 
ferent useful interpretations. We will use the concept of a “module for an A^-category” 
as defined in 8.14 of [5]. In general if A is an A^-category with objects x a then a (left) 
module over A consists of a choice of graded Z-module M(x a ) for each object together 
with a collection of maps 

m^ : Hop(x 0 , xi) ® • • • 0 Hop(x n _i, x n ) 0 M(x n ) -> M(x 0 ) (5.25) 

which are defined for n > 1 , are of degree 2 — n, and satisfy the categorical analog of the 
identities (3.52). As usual, a bimodule for a pair of A^-categories (A, £>) is a module for 
the A^-category A x £> opp . 

Our first interpretation is that pp(t s ) can be used to define a bimodule for the pair of 
vacuum categories (Tlac^, 2 Jcicr). The objects of x 2Jac^ p are pairs of vacua (i,j) 

and we take A4(i,j) = Sij Z, with Z in degree zero. 

As a second interpretation, we can define a bimodule for the pair of Brane categories 
(23t l, 23tft). The objects of *Bxl x are pairs of Branes and now we take 

M(Bl , Br) := Err = ©^v£l,z 0 E* Ri (5.26) 


- 85 - 


To define the module maps (5.25) in this case we take 


m M (5i,... ,5 n -,g;5[,... ,S' n /) := 

1 „ „ 1 


PpiSs 


1 - Bl ,o 


, ,..., 5 n , 






1 


1 - Br, 


(5.27) 


where 

Si e Hop(^L,0 5 B l , i), ..., 5 n G Hop^n-1,0L,n) (5.28) 

5i G Hop(/?# >0 , £>#,i), • • • ,S n ' G Hop(i3 jR?n /_i, Br iU /). (5.29) 

The maps S\ —>> m M (5i ; • ; • ) and » m* A/t ( • ; • ; ^i) are particularly interesting for 
us. Indeed, we have 


m M (Mi(5i); • ; • ) = ±dLRm M (6i ; • ; • ) • ; • )g?l^ (5.30) 


and a similar equation for d( • ; • ; Mi(^)). 

Thus Mi-closed morphisms map to chain maps for the chain complexes of approximate 
ground states ( Err , cIlr) , homotopic morphisms map to homotopic chain maps and homo- 
topy equivalent Branes give rise to homotopy equivalent chain complexes. In particular, 
homotopy equivalent Branes have isomorphic spaces of exact ground states on the segment. 
This is a special case of a general principle: homotopy equivalent Branes are the “same” 
Brane for most purposes. 

We can also use these constructions to interpret the right-Branes as elements of a 
standard category along the following lines. Given a right Brane Br we can define a 
module for the A^-category 2 Jac l by the assignment 




(5.31) 


Then the module maps (5.25) are just 


ri ® * * • ®r n <g> g pp(t 8 )[ru • • -W n\9\ 


1 


1 ~Br 


(5.32) 


which thus defines a family (parametrized by Br) of A^ modules for 2JacL with i —>> £*. 

Notice that in this formula we have Chan-Paton factors on the right boundary argu¬ 
ments, but not the left boundary arguments. The data (5.32) defines a set of maps 


® ' * * Rin-l,in ® ^R,in m (5.33) 

This observation suggests the following definition of a mapping category : 22 The objects 
will be sets of Chan-Paton data £ — and the morphisms Hop(£, £') will be the set 

of collections of linear maps 


Rio,il ® Ril,i 2 ‘ ' ' R'in-t^n ^ (Sio) 


(5.34) 


22 The term “mapping category” is nonstandard. It appears to be closely related to the notion of a Koszul 
dual to an Too-category. See, for example, [68]. 
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The difference between the collection of maps (5.25) and the collection of maps of the 
form (5.34) defining a generic morphism in the mapping category is that the latter need 
not satisfy the Aoo-relations. Let us denote a collection of such linear maps by m and the 
value on a monomial of the form P = r^ 0 ^ 1 ® Hi,z 2 * * 'P n -i,in by m[P]. Two morphisms 
mi G Hop(f,f / ) and m 2 G Hop(f / ,f // ) are composed as 

(mi o m 2 ) [P] = ^ m 1 [Pi]m 2 [P 2 ] (5-35) 

Pa 2 (P) 

where on the right-hand-side we contract the spaces {£[) ® (£j)* in the natural way. This 
composition is associative, thus making the mapping category an ordinary category. 

There is also a differential on the morphism spaces of the mapping category given by 

Dm[P]= J2 em[P 1 ,m aaCL [P 2 },P 3 }. (5.36) 

Pa 3 (P) 

It is compatible with the composition. Collections of maps annihilated by the differential 
make the assignment i —>► Si into an Tl^-module for ^Jac^. 

Now, as noted above, for every Brane Br G 25t r we can define an object in the mapping 
category, namely the Chan-Paton data of the Brane for the negative half-plane. Moreover, 
if we regard the mapping category as a very degenerate version of an Tl^-category then we 
can define an Aoo-functor from to the mapping category. The image of morphisms 

Si , • • • 5 m is the collection of maps 

m[ri, ...,r n ]= pp(t 8 )[ri,... , r n ; •; -—=-—, \ -] (5.37) 

J- — PR,0 J- — PR,m 

The usual convolution identity for strip webs gives the functor property. 

This allows us to identify the right Branes as elements of a standard category, if needed. 

5.5 Categorification Of 2d BPS Degeneracies 

There is a very nice way to define the complexes Rij using matrices of chain complexes. 
Suppose there are N vacua so we can identify V = {1 ,..., N}. Introduce the elementary 
N x N matrices eij with a 1 in the i th row, j th column and zero elsewhere. Then we can 
define Rij from the formal product 

Z • 1 + ®Zije'uRij e ij — (^) (Z • 1 + Rij eij) (5.38) 

zij e'H 

where 1 is the N x N unit matrix and in the tensor product we order the factors left to 
right by the clockwise order of the argument of z^. Phase-ordered products of this kind 
involving operators, rather than complexes, have appeared in the work of Cecotti and Vafa 
[15] and in the work of Kontsevich and Soibelman [61, 62] on wall-crossing. 23 Our work 
here can be considered as a “categorification” of the wall-crossing formulae. This will be 
discussed further in the sections on wall-crossing §7.7 and §8. 

23 Of course, such phase ordered products have also appeared in many previous works on Stokes data. 


- 87 - 





In the physical context one finds that R^ are complexes of approximate groundstates 
and the Witten indices 

^:=Tr Rij (-l) F (5.39) 

are known as the (two-dimensional) BPS degeneracies. With F denote the integer fermion 
number, coinciding with the integer degree we defined on Rij. 

They were extensively studied in [23, 15]. Since fermion number behaves well under 
tensor product we can take a trace (on the web representations) of (5.38) to obtain 

1 T ~ (1 T Pij&ij )• (5.40) 

z^en 

where 

/V= T^,(-1) F (5.41) 

The Cecotti-Vafa-Kontsevich-Soibelman wall-crossing formula states that certain contin¬ 
uous deformations of Theories lead to jumps in the BPS degeneracies f±ij while the /2^- 
remain constant. In Section §8 we will discuss the categorified version of that statement. 

Remark: In LG theories, /2^- can be computed by intersecting infinitesimally rotated 
Lefschetz thimbles [15] [48]. See Section §7.9 for a categorized version of that statement. 


5.6 Continuous Deformations 

In this section we elaborate a bit on the meaning of equation. (5.23) (repeated here) 


B'~B + e(s); = 0 (5.42) 

This material will not be used later and the reader should feel free to skip it. 

If we are given a brane B and some degree zero morphism e with no scalar part we 
can solve the constraint recursively to find some new B' . It is interesting to verify that the 
result of such recursion is indeed a boundary amplitude: we can compute 

P(3 (fx)[' 1 _ B , \ =P/3(tz)[j—g] +pp(tx)[ 1 = 

P (3 (tx) [ j’ PfiiSx) [ 2 b< ’ \ 25] 5 \ 

P( 3 i\l) [ j j PpiSx) [ j b /]’ j ^ \ 

+ pp(tz)[ 1 ^7g] (5.43) 

This relation proves recursively that Pp(ix)[i^r] — 0. 

If we have a continuous family e(s), the corresponding family of branes B(s) is the 
exponentiation of an exact deformation. Start from 


B{s)+p ^ tl)[ r=wy B{s)] e(s); r ~=b ]+ p e (tl)[ r=W) 


;«(«); 


1 -B 


= o 

(5.44) 
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This equation is solved by B(s) — — P/3 (hr) [ !_#(<.) ; e(s); We can exclude other 


solutions recursively, by writing B(s) — r — pp( ix)[ 1 _^( g ) ; e(s); 1 _g^ ] and plugging into 
the second term in the equation. Conversely, the exponentiation of an exact deformation 
is a family of isomorphisms. Of course, the notion of isomorphism is sensible even when 
boundary amplitudes were defined, say, on Z. 

5.7 Vacuum And Brane Categories For The Theories And 

As an illustration of the above definitions we comment on 93ac and 931 for the Theories 
Tj* and described in Section 4.6. Again, we will work with very small, positive d. 

Let us consider first the morphism spaces Hop(i,j) of 9Jac, for either theory. In 
principle these could be worked out from equation (5.38), but it is easier to enumerate 
the half-plane fans and work out the complexes in special cases. These divide into 4 cases 
because (for small positive d) there are four distinct kinds of half-plane fans as enumerated 
below Figure 30. Recall these depend on whether i, j are upper or lower vacua, determined 
by the sign of the imaginary parts of Zi and Zj. Of course we always have Hop(z, i) = Ra = Z 
in degree zero. On the other hand, when i / j we have: 

1. {d ... d}. If both i and j are lower vacua, then Hop(z, j ) is non-empty only if i < j. If 
i < j the possible half-plane fans J between i and j can be enumerated by all strictly 
increasing sequences of integers beginning with i and ending with j. The phase dij 
of Zij is given very nearly (for d —> 0 + ) by tan (dij) = cot( 7 r^-) so the product (5.38) 
simplifies considerably and we may write 


(^) (Z • 1 + Rijeij ) 


(5.45) 


Z • i + Rije^ 


o<K?<f 


where the product on the RHS is ordered left to right by increasing values of i + j 


(since we also have i < j the product is then well-defined). In terms of Rij we have 



(5.46) 


2. {u ... d}. Similarly, if i = N — k is an upper vacuum, so 1 < k < y and 0 < j < y 
is a lower vacuum then 



(5.47) 


where for k < j we have 


RN-k,j = ®\=kRN-k,e. ® Rej 


(5.48) 


3. \d ... u}. Now if i is a, lower vacuum and j = N — k is upper then 



(5.49) 
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where for i < k 


(5.50) 


Ri : N-k •= ®£ = lRi,£ © Rt,N-k 


4. {u ... u}. We label a pair of up vacua by (N — k,N — t) with 1 < fc, t < y. Then 


Hop(7V- k,N-t) = < 


0 £ < k 

Z t = k (5.51) 

RN—k,N—t k<£<S<t — 1 

where for k < t — 1 : 

RN-k,N-t ~ RN-k,N-t © ©AK£<s<t-l^A/-M © © Rs,N-t • (5.52) 


Now let us describe the multiplication operations on 2Jac, again for both theories. 
Since the only taut webs which contribute to pp have one or two boundary vertices the 
Aoo-category 53ac is in fact just a differential graded algebra. The differential mi arises 
from Figure 31(b). The multiplication m 2 arises from Figures 31(a) and 31(c). In 31(a) 
Ji, J 2 share a common d-type vacuum. In Figure 31(c) the intermediate vacuum is an 
up-type vacuum, j s £ [y, TV — 1 ] . 

Now let us specialize the discussion to 2Jac(7^ v ). In this case the spaces Rij are very 
simple and given by (4.79). The key spaces Rij for a pair of down vacua with i < j is - 
as we have said above - a sum over all increasing sequences of integers beginning with i 
and ending with j. Each sequence contributes a summand Rj = to Rij. Denoting 

generators of Hop (i,j) by ej, where J is a positive half-plane fan, rai(ej) is a signed sum 
of generators obtained by inserting a down-type vacuum into J in all possible ways. For 
example, if J — {di,..., d s } with 0 < d\ < d s < y then 

S — 1 G^n+1 1 

m l( e di-d s ) = N N (~^) n ~ le di--d„dd n+ i-d s (5-53) 

tl = 1 d=d n +l 

The sign is determined by the usual patient commutation of Kd n d n+1 through the first 
(n - 1 ) factors in Rj ® R dnd < 8 > R ddn+1 ( 2 > R dn+ldn . Note that R dn+ldn has degree zero 
and can be brought from the far right into the relevant place in the product to effect the 
contraction by K in the definition of pp. It is easy to check that m\ is nilpotent. Similar 
formulae hold for the other three types of half-plane fans J: The operation m\ is a signed 
sum of all fans where we insert one extra down vacuum. 

Now consider the multiplication of ej x and ej 2 with 


Jl = {jl 

) • • • J js — 1 1 js} 

J2 — {jsijs +lj • • • > jn} 

(5.54) 

If the intermediate vacuum is 

down-type 0 < j s < y then 



m 2 (e Jl ,ej 2 ) 

= e Ji*j 2 

(5.55) 

with 




Ji * 

J2 ■= {jl - Js- 

- 1 1js1js+ 1 > • • • > jn } 

(5.56) 
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If the intermediate vacuum j s is an up-type vacuum, j s G [y, N — 1] then 


p(tft)(ej 1? ej 2 ) = K js j s _ 1 K js j s+1 (e Jl <g> ej 2 0 Pj s - 1 ,j s ,j s+1 ) = ej lA j 2 (5.57) 


with 


J\ A J 2 •— {ji- • • • 5 js— 1 j Js+l 5 • • • >« 7 n}- (5.58) 

Next let us turn to the Brane category QSr(7^ v ). We will limit ourselves to the descrip¬ 
tion of some of the Hom-spaces and their cohomology using the differential M\. As noted 
above, the M\ cohomology will have the physical interpretation as the space of Q-invariant 
local operators changing boundary conditions of one Brane into another. 

The easiest class of Branes to consider are of course the thimbles T i since 


Hop = Hop (i,j) 


(5.59) 


and in this case M n = m® ac . In particular we can study the cohomology of m\. It is 
easy to see that the cohomology is nonzero in general. This happens when the spaces 
(5.46)-(5.51) consist of a single summand R^. Then R^ has a definite degree so mi must 
be identically zero, and hence the cohomology is the space Rij itself. Thus, for example, 
Hop(z, z), Hop(z, i + 1), Hop(7V — fc, fc), Hop(fc — 1, N — k) and Hop(7V — £;, N — k — 1) have 
mi = 0 and are equal to their own cohomologies. On the other hand, in the other cases 
we can construct a contracting homotopy so that the cohomology vanishes. Consider, for 
example, the case where i < j are two down-type vacua and i + 1 < j. Then define 


K( e id2--d s -ij ) 


Cid3---d s -ij ^2 ^ T 1 
0 c /2 i T 1 


(5.60) 


One can check that Km\ + m\K — Id and hence the cohomology vanishes. Similarly, for 
Hop(7V — j) with j > k we can define a contracting homotopy operator 


^{^N—k,d2---d s -\j ) 


ew-Ms-ds-ij d 2 = k 

0 d 2 > k 


(5.61) 


and so forth. 

In conclusion: The cohomology of Hop(T^, Tj) is nonzero if and only if the only half¬ 
plane fan of the form J = {z,..., j} is in fact J — {z, j}. We leave the calculation of the 
appropriate homotopy contractions to the enthusiastic reader. 

As a test, we present the matrix of Poincare polynomials for the Hop(T^,Tj) for N = 
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10 : 



( 1 y y(y + 

1) y(y + 1) 2 y(y + i ) 3 

y(y + 1) 4 

y(y +1) 3 

y{y + 1) 2 

y(y + 1) 

y \ 


0 1 

y 

y(y + 1) y(y + 1) 2 

y(y + !) 3 

y(y + 1) 2 

y(y + 1) 

y 

0 


0 0 

1 

y 

y(y + 1) 

y{y + 1) 2 

y(y + 1) 

y 


0 

0 


0 0 

0 

1 


V 

y(y + 1) 


V 

0 


0 

0 


0 0 

0 

0 


1 

y 


0 

0 


0 

0 


0 0 

0 

0 


0 

1 


0 

0 


0 

0 


0 0 

0 

0 


1 

y +1 


1 

0 


0 

0 


0 0 

0 

1 

y +1 

(y + 1) 2 

y +1 

1 


0 

0 


0 0 

1 

y + 1 

(v + 1) 2 

(y + 1) 3 

(y +1) 2 

y +1 

1 

0 


l 01 

y + 

1 (y + 1) 

2 (y + 1) 3 

(y + 1) 4 

(y + 1) 3 

(y + 1) 2 

y +1 

V 

Setting y 

= -1 

we recover the Witten indices of 

■ Hop(T^,Tj), i.e. the / 2 ^-: 





fi-i 

0 

000 

0 

0 0 

- i \ 







0 1 

-1 

000 

0 

0 -1 

. 0 







0 0 

1 - 

-100 

0 

-1 0 

0 







0 0 

0 

1 -1 0 

-1 

0 0 

0 







0 0 

0 

0 1 -1 

0 

0 0 

0 







0 0 

0 

0 0 1 

0 

0 0 

0 







0 0 

0 

010 

1 

0 0 

0 







0 0 

0 

1 0 0 

0 

1 0 

0 







0 0 

1 

000 

0 

0 1 

0 







(0 1 

0 

000 

0 

0 0 

1 ) 





( 5 . 62 ) 


( 5 . 63 ) 


This supports our statement. Equation ( 5 . 63 ), and similar examples below follow a pattern 
that leads to a conjectural formula for the general case. We leave it as a challenge to the 
reader to give a proof of these formulae. 

Next we can look at the morphisms between the Branes £& defined in Section § 4.6 and 
the thimbles. Using the formula ( 4 . 91 ) for the Chan-Paton spaces of (£& we have 


Hop(C fc ,Xj) = Hop(iV - k, j) [1] © Hop(iV — k — 1 , j) 0 Hop (k,j) ( 5 . 64 ) 


Consider the multiplications M n for this pair of Branes. Since the only webs which con¬ 
tribute to t % are those shown in Figure 31 the only nonzero multiplications m^ ac are mi 
and m2 and hence in the category of Branes likewise only Mi and M2 can be nonzero. 
Moreover M2 coincides with m2. However, because £& has nontrivial boundary amplitudes 
B(<£k) with components B^-k.N-k -:b Bk,N-k -\b and B^-k.k there will be an important 
difference between mi and Mi. In particular, 


M 1 ( 5 ) = m mc { 


1 


-,V 


l 


1 -B(€ k y ’ 1 -B&j) 

= mi( 5 ) + m 2 (B(<t k ), 5 ) 


( 5 . 65 ) 
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Now, in order to analyze the Mi-cohomology of (5.64) recall that <£ k are only defined 
when fc is a down-type vacuum. Then, when j is a down-type vacuum we can use (5.46) 
et. seq. above to find the morphism spaces: 


f $N-k,j © RN-k-l,j © Rk,j 

k+l<j<Y 

Hop(Cfc.Xj) = < R [ $ kk ®z 

0 < fc = j < y 

0 

0 < j < k < y 


(5.66) 


If k — j then Hop(£&, T&) = ZW © Z and under this isomorphism M\{x ®y) — y © 0. 
The cohomology is therefore zero. If k + 1 < j and we write the three components of 5 as 


5 = S N -k,j © $k,j © 5N-k-i,j = (5 N -k,j,5 k j : SN-k-i,j) 


(5.67) 


and then we have 


Mi(5jsr-k,j,0,0) = (mi(5w-/c,j), 0,0) 

Mi(0,5kji0) = (rri2(13N-k,k,5kj)irni(5kj)iO) 

(4^2 (^TV— k,ki 4,j)’ ^fll (4,j) j 0) 

Mi(0,0, 5 N -k-i,j) = (rri2(Bisr-k,N-k-\ l> 5N-k-i,j),m2(t3 k ,N-k-i,5N-k-i,j),mi(5N-k-i,j)) 

= (fk^^N-k^-k-l, 5N-k-l,j)i9k^2{^k,N-k-l^ 5N-k-l,j),mi(5N-k-l,j)) 

(5.68) 


The ordering is chosen so that the upper-triangular structure is clear. It is a good exercise 
to show that M\ — 0 (one must use f k = h k g k ). 

Now we claim that there is a homotopy contraction of M\ of the form 


(ft K\2 K 13 ^ 
0 K ^23 
^0 0 K j 


(5.69) 


For this to be a homotopy contraction we need (we use the property that h k is multiplication 
by 1 here): 


fti 2 (rai(4j)) + mi(^i 2 (4j)) + ^(rn 2 (e N ^ k , 5 kJ )) + m 2 (e N ^ k , 44,j)) = 0 ( 5 - 70 ) 

with similar equations for ^13 and k, 23 . One can solve this using 


^12 (Ck,d2,d3,...,j ) 


-£N-k,d 3 ,....,j d 2 = k + 1 
0 else 


(5.71) 


Thus, there are never boundary-condition-changing operators from <£ k to down-type thim¬ 
bles. 

Turning now to the case of thimbles for up-type vacua we write, for 1 < t < y, 
Hop(£ fc , X N - t ) = Hop(iV — k,N — t) [1] © Hop(iV - k - 1, N - t) © Hop(fc, N — t) (5.72) 
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Using (5.46) et. seq. above we find that this vanishes when k > t. When t — k only the 
first summand, namely, 

Hop(iV — k, N — k ) [1] = Z [1] , (5.73) 

is nonzero so the complex is concentrated in a single degree, therefore M\ = 0 and the 
cohomology is nontrivial. For k < t — 1 all three summands are nonzero and we expect 
that a nontrivial analysis like that above for down-type thimbles shows there are no other 
cases with nonzero cohomology. 

In conclusion we have given considerable evidence for the claim that Hop 
only has nontrivial cohomology when j = N — k, in which case the cohomology is one¬ 
dimensional. 

As a test, we provide the matrix of Poincare polynomials for Hopfor N — 10: 


o y + 1 (y + l ) 2 (y + l ) 3 (y + l ) 4 (y + l ) 5 (y + l ) 4 (y + l ) 3 (y + l ) 2 y 
0 0 y + 1 (y + l ) 2 (y + l ) 3 (y + l ) 4 (y + l ) 3 (y + l ) 2 y 0 

0 0 0 y + 1 (y + l ) 2 (y + l ) 3 (y + 1 )° 

0 y + 1 (y + 1) 2 


\ 


0 


\0 0 

We expect that a very similar story holds for 


y 


y 

o 


o 

0 


0 

0 ) 


(5.74) 


Hop(T*, C fc ) = Hop(i, N - k) [1] © Hop(i, IV — k — 1) © Hop(z, k). 


(5.75) 


It is straightforward to check that for i = k there are only two nonzero summands and 
the complex is isomorphic to ZW © Z with M\(x ® y) = y © 0, and hence the cohomology 
vanishes. The other easy case is i — N — k — 1. Then only the middle summand is nonzero 
so we get nonzero cohomology. We expect that for the other values, i ^ k,N — k — 1, a 
detailed analysis like that we did above for the other order would show that for the the 
cohomology vanishes, but we have not confirmed this. In any case, we expect that the only 
nonzero cohomology appears for Hop(Tw-fc-i, £&)> in which case it is one-dimensional. 
Again, the cohomology is limited to half-plane fans of length 2 . 

As a test, we provide the matrix of Poincare polynomials for Hop(Xi, £&) for N = 10: 


/(y + i) 2 y + i o 
(y + i) 3 (y + i) 2 y + i 
(y + i) 4 (y + i) 3 (y +1) 2 


o 

o 

y + i 


o 

o 

0 


0 

0 

0 


0 

0 


0 

1 


1 {y+1? \ 

{y+1? (y+i) 3 


\ (y +1) 5 (y +1) 4 (y +1) 3 (y +1) 2 y +11 


(y+i) 2 (y+i) 3 (y+i) 4 
(y+i) 2 (y+i) 3 (y+i) 4 (y+i) 5 


(5.76) 


Finally, we could look at the morphisms Hop(Gl/, : , Each Brane has Chan-Paton 
spaces with nonzero support at three vacua and hence we now get nine summands: 

Hop(£ fc , € t ) = Hop(IV -k,N-t)@ Hop(IV - fc —1,1V — t) [ “ 1] © Hop(£;, N - t) [ “ 1] 

© Hop (IV - k, N - t - 1) [1] © Hop (IV - fc-l,iV-i-l)© Hop(A:, N-t- 1) 
© Hop(lV - k, t) [1] © Hop(IV - k - 1, t) © Hop(/c, t) 

(5.77) 
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and the differential is 


Mi(5) = mi(5) + m 2 (#(Cfc)>#(<£*))• (5-78) 

A systematic analysis of the cohomology would be tedious. So we will limit ourselves to 
the cases t < k. If t < k — 1 then Hop(£^, (£*) = 0. If t = k — 1 then the morphism space 
is concentrated in one degree and is Hop(7V — k,N — /c)W. Therefore the cohomology is 
nonzero in this case. For t — k we must carry out a nontrivial computation. There are six 
nonvanishing morphism spaces 

Hop(7V - fc, N - k) © Hop(7V — fc — 1,7V — fc — 1)© Hop(£;, fc) 

© Hop(iV - fc, N - k - 1) [1] © Hop(fc, N - k - 1) © Hop(lV - k, fc) [1] 

This space has rank 7 because 


(5.79) 


Hop(iV - k ,N - k - 1) [1] = 
has rank 2 . A little computation shows that 


R 


[i] 

N—k,k,N—k—l 


(5.80) 



i 

i 


( 0 \ 


^JV—fe—1,JV—fe—1 


0 


8k,k 


0 

Mi : 

1—1 

1 

1 

1 

i v 

$N-k,N-k ~ 8N-k-l,N-k-l 


8N-k,k,N-k-l 


8k,N-k-l + r-k,k ~ SN-k,N-k- 1 


1—1 

1 

1 


8k, k — 8jif—k—i,N—k—i 


\ 8N-k,k ) 


'-o 

1 

1 

1 

'-o 

computation then shows that the cohomology is rank one and 


(5.81) 


( 1 , 1 , 1 , 0 , 0 , 0 , 0 ). 

In a similar way we conjecture the absence of cohomology when t > k. As a test, we 
provide the matrix of Poincare polynomials for Hop(£&, (£*) for TV = 10: 

/ y 2 + 3y + 3 Mil! Mil! Mil! \ 




y 

0 

0 


y 2 + 3y + 3 

y 

0 


3/ . 
(y+i ) 4 


y 2 + 3y + 3 

y 


y c 
(3/+1 ) 5 

9/+i) 4 


(5.82) 


y 2 + 3y + 3 / 


Now let us consider briefly the theories of Section §4.6. The formulae (5.46)- 

(5.51) apply to this case as well. In this way we find the following morphism spaces: 

For two lower vacua, 0 < i < j < ^ we have: 


Hop(i,j) = E 17 


< J (5-83) 

n ^ 1 E”=i d s =j-i s =1 

If i = TV — k is an upper vacuum and j a lower vacuum, we need j > k for a nonzero 
morphism space. In this case we have: 


Hop (A 2 - k,j ) = A j+k 


■£ £ A-2k—l+d\ 

E”=i ds=j—k+l 


4 1 - 

CL S 


(5.84) 


s=2 
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If i is a lower vacuum, and j — N — k an upper vacuum, similar considerations apply with 
i < k: 

71—1 

Bop{i,N-k) = A^_ t _ i <Bj2 Y <8)42 ® 4-a+A. < 5 - 85 ) 

n> 1 XXi d s =k—i s =1 

Finally if we have two upper vacua an t > k then 

71—1 

Hop(A r — k,N — t) = © X XI ^sfc-i+d! © ® Ajj © A5J ] _2t+d n ( 5 - 86 ) 

n>1 E?=i d s =t-/c+l 5=1 

In all four cases (5.83)-(5.86) the sums are over partitions with > 0. 

Let us turn now to the differential mi in the vacuum category ^3ac(T^ U ^). We use 
the contraction (4.101) and the interior amplitude (4.102) with 6 ^ = b for all i < j < k. 
For Hop(i, j) in (5.83) m\ is a signed sum of operations on each of the tensor factors in 
the product. On a factor of the form R^n+d = with d > 0 it acts as an intertwiner: 


^i • Ad y ®di-\-d 2 =dAdi ® Ad 2 


(5.87) 


Note that for each decomposition d = d\ + there is a canonical intertwiner II ^ 1 : 
Ad x ® Ad 2 —y Ad given by the wedge product. The components of m\ in (5.87) are 

such that 

n dl ,d2 ° m^ 1,d2) e s = Kb(^j£ S e s (5.88) 

(Recall that ss — Cs ^q\ S ' where S' is the complementary multi-index to S .) In formulae 

d— 1 

rai(es) = Kbe s X X e5l yol ^— 6Sl ® eS2 ( 5 - 89 ) 

di=lSh 2 (5):|5i|=di 

To describe the multiplication m 2 in the vacuum category we need to distinguish 
between the two cases where the intermediate vacuum is down-type, as in Figure 31(a) 
or up-type, as in Figure 31(c). In the first case we simply take a tensor product. In the 
second case we must use the contraction. Here we are taking a product 


m 2 : Hop(z, N — k) ® Hop(7V — k,j) —y Hop(i, jf) (5.90) 

so we must combine the final factors in equation (5.85) with the initial factors in equation 
(5.84). The main step is captured by the map Ri^-k®RN-k,j Ri : j with i < j < N — k, 
namely 

( 5 - 91 ) 

This is simply taking the dual of the wedge product of the duals (up to a factor of bn 2 ). 

Turning now to the Brane category ^8t(T^ U ^) we can use the above complexes to 
compute the space of boundary-changing operators between thimbles, i7*(Hop(X^, Xj), Mi). 
In the theories these will be representations of SU (N). We conjecture the following 


Conjecture 
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a.) If i, j are lower vacua with i < j then 


*(Hop(X*, %j). Mi) =* Sfy (5.92) 

b. ) If i = TV — k is an upper vacuum and j a lower vacuum with j > k 

ir(Hop(T A r_ fc ,‘r,),M 1 ) - 4t^+i (5-93) 

c. ) If z is a lower vacuum, and j = TV — k an upper vacuum with i < k: 

H*(Hop(Zi, %N-k), Mi) = (5.94) 

The above conjecture is easily checked for the simple cases in which Hop is concentrated 
in a single degree, but in general appears to be an extremely challenging computation. We 
will deduce equation (5.92) using the rotational interfaces of Section §7. See equation 
(7.172) below. 

One could contemplate computing the morphisms spaces involving the Branes de¬ 
fined by the Chan-Paton factors (4.117) and amplitudes (4.119) et. seq. We leave this 
exercise to the truly energetic reader (with lots of time to spare). Since these Branes are 
generated from thimbles by rotational Interfaces (see equation (7.161) et. seq.) it is con¬ 
ceivable that arguments along the lines of (7.172) lead to a derivation of these cohomology 
spaces. It would also be interesting to see if these results can be checked using the cr-model 
or Fukaya-Seidel viewpoint described in Sections §§11-15. 

6. Interfaces 

6.1 Interface Webs 

6.1.1 Definition And Basic Properties 

We now consider webs in the presence of an “Interface,” a notion we will define precisely 
just below equation (6.7). Roughly speaking, an Interface is a domain wall separating two 
Theories. For simplicity we take the wall to be localized on the line D described by x — xo 
in the (x,y) plane. 24 We now consider two sets of vacuum data, (Yassociated 
with the negative half-plane x < xo and (V + ,z + ) associated with the positive half-plane 
x > xq. The data (V^, z±,x o) will be collectively denoted by X. As in the half-plane case, 
we assume that none of the z^j are parallel to D. 

Definition: 

a.) An interface web is a union of half-plane webs (u - ,u + ), with u - a negative half¬ 
plane web and u + a positive half-plane web, where the half-planes share a common bound¬ 
ary D at x = xq. The webs are determined by the vacuum data (V^,^), respectively. 
25 


24 More generally one could rotate our construction in the plane. 

25 We stress that at this point u _ and u + are webs, not deformation types of webs. 
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b.) An interface fan is the union of a fan for the negative half-plane data and a fan 
for the positive half-plane data. It will be denoted J — (J + , J~ ) where one of (but not 
both) is allowed to be the empty set. 

Remarks: 

1. Let D denote a typical interface web. 26 We divide up the set of vertices of d into 
the set of wall vertices Va(fl) located on D and interior vertices V^(D) in either 
half-plane with cardinalities V^(5) and V^(Z)), respectively. The interior edges are 
subsets of the negative or positive half-planes, cannot lie in D , and do not go to 
infinity. The sets of interior edges are denoted £ ± ^0) and have cardinality E ± (d). 

2. We will consider Va(0) to be an ordered set. Our convention is that reading left to 
right we order the vertices from future to past, as we would for a left boundary of a 
positive half-plane. 

3. An interface web has an interface fan at infinity Joo(P)- If 5 = (u - , u + ) then Joo(^) = 
{Joo(u + ); Joo(u - )}. Similarly, if v E Va(fl) we can define local interface fans 

4. Using a standard reflection trick we could make a precise correspondence between 
interface webs and half-plane webs for the “disjoint union” of the vacuum data (a 
term we will not try to make precise). Note that any half-plane web could be seen as 
an interface web with trivial vacuum data on one side of D. As we will see, interface 
webs behave very much like half-plane webs. 

5. We can speak of a deformation type of an interface web d. In order to avoid con¬ 
fusion, let us stress that the deformation type d of an interface web is not just a 
pair of deformation types of negative and positive half-plane webs. The reason is 
that when vertices of the negative and positive half-plane webs coincide deformations 
must maintain this identification. When they do not coincide, deformations must 
preserve the relative order. See, for example, Figure 38. In particular note that one 
cannot unambiguously combine deformation types of negative and positive half-plane 
webs into a deformation type of an interface web. Thus if we identify d with (u - , u + ) 
we must bear in mind that represent webs, not deformation types, so there is fur¬ 
ther data specifying how the webs are combined, in particular, how their boundary 
vertices are ordered and/or identified to form the set of wall vertices of d. When the 
vacuum data are in general position, the moduli space T>(p) of interface webs of a 
fixed deformation type has dimension 

d(D) := (2F-(0) - iT(i>)) + (2V+(D) - E+( D)) + V d (X>). (6.1) 

For nongeneric vacuum data there can be exceptional webs with dimV(d) > d(d). 

6. We define interface webs to be rigid, taut, and sliding if d(D) = 1,2,3, respectively, 
just as for half-plane webs. Similarly, we define oriented deformation type and con¬ 
sider the free abelian group Wx generated by oriented deformation types of interface 

26 The gothic “d,” which looks like c), is for “domain wall,” although in the course of our work that term 
has been deprecated in favor of “interface.” 
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webs. The taut webs have a canonical orientation (towards larger webs) and we de¬ 
note the sum of taut canonically oriented interface webs by t/ ,+ or, usually, just t -,+ 
when the data X is understood. We can also denote by the group of plane webs 
associated to the data in the positive and negative half-planes respectively. 



Figure 38: The three interface webs shown here have different deformation types. The webs (a) 
and (b) are taut, while (c) is rigid. In all three webs Joo(^) = {T, ^ 2 , 23 ; ji, J 2 , j 3 , jh}- In Figure ( b ) 
the top vertex has J v (d) = {T, ^ 2 , 23 ;, 74 }. 

There are natural convolution operations inserting elements of W^, Wx at interior 
vertices in the appropriate half-planes or at wall vertices respectively and we have the 
natural 

Theorem: Let t/ ,+ be the interface taut element and the plane taut elements associated 
to the data in the two half-planes. It is useful to define the formal sum tp = t+ + t“. We 
have a familiar-looking convolution identity: 

* ip = 0 . ( 6 - 2 ) 

The proof is closely modeled on that of the half-plane case (2.30). 

6.1.2 Tensor Algebra Structures 

Turning now to the tensor algebras of webs, we also have natural operations associated to 
the insertion of appropriate webs at all interior vertices on either half plane and/or at the 
wall vertices. As usual, the operations involving interior vertices define complicated Loo- 
type structures. The basic operation d) on TWi, denoted Ia(fl)[fli,... ,5 n ] is defined 
as usual by replacing all wall vertices of d on D with appropriate interface webs with 
«Zu 0 (5) = Joo(^a)- To repeat, the ordering of vertices v a is toward decreasing y. This 
behaves as it did for half-plane webs and in particular applying the reasoning of (3.26) et. 
seq. the operator T^(i^ ,+ ) : TWi —> Wx defines the structure of an algebra on Wx- 
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Figure 39: Conventions for Chan-Paton factors localized on interfaces. If representation spaces 
are attached to the rays then this figure would represent a typical summand in Hom(j m j(, jij' n )- 
We order such vertices from left to right using the conventions of positive half-plane webs. 


6.1.3 Web Representations, Interfaces, And Interface Categories 

We now consider the algebraic structures that arise when we are given a pair of representa¬ 
tions of the vacuum data (V^, z±). The discussion closely parallels that for the half-plane 
theory. 

We define a representation of interface webs to be a pair of representations 

{Kr.}), ({/?+,}, pr+,})) (6.3) 

for the vacuum data V^. Similarly, we define Chan-Paton data for an interface to be an 
assignment (i,i') — >► Siy where the Chan-Paton factors are graded Z-modules. We 
picture this with a vacuum i on the negative half plane and i' on the positive half plane 
with the Chan-Paton factor located on the boundary D. Our convention will be that the 
wall vertices on D of interface fans J = {j[,... j' n ; ji,..., j m } will be represented by the 
graded Z-module: 


Rj (£) := £ 


JmiJ 1 


■Rt 


fl’ti 


I R + , ., 

Jn — l^n 


' £ u 


R 7 . 
31,32 


»Rj 1 j 

Jm— 1 Or 


(6.4) 


This is illustrated in Figure 39. As usual we define the direct sum over all domain wall 
fans to be: 


R d {£) ■■= ®jRj{£). (6.5) 

It is straightforward to define a map p{ 0) : TR mt, ~ ® TR t) (£) 0 TR mt,+ 0- R d {£) with 
arguments associated respectively to the interior vertices in the negative half plane, wall 
vertices, and positive half plane interior vertices. Given a Theory on the negative half 
plane and a Theory T + on the positive half-plane we can define pp(ff) : TR d (£) —> R d (£) 
by 


=pp(d)[eP ;rf,.. 



( 6 . 6 ) 
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where /3^ are the interior amplitudes of and (3 — (/3 _ ;/3 + ). Familiar reasoning shows 
that this defines an Aoo-algebra structure on R d (£). 

In analogy to the half-plane case we can now define an interface amplitude to be an 
element Bx £ R d (£), for some £, which solves the Maurer-Cartan equations 

oo . 

E wteX 8 ?”) = wfe) [^Tg-l = 0 ( 6 - 7 ) 

n —1 


Definition: An Interface is a choice of D, a pair of Theories T^, a choice of Chan-Paton 
data for the interface, and an interface amplitude. 

We generally denote an Interface by a capital Gothic letter, such as 3. The Chan-Paton 
data is £(3) and the interface amplitude is B{3). Occasionally we will simply denote an 
Interface by its interface amplitude B. 

As in the half-plane case, given data (V^,^,^) and Chan-Paton spaces £a> we can 
introduce a vacuum category 5Jac(T - ,T + ,£) with morphisms 

£a> ® R^j, ® £*j, ® RJi R e(zifjf) > 0 and R e(zij) > 0 

Z i = j and i' = j' (6.8) 

0 else 

See Figure 39 for a typical summand. The superscripts =b remind us that the i?’s are 
defined with respect to positive and negative half-planes, respectively. As before, if we just 
take £n> — Z for all then we get the “bare” Interface vacuum category 5Jac(T - ,T + ). 

Now, taking all Chan-Paton spaces into account we can define an A^-category of 
Interfaces, denoted 23t(T - , T + ), following closely the definitions of 93t(T) in Section §5.2. 
The objects are Interfaces and the space of morphisms from the Interface 32 to the Interface 
3 1 is the natural generalization of (5.15): 

Hop(3i, J 2 ) := ®Hop ® (£(32 (6-9) 

where Hop (ii',jj') refers to the morphisms (6.8) of the “bare” category with £a> — Z for 
all i,i'. The Aoo-multiplications are given by the natural generalization of equation (5.17). 
There is no difficulty defining the formalism for extended webs so, as in the discussion 
of (5.19) et. seq., we can use compositions M\ and M 2 to define notions of homotopic 
morphisms and of homotopic Interfaces. 

6.1.4 Identity And Isomorphism Interfaces 

There is a very simple, universal, and instructive example of an interface between a Theory 
and itself: the identity interface 3d. We can pick as Chan-Paton factors Sij = Sij Z. With 
such a choice of CP factors amplitudes are valued in 

R d (£) = ® Zij eu+Rt j ®RJi- ( 6 - 10 ) 


Hom £ (jj / ,M / ) = < 
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Figure 40: Examples of taut interface webs which contribute to the Maurer-Cartan equation for 
the identity interface 3d between a Theory and itself. 

Recall that the notation Rij implies a choice of half-plane. We use the positive half-plane for 
the left factor and the negative half-plane for the right factor. To define the interface we take 
B(3d) to have nonzero component only in summands of the form Rij 0 Rji corresponding 
to the fan {i, j; j,i}. The vertex looks like a straight line of a fixed slope running through 
the domain wall. The specific component of B(3d) in R{j 0 Rji will be —K^ 1 , where K^ 1 
is defined as follows: 

The element K^ 1 E Rij 0 Rji uniquely characterized by the property that the map 

Rij —y Rij 0 Rji 0 Rij —y Rij (6.11) 

defined by 

r K^ 1 0 r -> (1 0 Kji)(K3} 0 r) (6.12) 

is simply the identity transformation r —y r. 27 It is worth expanding K^ 1 in terms of a 
basis. We introduce bases {'Uq,} and {v a r} for Rij and Rji , respectively, where v a ,v a f are 
assumed to have definite degree. Then K a ' a — Kji{v Q ,/,v a ) and K aa ' = Kij(v a ,v a r) are 
related by K aa / = K a / a since K is symmetric. The element K^ 1 defined above is 

K7. 1 = (_l) d eg MK aa 'v a 0 Va /, (6.13) 

27 Warning: If we map r' € Rji by r' —>■ r 1 g K ~- 1 and then contract on the first two factors the result is 
r 1 (-l) F+1 r'. 
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where K aa ' is the matrix inverse of K a t a . That is K aa ' K a rp = 5 a ^. Note well that under 
the natural isomorphism R^ ® Rji Rji ® Rij we have Kf- 1 —» —Kf - 1 . Hence, in this 
sense, Kf- 1 is antisymmetric , a fact that will be useful in Sections §§7 and 9. Thus, the 
component of B(3d) in Rji<S>Rij , where ji is the fan in the negative half-plane, is just KJ { . 

Now that we have defined 3c) let us verify that the interface amplitude indeed satisfies 
the Maurer-Cartan equation. The only non-zero contributions to P/3(tz)(yzrg) arise from 
taut webs with a single bulk vertex in either the positive or negative half-plane, but not 
both, as shown in Figure 40. The interior vertex is saturated by the interior amplitude 
/?. These vertices form pairs obtained by “transporting” the vertex across the wall D. 
These pairs of taut webs cancel out together in verifying the Maurer-Cartan equation for 
3t). In slightly more detail, suppose that I = {ii,..., i n } is a cyclic fan so that the vacuum 
amplitude (3 has component /3j G Ri. Since (by assumption) none of the Zij for i,j G V 
is pure imaginary we can choose to start the fan so that ..., Zi rn _ 1 ^ rn point into the 

positive half-plane and ..., point into the negative half-plane. The taut web 

with the vertex in the negative half-plane contributes (up to a sign, determined by equation 

(4.33)) 

K h,h ■ ■ ■ K im _ uirn (yj 2 ® • • • ® ® /?/) (6.14) 


to the Maurer-Cartan equation, where the K 1, s come from Bx while the taut web with 
the same vertex in the positive half-plane contributes (up to a sign, determined by equation 
(4.33)) 


K . K 


Kr\ 

i L m 



(6.15) 


Both of the webs in Figure 40 are taut and hence canonically oriented. If x is the coordinate 
of the interaction vertex then the one on the left has o r (u) = — [dx\ and the one on the 
right has o r (u) = +[dx\. We claim all the other sign factors cancel out and hence the 
two expressions in fact sum to zero. Essentially, this follows from the fact that the edge 
vector fields associated to 7Q n ^ n+1 get contracted with the one-forms for the wall vertex 
associated to KR 1 - , and the relative order of the vector fields and one forms mimic the 

L m L n -\-1 

relative order of the K and K~ x symbols. 

From this description it is clear that the existence of this vertex strongly uses the 
fact that the left and right interior amplitudes are assumed to be equal. This property of 
the MC equation anticipates a theme which will recur later in the paper: the existence of 
interfaces with given properties can encode relations between two theories. See Section §8 
for an implementation of this idea. 

There is a very useful generalization of the identity Interface. Suppose there is an 
isomorphism ip : —>■ as defined in Section §4.1.1. Then we can construct an 

almost-canonical invertible Interface 


€ <Bt(T (1) ,r (2) ) 


(6.16) 


which we will call an isomorphism Interface. The Chan-Paton factors are defined by 


= S jtiv zM 


(6.17) 
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where is a degree-shift which will be fixed, up to a common shift + s, below. 

(This ambiguity is the reason we say the interface is only “almost” canonical.) 

In order to define the amplitudes we define a set of canonical elements 

K- 1 " € R$ <8) B$ tiip (6.18) 


labeled by pairs of distinct vacua. This element can be defined by requiring commutativity 
of the diagram 



(6.19) 


This is equivalent to the condition 



( 6 . 20 ) 


thanks to (4.26). 

In order to give an explicit formula for K we choose bases for the and 
( 2 ) 

similarly for R\j • We write linear transformations v vipij so that the matrix elements 
relative to a basis are defined by v a (p — tpapwp- Then the composition of linear trans¬ 
formations ipnp2 is represented by the standard matrix product (vT)cry (^ 2 ) 7/3 • With this 
understood we have the formula 

= (_i)deg(6.21) 

with 

( 6 . 22 ) 

Now the boundary amplitudes for are valued in 

( 6 - 23 ) 

and these are taken to be B — up to degree shifts. The degree shifts are used to 

ensure that B has degree one. Pictorially we have a bivalent vertex on the domain wall 
with a straight line going through it from one half-plane to the other, just as in Figure 40. 

The demonstration that these boundary amplitudes satisfy the MC equation is closely 
analogous to that of 
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6.1.5 Trivial Theories 

Once we speak of interfaces it is useful to introduce a formal concept of a trivial theory 
Ttriv* This is a Theory whose vacuum data is a set V with a single element v. The 
corresponding vacuum weight z is irrelevant. There are no planar webs. There is a unique, 
trivial web representation, as there are no Rij. Of course, R v ^ v = Z. However, there are 
extended half-plane webs: They are simply a collection of vertices on the boundary of the 
half-plane. The Chan-Paton data consists simply of a graded Z-module £. The boundary 
amplitude consists entirely of its scalar part B G which can be viewed as an operator 

Q G Hom(£) of degree one. The taut web is the case of two boundary vertices so the MC 
equation simply says that Q 2 — 0. Thus, giving a Brane for the trivial Theory is equivalent 
to giving a chain complex over Z. 

Now, an Interface between the trivial Theory T~ = 7triv and T is a Brane for the 
theory T on the positive half-plane. An Interface between the trivial Theory and itself is 
therefore, once again, a chain complex over Z. 

6.1.6 Tensor Products Of Aoq -Algebras 

We remark in passing that our representations of interface webs lead to a nice mathematical 
construction of tensor products of A^-algebras. In general the problem of defining a tensor 
product structure on Aoo-algebras is nontrivial and has been discussed, for examples, in 
[4, 70, 67]. In general there is a moduli space of possible tensor products. From our present 
viewpoint, at least for a pair of A^-algebras of the form 5Jac(T - , £ _ ), 5Jac(T + , £ + ) we can 
choose our interface Chan-Paton spaces to be tensor products £iy = £7" 0 £^ and then 
our construction defines a canonical tensor product structure on R d (£) = (R d (£ - )) opp 0 
R d (£ + ). This is a distinguished Aoo-algebra structure on the tensor product, given the 
vacuum weights. 

6.2 Composite Webs And Composition Of Interfaces 

The crucial property of Interfaces, which goes beyond the properties of Branes, is that they 
can be composed. We will discuss here the composition of two Interfaces. The composition 
of an Interface and a Brane is a special case of that. Physically, we are defining a notion 
of operator product expansion of supersymmetric interfaces. 

The composition of Interfaces is based on a generalization of the strip geometry. Choose 
x~ < x + and define a tripartite geometry G 2 to be the union of the negative half-plane 
x < the strip x~ < x < x + , and the positive half-plane x + < x. To these three regions 
we associate the three vacuum data (V - ,z - ), (V°,z°), and (V + ,z + ), respectively. See 
Figure 41. 

By definition a composite web for this tripartite geometry is a triplet c = (u - ,s,u + ) of 
half-plane and strip webs on G 2 which are based on the appropriate vacuum data in each 
connected component. (The definition can clearly be generalized to regions with multiple 
strips with data (V - , z~\ (V°, z°),..., (V n , z n \ (V + , z+).) Once again, the moduli space 
of deformation types is not just the product V(c) ^ T>(u - ) x ^(s) x T>(u + ) because the 
deformations follow the rules for interface webs between (V - , z~) and (V°, z°) and between 
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Figure 41: An example of a composite web, together with conventions for Chan-Paton fac¬ 
tors. In this web the fan of vacua at infinity has Joo(c) = {j [,.. -j^ju • • • , j™} and Joo(c) = 
{i"; j [,.. .j' n ]j"]ju • • •, jm}- Reading from left to right the indices are in clockwise order. 

(V°, z°), and (V + , z + ). 28 In general we denote the free abelian group generated by oriented 
deformation types of composite webs as Wc[V _ , V°,..., V n , V + ] (with the vacuum weights 
understood). As for strip webs, the geometry has no scale invariance, and thus reduced 
moduli spaces are quotiented by time translations only. Thus the definitions of taut and 
sliding composite webs are analogous to those for strip webs: 

Definition: Assuming that at least two of the Theories (T _ ,T°,T + ) are nontrivial, com¬ 
posite webs with d( c) = 1 are called taut (or rigid ) and composite webs with d( c) = 2 are 
called sliding. 

For composite webs there are two senses in which we can speak of the fans of vacua at 
infinity. If c = (u - ,s,u + ) then we could define 

Joo(c) := {Joo(u + ); Joo(u-)}. (6.24) 

Notice that this has the same structure as boundary vertex fans for an interface web 
between vacua V - and V + , a fact which will be useful presently. Sometimes it can be 

28 0nce again, u - ,s,u + are webs, not deformation types. Given three such deformation types there are 
several ways to combine them into a deformation type of a composite web. 
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useful to include the past and future vacua j (5) and j + (s) of s, respectively. Then we 
define 

Joo(c) := (j + (s); Joo(u + );j“(s); Joo(u - )} (6.25) 

See for example Figure 41. 

We will now describe the convolution identity for We, the free abelian group generated 
by the oriented deformation types of composite webs. Here a novel feature arises and the 
identity itself involves a tensor operation. As usual we consider the possible boundaries of 
deformation types of sliding composite webs. We encounter again the same phenomenon 
as for strip webs: some components of the moduli space of taut composite webs are not 
segments, but half lines. While the boundaries at finite distance are accounted for by 
convolutions, we need a different operation to account for boundaries at infinity. 

For strip webs, the new operation was time convolution: a large strip sliding web takes 
the form of two taut strip webs separated by a long stretch of time. For composite webs, 
we can do something similar, but there is an important difference: as a web becomes large 
in size, the restriction to the central strip will consist of two or more components of finite 
extent and well separated in time, but the components in the left and right half-planes 
may simply grow to arbitrarily large size. See Figure 42 for an example. 

We can make this statement precise by separating the “bound” vertices whose distance 
from the boundaries stabilizes as the web keeps growing from the “scaling” vertices whose 
distance from the boundaries scales linearly with the distance from the boundaries. The 
bound vertices form clumps consisting of vertices whose distance in time remains bounded 
as the web grows. We can take a sliding web of some large size L, and re-scale all coordi¬ 
nates by a factor of L. The intermediate strip is now of very small width and the composite 
web is well approximated by an interface web d between T~ and whose interior ver¬ 
tices correspond to the scaling vertices of the original composite web and whose boundary 
vertices correspond to each of the clumps of bound vertices of the original composite web. 

We can put these heuristic pictures on a firm footing by considering a tensor operation 
where a composite web is obtained from an interface web t) by convolving composite webs 
into the wall-vertices of the interface web d. To be more precise, suppose d is an interface 
web between (V~,z~) and (V + ,z + ). We can define an operation 

T d CD) : TW C Wc (6.26) 

whose nonzero values on monomials ci ® ® c n are obtained by inserting the c a (in the 

correct time order 29 ) into the wall vertices v d a of D provided J v p(P) — Joo(Ca) and provided 
that the past strip vacuum of c a agrees with the future strip vacuum of c a +i. We orient 
the resulting web in the standard way, wedging the reduced orientations of the arguments 
in the same order as the arguments themselves. It is easy to check that the dimensions of 
the deformation spaces of the webs are related by 

n 

d (T d (?)[ Cl, ..., c n ]) = d(5) + J2 (<*(c a ) - !) • (6-27) 

a=1 

29 By convention we use the order set by the positive half-plane webs. Therefore reading from left to right 
corresponds to vertices with decreasing y. 
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Figure 42: The taut interface web on the left can be convolved with three taut (=rigid) composite 
webs at the three green wall vertices to form the sliding composite web on the right. This represents 
one type of degeneration in the convolution identity for the taut composite web. The region at 
infinity is represented by the limit in which the red vertex moves off to infinity in the positive 
half-plane. 


If we take into account the positions of the walls it is most natural to take the position 
x° of the wall for D to be somewhere in the open interval x~ < x° < and all the 
composite webs c a have the same positions (x~,x + ). Since we are defining an operation 
on deformation types the precise choice of x° does not matter. 

According to (6.27) if all the composite webs are taut, so d(c a ) — 1, and if the interface 
web t) is taut, so d(d) = 2, then T^(D)[Ci,..., c n \ has d — 2 and is hence a sliding composite 
web. In this way the generic sliding composite web is associated to a taut interface web, 
with insertions of an arbitrary number of taut composite webs. We thus claim that the 
regions at infinity of the reduced moduli space of sliding composite webs are well described 
by 


Td( r’ + ) 


1 

1 - t c 


(6.28) 


where t c is the taut element for composite webs and t -,+ is the taut element for interface 
webs between and (V + ,z + ). It is worth noting that the time convolution of two 

composite webs is a special case of this operation. It arises from the taut interface webs 
with precisely two wall vertices. For another example see Figure 42. Note that this is 
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qualitatively different from all the previous convolution operations we have encountered 
because the “more primitive” structure plays the role of the “container web.” 

To write down the full convolution identity for the taut composite webs we should also 
take into account other degenerations at finite distance in the reduced moduli space. To 
do this let 

ipl := + ip + ip (6.29) 

be the formal sum of plane web taut elements for the three vacuum data. Similarly, let 

t x := t~ 0 + t 0,+ (6.30) 


where t ,0 is the taut element associated to the interface webs between vacuum data 
(V“,0 and (V°,z°), while t°>+ is the taut element associated to the interface webs be¬ 
tween vacuum data (V°,z°) and (V + ,z + ). The convolution identity for composite webs 
is 

tc * tpj + tc * tj + Ta(t - ’ + )[———] = 0. (6.31) 

1 t c 

Following the discussion of Section 3.2.2 we can identify this equation as the Maurer- 
Cartan equation for an A^ algebra structure on Wc with operations T^(t _,+ ), plus an 
extra differential *t p i + *tx- 

We now consider a triplet of Theories (T _ ,T°,T + ) associated to the three regions 
of G 2 . Given Intefaces 9 _, ° G 23t(T - ,T°) and 3 0,+ G 23t(T°,T + ) we want to define a 
product Interface, 3 -, ° IXI 3 0,+ G *Bt(T _ ,T + ). 

We first determine the Chan-Paton factors of 3 -, ° IXI 3 0,+ . The choice of Theories 
(T _ ,T°,T + ) implies a choice of three representations (7£ _ , 7£°, 1Z + ) of vacuum data. The 
Interfaces 3 -, ° and 3 0,+ have Chan-Paton spaces and respectively. Define the 

Chan-Paton data for the product Interface between vacua T~ and T + as 

Kl 3°’+)^ := £~’ + := ©i» eV o^? 0 5°;J, (6.32) 

Note that £~ ,+ := ©igv-^'ev+^y + is a generalization of the approximate ground states 
on the strip of equation (4.52). 

Now, in order to define the interface amplitudes of 3 -, ° IXI 3 0,+ we need some more 
preliminaries. Viewing as Chan-Paton factors for an interface between T~ and 
we can formulate the spaces R d {£~^) using equation (6.4). For a composite web c we 
follow the usual procedure and define 


pp{ c) : TEP ® TR d {£^ + ) -> R d (£~’+), (6.33) 


where £ ,+ is given by (6.32), by inserting /? = (/? ,/3°,/3 + ) into the interior vertices of c, 
so that 


pMOIG’ 0 ! ■ ■ ■ >*v°; r i’ + > • • ■ > r m + ] : =p( c )[ e/? ;V°, • • ■ >*v°;^°;h’ + , • • •,^ + ;e^ + ] 

€ i?' 9 (£~ + ). 

(6.34) 
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Figure 43: A simple taut web is illustrated here. It leads to the contractions described in the 
example below. 


Example: As an example consider the taut composite web c shown in Figure 43. The 
action of pp( c) is zero on every component of TR d {£~ ,0 ) ® TR d (£°’ + ) except on 


f P ~, o 


r r 




R 


:,) ® ( 




0,H 


3 " ,3 



(6.35) 


The superscripts on the i?’s indicates which Theory we are speaking of, and there is no 
sum on any of the indices. The action of pp(c) on this summand uses the contraction 


zvO . dO 
^j",i" • n j",i" 




z 


together with the Koszul rule to map an element of (6.35) to 


e-f, ® S °;+,) ® fl+,, ® (gr.j? ® £j;+ )* ® fl,® 


(6.36) 


(6.37) 


Now note that (6.37) is a summand of R d (£~' + ). 

There is a special case of (6.34) we must deal with separately, namely when n — 0 or 
m — 0. The reason is that we can have composite webs with no vertices one one of the 
two interfaces. See for example the taut web in Figure 44. For such webs pp( c) will map 


Pf>( C) : TR d (£~’°) -> R d (£-’ + ), 


(6.38) 
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Figure 44: A taut web with no vertices on the T°, T + boundary. 


by taking pp(c)[ri ,..., r n ; 0] to have a value only in the component: 



with a value given by 



£. 


-,o 




R { 


T, V 


® ( £ i.r 




i? 






(6.39) 




(6.40) 


where p/?(c)[ri,..., r n ] is just the contraction for an interface web between T~ and T°. We 
make a similar definition with webs that have no vertices on the (T _ ,T°) boundary. 

Now we can define the interface amplitude of 3 -, ° M 3 0,+ . Suppose that 3 -, ° and 3 0,+ 
have interface amplitudes £> -, ° and £> 0,+ , respectively. We claim that 


:=p p (t c ) 


1 1 

1 - B~° ’ 1 - £°’+ 


(6.41) 


satisfies the Maurer Cartan equation for an interface amplitude between the theories T 
and T + with Chan-Paton spaces (6.32). To prove this claim we first note that 


Pi 3(f’ + ) 


1 

1 - B(3~° B 3°>+) 


p/3 (rg(t 


i 

l-t c 


1 1 

1 - B~° ’ 1 - £+>° 


(6.42) 


This forbidding identity has a simple meaning. On the right hand side we are computing 
the amplitude of composite webs produced by inserting t c in all possible ways in t _,+ . On 
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the left hand side we compute the amplitude for the individual t c sub webs first, and then 
insert that in t _,+ . Finally, we apply the convolution identity (6.31) and use the fact that 
/? is an interior amplitude and B ~ ,0 and £> 0,+ are interface amplitudes, thus establishing 
that (6.41) is an interface amplitude. 

It follows from the the above discussion that Interfaces can be composed. In fact, 
the product M can be extended to define an A^ bi-functor from the Cartesian product 
of Interface categories 23t(T _ ,T°) x 23t(T°,T + ) to the Interface category 23t(T - ,T + ). 
That means that if we have 


1. A sequence of interface amplitudes J 0 ,0 ,..., 3 n ,() in 2$t(T , T°) together with mor- 
phisms 5i,..., 5 n between them, and 

2. similarly, we have interface amplitudes + ,..., in 23t(T°,T + ), together with 
morphisms 8 ^,..., 5' n , between them, 


then we can produce an element: 

8' n ,) G Hop (Jq’° B 3o’ + , V’° B 3°' + ) (6-43) 

such that the Aoo-relations are satisfied separately in the two sets of arguments. The 
element z/(5i,..., 5 n ; ..., 5 f n ,) is defined by pp( t c ): 


Pp{tc)[ 


1 


1 -B, 


_ n i ^1 ? i 8 




X> 


i - By 


(6.44) 


This extends the composition of Interfaces to a full A^ bi-functor. (We have not written 
out the full details of a proof that this is in fact a bi-functor.) 


"i* ) 


c~, 0 


£7: 

i.i 


-,0 
u 


(¥°, z°) 


•n 


X 


(V+,;z + ) 


c0 5 + 
°i"A' 


X 


+ 


Figure 45: The (extended) taut web shown here contributes to (Id; 0). 

If we specialize the above discussion to n = 1 and n' = 0 or n = 0 and n! — 1 then we 
obtain an interesting interplay with notions of homotopy equivalent branes and interfaces. 
In particular, even though 3 _, ° M 3 0,+ is not a bilinear operation, we claim that if ^q"’ 0 
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is homotopy equivalent to 3 1 


-o 


then 3 0 ,0 


j°,+ j s homotopy equivalent to 3 1 ,0 IXI 3 0, 


There is a completely parallel result for homotopy equivalences of 3 0,+ holding 3~ ,Q fixed. 
To prove this we note that we have identities like the commutativity (up to sign) of the 
diagram: 

T -o T.O't Hop(V’ 0 K J°-+) (6.45) 


Hop(3 0 ’ u , 3 1 


-,0 


HopPo’°, V°) 




Hoppo’° ^ 3°-+, V’° B J°-+) 


where v is the map obtained by specializing (6.44) to n = 1 and n' = 0. Of course there is 
a similar identity for n = 0 and n' = 1. This follows by applying the representation of the 
identity (6.31) to the sequence of arguments 


1 


1 - a 


-,o ’ 


1 


0 


1-B 


-,o ’ 


o^°. 


1 


’ 1 - 




(6.46) 


where 5 E HoppQ ,0 , 3^’°). It follows from (6.45) that v maps an Mi-closed or exact 
morphism between 3q ,Q and 3^’° to an Mi-closed or exact morphism between 3q ,0 IXI 3 0,+ 
and 3^’° IXI3 0,+ . Now note that if Id is the graded identity element of equation (4.75) then 
v (Id; 0) = Id. To prove this note that the only taut webs which can contribute to 


Ppftc) [ i 




,Id, 


1 


l-B-o’ 1 -B^ 


(6.47) 


are those with a single vertex on the boundary between T~ and T°, and a single vacuum i" 
in the region x~ < x < x + , as shown in Figure 45. Now, using the definitions (6.38)-(6.40) 
we can check that the sum over such taut webs gives z/(Id; 0) = Id. Similarly, z/(0; Id) = Id 
comes from taut webs with a single vertex on the T°, T + boundary. 

Now, since v is an Tl^-functor, if 5, S' define a homotopy equivalence between 3$^ and 
3^’° then 30 


M 2 (v(5),v(5')) = u(M 2 (S, 5')) ± i/(M!(<J), S') ± i s(5, M^S')) ± M\{y{8, S')) 
= i/(M 2 (S,S'))±M 1 (i/(S,S')) 

= z/(Id + Mi(<J")) ± Mi ( 1 /( 5 , S')) 

= ld + M 1 {y(S")±v{8, S')) 


(6.48) 


In the first line we used the definition of an Tt^-functor. In the second line we used the 
hypothesis that 5, S' are closed, in the third line we used the hypothesis that they define 
a homotopy equivalence. This finally completes the proof that homotopy equivalence is 
nicely compatible with IXI. 

In the special case where T~ is the trivial Theory, we have a useful result: each 
Interface in (T°,T + ) gives us an A^ functor from 25t(T°) to 23t(T + ). This will be 
important for us later in Section §7 so let us spell it out a bit more. If 3 0,+ is a fixed 
Interface we define an A^-functor by declaring that on objects 


JS o,+ (93) :=<B^a°’ + 

30 In this equation we got lazy about the signs. 


(6.49) 
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and if 5i,..., 5 n is a composable set of morphisms between Branes 35o, • • • ? 23 n in 931(T°) 
then 

• • •, S n ) := 5 G Hop(J r a o,+ (®o),- ?r a 0 ’+(9Sri)) 

is given by 

and we claim, moreover, that the A^-relations defining an A^-functor are satisfied: 


(6.50) 

(6.51) 


y ' y ' pp+ (t^) (•^j°’+• • • > •^ r 3°>+ {Pk)) 

k Pa fc (P) 

= X] e PuP2,P3^°’+ ( P 1,P/3 °$h)( P 2),P3) 
Pa 3 (P) 


(6.52) 


where P — {5i,... , 5 n }, J-go,+ (0) = 0, ep l7 p 2 ,p 3 is an appropriate sign, and we note that 
t -,+ = is the taut element of the Theory T + in the positive half-plane while t _, ° = 
is the taut element of the Theory T° in the positive half-plane. 

Moreover, suppose that ^ G Hop(^ ,+ ? ^2 + ) a morphism between Interfaces. Then 
we claim that there is an A^-natural transformation r{^) between the corresponding 
functors PjO,+ and J^o,+ . That is, for every 33 G 33t(T°) we can define 

tN )\b e Hop(J>,+ (3S),^o,+ (35)) (6.53) 

J 1 J 2 


so that, if 5i,..., S n is a composable sequence of morphisms between Branes 3So,..., 3S n 
in T°, then 


p 0 , + (® n ) T —■J 3 o.+ (©, 


Xo,+ (5o,...,5 n ) 
J 2 


•75.0,+ 

J 1 


r(p)<B n 

P,o. + (© 0 )- ^PjO.+ CBo) 

^2 

is a commutative diagram. The formula for is just 


(6.54) 


t(V0® 


PfiiSc) 


1 1 / 1 


(6.55) 


where B is the boundary amplitude of 33 and £q ,+ , B^ + are the interface amplitudes of 
3i’ + , ^ 2 ,+ , respectively. Moreover, a natural transformation r between an Interface and 
itself is homotopic to the identity if, for every 33, r® = Id + M\ (5). Two Aoo-functors 
can be regarded as homotopy equivalent if they are related by two natural transformations 
whose composition is homotopic to the identity. Now 


M 2 (r(^i)©,r(^2)©) t(M 2 (^i,^2))© H-, (6.56) 


where the extra terms in • • • involve M \. This simply follows from the observation that 
= z/(0;^) (compare equation (6.44)) and is part of the statement that v is an A 0G - 
functor in its second set of arguments. Hence a homotopy equivalence between Interfaces 
and ^ 2 ,+ leads to a homotopy equivalence of the corresponding A^-functors. 
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If both T and T + are trivial, the above results reduce to the previous results for 
the strip. For example, equation (2.40) is a special case of equation (6.31): The only 
nontrivial taut element in t -,+ consists of two boundary vertices, and the composition 
operation then gives concatenation of strip-webs. As noted previously, the Chan-Paton 
space (6.32) becomes the space of approximate ground states (4.52). Moreover equation 
(6.33) is equivalent to equation (4.53), when we bring Err from the LHS to £ RR on the 
RHS of the latter equation. The differential dRR on the complex of approximate ground 
states can be thought as a solution of a trivial MC equation, where only the composition 
of the Chan-Paton factors remain interesting. 


T - > + 


q-,+ 

J 0 


*aT- 


J T + 4 T 


X 


J-’+ 

n 


T + 

- > X 


3 ~<+ 


(a) 


(b) 


Figure 46: Illustrating the ^^-multiplications on the local operators on an Interface. Figure (a) 
shows a number of local operators between different Interfaces. The vertical purple arrows indicate 
that they are to be multiplied. The result is a single local operator between the initial and final 
Interfaces, as illustrated in Figure (b). 


Remarks: 

1. In principle we should keep track of the positions x _, ° and x 0,+ of the original Inter¬ 
faces as well as the position of the final product Interface. Given the translation 
invariance and homotopy equivalence we can be a bit sloppy about this, but it is 
relevant to the sense in which the product is associative. We take that issue up in 
the next Section §6.3. 

2. It might help to restate some of the above formal expressions in more physical terms. 
First of all, the basic Aoo-product on local operators on Interfaces is illustrated in 
Figure 46. Physically the product 3 _, ° M 3 0,+ is a kind of operator product of super- 
symmetric interfaces. In the physical models there is no “Casimir force” between the 
Interfaces, even with the insertions of (a suitable class of) local operators. Therefore 
they can be adiabatically brought together as illustrated in Figure 47 to produce a 
new Interface with a single local operator, as illustrated in Figure 48. An illustration 
of the statement that v is an A^-functor (for fixed 5^,..., 8 r n ,) is shown in Figure 49 
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n~ >0 
J 0 


^ 0 ,+ 

J o 



Figure 47: Illustrating the bifunctor v. Here the green squares illustrate 4 local operator inser¬ 
tions between Interfaces from Theory T~ to Theory T°. Similarly, the green triangles 

represent 3 local operator insertions 5[, 5^ S' 3 between Interfaces from Theory T° to Theory T + . 
The maroon arrows indicate that the two interfaces with their local operator insertions are being 
moved together (adiabatically). 



Figure 48: The result of the process described in Figure 47 is a single local operator, described 
by the green star, between the products of the initial and final Interfaces. This is the operator 
v{Si,5 2 ,5 3 ,5^5' 1 ,5' 2 ,5' 3 ). 


and Figure 50. Of course, an analogous statement can also be made holding ..., 5 n 
fixed. 

6.3 Composition Of Three Interfaces 

We can now consider a geometry G 3 with three interfaces, set at x = — L, x = r/L, x = L, 
— 1 < 77 < 1, with vacuum data (Y a ,z a ), a G { — ,0,1,+}, in the negative half plane, the 
two strips and the positive half plane respectively. The composite webs in this geometry 
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Figure 49: This figure represents one side of the equation stating that v is a bifunctor. We first 
take the “operator product” of the ordered set P 2 of local operators on Interfaces between T~ and 
r°, as indicated by the vertical purple arrows, and then apply the Interface product, as indicated 
by the horizontal maroon arrows. We sum over all decompositions of the local operators on the left 
Interface into P\ II P 2 II P 3 . 



Figure 50: This figure represents the other side of the equation stating that v is a bifunctor. We 
consider all ordered decompositions Q\ II • • • II Qk of local operators on the left Interface (keeping 
5]_,... ,S' n , fixed). We apply the Interface product separately to these collections to produce the 
Interfaces and local operators indicated by ★(Qi),..., ★(Q/ c ). Then we take the product of these 
local operators, as indicated by the vertical purple arrows. 


have essentially the same properties as in the case with two interfaces, with a convolution 
identity of the same general form. 

Following through the same derivation, we arrive at the statement that given four 
Theories T - , T°, T 1 , T + we obtain a triple functor from 23t(T - , T°) x 2$t(T°, T 1 ) x 
(T 1 ,T + ) to 23t(T - ,T + ), composing three consecutive Interfaces T _, °, T 0,1 , T 1,+ to a 
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single Interface we can denote as 


3"’+ : = ( 3 -°3°’ 1 3 1 ’ + ),,. (6.57) 

It has boundary amplitude 

£>Pt7 ,+ ) := Pp(Sc) ^j _ g-,0’ i ^ 0,1 ’ i gi,+ ^ (6.58) 

where t c is the taut composite element in G^. 

Thus we get a family of triple compositions, parameterized by 77 , and we may obviously 
wonder how would they compare to the repeated compositions (3 -, ° M 3 0,1 ) IXI 3 1,+ and 
3 _, ° IXI (3 0,1 IXI 3 1,+ ). We want to argue that there is an homotopy equivalence between 
any pair of interfaces (3~ ,0 3 0,1 3 1 ^) rj and (3 -, 0 3 0 , 1 3 1,+ )^ and that moreover there are well- 
defined limits such that: 

p-’ 0 ^ 0 ’ 1 = (on 0 x a 0 ’ 1 ) x 

pT’P 0 ’ 1 = W’° X p 0 ’ 1 X a 1 ^) (6.59) 

It then follows that p _, ° X 3 0,1 ) X 9 1,+ and 3 -, ° X p 0,1 X 3 1,+ ) themselves are homotopy 
equivalent. 

6.3.1 Limits 

We can start from the analysis of the 77 —^ —1 limit of the triple composition. We need to 
study the fate of a composite taut web in G 3 when 77 is sent to —1. The taut element itself 
may jump in the process. As there are only finitely many possible taut web topologies, as 
we make 77 sufficiently close to — 1 , the taut element will ultimately stabilize. 

After the taut element has stabilized, we can analyze the problem in the same way as 
we did for composite webs. As the left strip shrinks, some vertices will remain at finite 
distances from the boundaries, while the distance from the left boundary of some other 
“bound” vertices will scale as 1 + 77 . The bound vertices will form clumps at finite locations 
along the left boundary. The whole web is well-approximated by a composite taut web 
in the G 2 geometry with vacua V - , V 1 , ¥ + , with boundary vertices on the left boundary 
replaced by tiny taut webs in a local G 2 geometry with vacua ¥ _ , V°, V 1 . 

Ifc is any composite web in the G 2 geometry with vacua ¥ , V 1 , ¥ + , so c G Wc [V , V 1 , ¥ + ] 
then we can define an operation 

T d ( c) : TWc[V-,¥°, V 1 ] -> W c [¥“, V°,¥\¥ + ] (6.60) 

whose nonzero values on monomials ci ® ® c n are obtained by inserting the c a into the 

left boundary vertices v f of c provided J v p( c) = Joo(0 and provided that the past strip 
vacuum of c a agrees with the future strip vacuum of c a +i. We orient the resulting web in 
the standard way, wedging the reduced orientations of the arguments in the same order as 
the arguments themselves. 
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Figure 51: In the limit that 77 —^ — 1 the taut composite web on the left degenerates to that on 
the right. We can view this as a contribution of Ta(t -, 1 ,+ )[t - ’ 0,1 , t - ’ 0,1 ] to t“ ,0,1,+ . 


Thus with these definitions, if t v 
the taut elements for the two G 2 geometries respectively, 


,0,1,+ is the taut element in G\ and t ,1,+ and t ,0,1 


lim t->°’ 1 >+ =T 9 [t-’ 1 ’+]( 


1 


?7—> — 1 


1-t-Ai 


See, for example, Figure 51. 
Now we can compute 


= p ( nm t; 
77—— 1 


-, 0 , 1 ,+ 


)[ 


1 


1 


1 - B-° ’ 1 - B 0 ’ 1 ’ 1 - B 1 ’ 


from the representations of webs and interface amplitudes. We can write 


1 


1 


1 


1 


P/ 3 pa[t ’’ }( 1 _ t _,0,1))[-,_ _#-o ; 1 -go, 1 ’ 1 _gi, 




Thus 


p - ’ 0 ? 0 ’ 1 j 1)+ )^_i = (j~° 1a J 0,1 ) ki J h+ 

A similar analysis holds for t] —> 1. 


(6.61) 


(6.62) 


(6.63) 

(6.64) 
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At this point, we are left with the task of proving the homotopy equivalence of the 
triple compositions for different values r] p j of 77 . The Chan-Paton factors are independent 
of 77 . If we define 3 p j — (3~ :0 3° :1 3 1,+ ) rip f then, according to (5.23), we need to find 
Sh E R d (£~ :+ ) such that 


where 



(6.65) 

£7’ + ■= © in . £7’° (g, £°’ 1 (g, £h + 

X_,lQ ^ 20,H 21,2+ 

( 6 . 66 ) 


As the interface amplitudes B p j E Hop (3 p ,3f) are computed directly from the corre¬ 
sponding composite taut elements t ~^ :,1,+ we will first try to find a similar identity for the 
difference between these two taut elements. 


6.3.2 Homotopies 

How can we compare the taut elements for different values of 77 ? One way would be to 
vary 77 continuously, and study the special values at which the taut element jumps. This is 
a somewhat subtle but interesting analysis, and we will come back to it at the very end of 
the section. Here we will use a different, more effective strategy, which produces precisely 
the desired result. 

We can encode the problem in a simple geometric setup: a time-dependent setup where 
77 depends very slowly on the time direction. We want 77 ( 7 /) to vary slowly enough that the 
deviation from the vertical of the slope of the boundary between the V° and V 1 at any y 
does not affect the local interface taut element between ¥° and V 1 . In particular the slope 
should remain close enough to vertical so that it never crosses the slopes of the weights 
and z\,-, for any z,j, i f ,f. We also want the variation of 77 to be restricted to some compact 
region y E [y p ,yf\ with fixed values r] p and rjf in the past and the future, respectively. We 
will call such functions 77 (y) tame. 

As soon as these conditions are met, we can consider composite webs in the time- 
dependent geometry. 31 The definitions for composite webs from Section §6.2 have straight¬ 
forward generalizations, with one important exception noted in the next paragraph. The 
only slightly new point is that the wall vertices between T° and T 1 do not sit at a definite 
value of x since the boundary between these theories is y-dependent. Nevertheless, one can 
define deformation types of time-dependent composite webs. The only new point is that 
wall vertices between T° and T 1 must slide along the wall x — rj(y)L. If a composite web 
c has n wall-vertices on the boundary between T° and T 1 and tq,... ,5 n are n interface 
webs between T° and T 1 then the convolution T[c](fl 1 ,..., makes sense as a composite 
web in the time-dependent geometry. Moreover, we claim that if 77 (y) satisfies the above 
conditions then the deformation type of T[ c] (Di,..., 5 n ) only depends on the deformation 
types of c and tq,... ,t) n . To prove this we note that there are only a finite number of 
possible webs c, tq,... ,t) n . But then note that the homotopy which straightens out the 

31 Actually, we could consider the positions of all three interfaces to be time-dependent. The resulting 
discussion would be similar to what we give here. 
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Figure 52: A smooth adiabatic variation of 77 as a function of y can relate the products of interfaces 
at different values of 77 . 


boundary between T°, T 1 to a vertical line in the neighbourhood of each interface web will 
change the edge lengths by an amount which can be made arbitrarily small by making the 
slope of the boundary arbitrarily close to vertical. 

The one new point in the definitions for composite webs in time-dependent geometries 
is that we must change the definitions of rigid, taut and sliding webs from what we used 
in Section 6 . 2 . Webs in the time-dependent geometry with no moduli are rigid or taut , 
and webs with a single modulus are called sliding. An example of a sliding web in a time- 
dependent geometry is a rigid composite web for 77 = 77 j whose support lies in y > yf or, 
similarly, a rigid composite web for 77 = g p whose support lies in y < y p . 

We can now repeat our usual exercise: We define t[ 77 (y)] to be the taut (= rigid) element 
in Wc in the time-dependent geometry determined by 77 ( 77 ) and find its convolution identity 
by examining the end-points of the moduli spaces of sliding webs in this time-dependent 
geometry. We encounter standard boundaries at finite distance: some edge inequalities 
get saturated, some subset of vertices collapse to a point in the interior or at any of the 
interfaces. These endpoints are enumerated by convolutions of appropriate taut elements. 

Boundaries at infinite distance are also rather standard. Much as for the time- 
independent geometry we can consider directions along which a web grows to large size. 
These boundaries are accounted for by a standard tensor operation, inserting taut com- 
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posite webs at the boundary vertices of a taut interface web. In order for the result to 
have only one modulus in the time-dependent geometry, exactly one of the composite webs 
must be localized in the compact region where 77 varies. The others will be sliding along 
the regions of constant 77 in the past or future. Thus these endpoints are enumerated by 
the usual T^(t _,+ ) operation with t -,+ being the taut element for interface webs between 
V - and V + , acting on a collection of taut webs in the far past or future, together with a 
single rigid/taut web stuck somewhere in the region y p < y < yf. 

The only new terms are very simple: a single taut web for the G^ p geometry inserted 
far in the past, or a taut web for the G^ f geometry inserted far in the future. We are now 
ready to write the convolution identity for the taut element t[r](y)\ in the time-dependent 
geometry. Let t p i — t~ + i p + t* + t+ denote the sum of the planar taut elements for 
the four theories. Similarly, let tg denote the sum of the taut interface elements for the 
three boundaries between pairs of theories: tg = t _, ° + t 0,1 + t 1,+ , and let t ^ be the taut 
composite elements for the initial and final G^ p,f geometries. If t£ is understood to be made 
of webs with all edges and vertices in the region y > yf and likewise t? has all lines and 
vertices in the region y < y p , then we can consider these as elements of the web group of 
the time-dependent geometry. With this understanding we have the convolution identity 

tfr(y)] * V + tfo(y)] *id + t f c -t p c + T d (t-’ + )[-^-j-t[r](y)}] —'Lj] = 0. (6.67) 

1 - t c i - t c 


The tc — tc could be absorbed into the T^(t _,+ ) term if we include the empty web (no 
vertices nor edges) into t[rj(y)]. 

Now we combine equation (6.67) together with a representation of the composite webs 
and apply the result to 



B~ o ;e ’ l-£0, l’~ 'l-B 1 


P°. 


1 


; e ‘ 


fi 1 . 


: ;e 


/3+ 


( 6 . 68 ) 


The first two terms of (6.67) give zero. The next two terms give Bf — B p using the definition 
(6.58), and, using identities analogous to (6.42), the last term in (6.67) gives 


Mf’ + ) 


l-B 




1 

l-B p 


(6.69) 


with 

% 0 )] : = p^iviv)}) ^ _g-,cp 1 ; 1 _gi,+ ] ( 6 - 70 ) 

finally leading to the desired relation (6.65). Recall from (5.23) that (6.65) implies that 
the morphism Id + 5[rj(y)] (or just S[r](y)] if we include the empty web into t[r](y)]) from 
B p to Bf is Mi-closed. 

Next, we need to show that Id + S[r](y)] has a closed inverse up to homotopy. In 
principle, we could cheat a bit. The morphism S[r](y)] can have a non-trivial scalar part, 
from composite webs with no external edges. As the vacua are naturally ordered, in the 
sense that for any pair of vacua only one of the two can be to the future of the other, this 
scalar contribution is upper triangular and thus the scalar part of Id + 5[rj(y)] is invertible. 
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We could build the required inverse recursively, as described in Section 5.2. However, there 
is a much better way to proceed. 

In order to prepare some tools which will be useful later, we will instead prove directly 
that the closed morphism Id + 5 [77 ( 7 /)] associated to the 77 ( 7 /) deformation and the closed 
morphism Id + S[rj(—y)] associated to the time-reversed deformation are inverse of each 
other up to homotopy. 

The first observation is that if we have two continuous deformations 771(7/) and 772(7/), 
with the same value 771^ = 772 j in the past of 771 and in the future of 772, we can build a 
“shifted time composition” 771 o T 772 where 771 is placed at some large time T after 772. If T 
is sufficiently large, it is easy to see that 


Id + S[rji o T 772] = M2 (Id + 5 [771], Id + 5 [772]) ( 6 . 71 ) 


where M 2 is computed in the Interface category 25t(T _ ,T + ), and 5 [771 o T 772 ], 5[ 771 ], and 
S [ 772 ] are computed in different time-dependent geometries. 

In order to establish (6.71) we observe that the most general rigid web in the composite 
geometry can be approximated by a large interface web with a boundary vertex resolved 
into a rigid web in the region of 771 variation, a boundary vertex resolved into a rigid web 
in the region of 772 variation and any number of boundary vertices resolved to rigid webs 
in the regions of constant 77 . Thus we have: 


i[vi °t m\ = tfri] + + t 9 (t ’+)[ 


1 -1 y 




1 - te’ P 




1 -tc ,p 


(6.72) 


where tis the taut composite element for the value rjij and we recall that t l’ p = t. This 
equation is to be thought of as valued in the web group of the time-dependent geometry 
described by 771 o T 772 . Now, again using identities similar to (6.42) we learn that (6.72) 
implies (6.71). Thus, the desired result 


3£ + ~ ^’ + (6-73) 

will follow by proving that 

Id + S[rj(y) o T rj{—y )] ~ Id. (6.74) 

We will prove (6.74) in the next Section. 

6.3.3 Homotopies Of Homotopies 

The required identity (6.74) will follow from a more general result: 

772 ( 7 /) define two tame time-dependent geometries such that 771 ( 7 /) 
and 771 ( 7 /) = 772 ( 7 /) = rj p for y < y p . Suppose moreover that 77 ( 7 /; s ) 
these functions. Then we claim that 

S[rn(y)\ - % 2 (t/)] (6.75) 

are homotopic morphisms in 25t(T - , T + ). When writing 77 ( 7 /; s ) we take s G R and assume 
that ^ 77 ( 7 /; s) has compact support in some interval (si, S 2 ) with 77 ( 7 /; s) = 771 ( 7 /) for s < si 


Suppose that 771 (7/) and 

= m(y) = Vf for y > yf 
is a homotopy between 
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and 77 ( 7 /; s ) = 772 ( 2 /) for 5 > 52 . We will also assume that the homotopy 77 ( 7 /; 5 ) is tame for 
all fixed s and is furthermore generic. 

We will establish (6.75) by studying how the taut element t[r](y; 5)] jumps as we vary 
5. Some of the ideas we introduce here will be very useful in Section §8 on wall-crossing as 
well as in Sections §10.7 and §15 on Landau-Ginzburg models. 

The basic idea is to allow deformations in the geometry G 3 [s] := G 3 ^ determined by 
77 ( 7 /; s ) in our notion of “deformation type”. We will call this enlarged notion “deformation 
type up to homotopy” or just h- type, for brevity. Thus, we allow the usual translations and 
dilation of internal edges at fixed 5, but also we allow the parameter 5 to be adjusted. For 
readers who demand more precision we will spell this out more formally. Less fastidious 
readers can skip to the examples below equation (6.77) below. 

Define a continuous family of webs tu[s], labeled by S- < s < s+ to be a family of webs 
such that 

1. For each fixed s G [s_, s+], t v[s] is a web in the geometry G 3 [5]. 

2. As s varies the vertices of t v[s] in the plane vary continuously, no edge shrinks to zero 
length, and no boundary vertices collide. 

For a fixed s G R let Web[G 3 [5]] denote the set of all webs in the geometry G 3 [s]. 
According to the definition in Section §2.1, a deformation type of a web in G 3 [s] is a subset 
V(tv) C Web[G 3 [s]], defined by an equivalence relation under translation and dilation of 
internal edges. We now consider the union 

WEB:=U sGM Web[G 3 [5]] (6.76) 

and define a deformation type up to homotopy (or, just an h-type , for brevity) to be an 
equivalence class of webs V h C WEB with the following two equivalence relations: 

1. If tu a , tDfr G Web [G 3 [s]] for the same value of s then, if they define the same deforma¬ 
tion type within Web[G 3 [s]], they are equivalent. 

2. If there exists a continuous family of webs tu[s], s_ < s < s+ interpolating be¬ 
tween tu_ and ro-|_, then the web tu_ G Web[G 3 [s_]] is equivalent to the web tu + G 
Web[G 3 [s+]]. 

As usual, we will let V h (to) denote the set of deformation types up to homotopy of 
any given web tu G Web[G 3 [s]] for some s. 

Of course, there is a projection n : WEB —>> R given by the 5-coordinate so an h- type 
V h will be fibered over a connected subset of some interval [s_,s+] G R. See, Figure 59 
below. The fiber of the projection n : V h [s_,s+] above some 5 G [s_,s+] will be a 
Subset Of R2Vi(w)+Vs(w) given by the data of the vertices of the web. We can therefore 
regard V h (yo) C M 2 E(tt))+Va(m)+i < motivates us to define the expected h-dimension (or 
just /i-dimension, for brevity) by 

d h ( to) := 2Vi(to) + V d (m) + 1 - E(w). (6.77) 
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The set V h (to) is orientable. Oriented h -types are denoted by ttA If to G Web[G 3 [s]] for 
some s then we let denote the induced h -type with orientation o(tD^) = o(tt>) A ds. It 
can happen that the projection of V h under tv is a single point s* G R. In this case we take 
the orientation to be o(tD^) = ds. Oriented h -types again generate a free abelian group 

W h . 

We now consider the convolution identity in W h . As usual we examine the moduli 
space of sliding h- types, i.e. those with d h ( to) = 1. What are the possible boundary 
regions? Provided that 77 ( 2 /; s) is tame and generic these can be listed as follows: 



(v-,*-) 

-L 



(V+,*+) 


Figure 53: At fixed s the web shown here has expected and true dimension zero: There are four 
boundary vertices and four internal edges. If the edge constraints can be satisfied then the equations 
are all independent. At fixed values of s the web cannot be deformed at all. If it exists it will only 
exist for a finite set of possible //-coordinates of the left vertex. However, if it exists, for tame and 
generic homotopies 77(7/, s ) if we deform s we can deform the web so that it will generically define 
a deformation type up to homotopy of expected and true dimension d h = 1 . This is a typical 
contribution to both i h [rji(y)] and [772 (//)]• 


1. First, for s < si or s > S2 any of the summands in t h [rj(y] 5)] are sliding. Recall that 
we assume 77 ( 7 /; s) has nontrivial //-dependence, so the taut elements are the same as 
the rigid elements. That is, they have d — 0. For fixed s the moduli space of such 
deformation types is either empty or a finite set. (It could be identified, for example, 
with the finite set of y values of the vertex on the left boundary.) On the other hand, 
the image under tv of such an h- type is a semi-infinite interval containing (—00, si\ or 
[ 52 , +00). The boundaries at infinity of these webs contributes t h [rji(y)] — t h [r)2 (//)] 
to the convolution identity, where t h [r)i(y)], t h [r]2 (//)] denote sums of oriented h- types 
of webs. For a typical example, see Figure 53. We are interested in the difference 
t h [rji(y)\ — t h [rj2 (//)]. It can be nonzero because some webs can appear and disappear 
by shrinking to zero and then violating edge constraints, or by blowing up to infinity. 

2. It can happen that, at some special values of s, exceptional webs exist. See, for 
example Figures 54 and 55. Now at those special values of s, d(ro) = — 1 and d h ( to) = 
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Figure 54: This web will only exist at special values of s. It has dimension 2 Vi + Vq — E = 
2 + 4 — 7 = —lat fixed s and h-dimension d h = 0. 



Figure 55: This web will only exist at special values of s. It has dimension Vq — E — 5 — 6 = —1 
at fixed s and h-dimension d h = 0. 

0. Such webs will exist only at isolated values s *. Such exceptional configurations can 
be convolved with taut elements t p or to to produce h -types of /i-dimension one. The 
case of a convolution with t q is illustrated in Figure 56. This /i-type projects under 
7r to a single point in the s-line. If we denote by z h the h -types of all the exceptional 
webs of /i-dimension 0 then this represents a contribution of z h * t q to the convolution 
identity. 

3. By contrast in Figure 57 we show an h -type of /i-dimension 1 which will project to 
an interval in the s-line. The boundary of this h -type contributes to one of the terms 
z h * t p i in the convolution identity. 

4. Finally, there are boundary regions at infinity: a very large exceptional sliding web, 
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M 


Figure 56: Here we show a typical example of a contribution z h * t q to the convolution identity. 
The sliding h-type on the left projects to a single value s* G M. 



Figure 57: The web shown here has expected dimension d — 0 at fixed s and h-dimension d h = 1. 
If it exists it will project to an interval of the s-line. At the boundary of the interval the inner 
triangle shrinks and the figure degenerates to an exceptional web which only exists at a fixed value 
s *. The nearby sliding h -types represent contributions to z h * t p i in the convolution identity. 


which can be described as usual by the tensor operation Tq{ t pr^]- 


5. There can also be contributions to the moduli space of sliding h- types which are 
circles with no boundary. This is illustrated in Figure 58. Altogether, the moduli 
space of sliding h- types can be schematically pictured as shown in Figure 59. 


Putting these various boundaries together we can write the resulting convolution iden- 
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Figure 58: The web shown here has expected dimension d m 0 at fixed s and h-dimension d h = 1. 
As s varies the two “causal diamonds” can merge and exchange places, leading to a component of 
the moduli space of sliding webs which is a circle. 




Figure 59: A schematic picture of the set of sliding h-types. The horizontal axis at the bottom is 
the 5-line but no meaning is assigned to the vertical direction. 

tity as 32 

t h [m(y)] - t h [m(y)] + * h * tpi + * t d + T a (t~ + )[—^y-, t h ; — 1 [ —p] = 0 (6.78) 

where, again, t h includes the sum of oriented /i-types of all possible exceptional webs 
encountered along the deformation. 

If we apply a web representation to equation (6.78), and again use identities of the 

32 We will not try to give a formal definition of a convolution W h x W —> W h , and so forth for all possible 
webs. 
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form (6.42) to evaluate pp(T(i ,+ )) then 


S[vi(y)\ - S[m(y)} + M 1 Y^+l) = o (6.79) 

This finally concludes our proof of equation (6.75). 



Figure 60: If the homotopy rj(y; s ) is not tame then configurations can occur which do not fit into 
our convolution identity. On the left we have sliding webs. On the right we have an exceptional 
web with d h = 0. It could be decorated to make a sliding ft-type. 


Remarks 

1. We stress that the assumption that we have a tame homotopy is crucial to our 
argument above. Otherwise configurations such as those shown in Figure 60 can 
occur which do not fit into our convolution identity. 

2 . All these results are easily generalizable to the composition of any number of inter¬ 
faces. 

3. Notice that we could have attempted the approach based on deformation type up 
to homotopy in order to compare the triple compositions for different values of 77 , 
by considering instead a variation rj(s) which is not encoded as a time-dependent 
configuration, but as a family of G 3 geometries. The problem with such an approach 
is that the corresponding convolution identity would look like 

e' * tp + e 7 * id + - % + Td(t ,+ )[-——rw;;—r~rr] = 0 (6.80) 

1 - t c (s) 1 - t c {s) 

where the tensor operation involving some exceptional web in t r picks the taut element 
t c (s) for the value of s at which the exceptional web exists. This convolution identity 
is clearly less useful than 6.67. 
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4. We have found that Theories and Interfaces produce a very interesting mathematical 
structure which should, perhaps, be called an Aoo-2-category. The objects (“zero- 
morphisms”) are Theories. The space of (one-)morphisms between two Theories T~ 
and T + , is just the category of Interfaces: Hom(T - ,T + ) = *Bt(T _ ,T + ). The mor- 
phisms between two objects of this category 3f' + and 3f ,+ are the two-morphisms. 
Rather than associativity we have A^-type axioms for the composition of morphisms. 


6.4 Invertible Interfaces And Equivalences Of Theories 

The existence of the identity 3d interface allows us to make an obvious definition: an 

interface 3 G 23t(T - ,T + ) has a right inverse 3 G 23t(T + ,T - ) if 3 IXI 3 — 3d. This is an 

extremely strong condition. For example it implies that the Chan-Paton spaces satisfy 

Y,e-, + «>e+- = s ij z (6.8i) 

z / ev+ 

To give a nontrivial example of inverses, suppose that we have isomorphisms p( 12 ^ : 
T (1) —^ T® and p( 23 ^ : T^ T®. Then define p ( 13 ) := p( 12 ^p( 23 \ We claim that 

a^ (12) M a^ (23) = 3^ (13) (6.82) 


The key identity needed to establish this claim is that 

- (2) = 




^ j 12) 


_ zv-W 13) 
ji 


(6.83) 


With some patience this can be proven using (6.22) and (4.26). 

We will need a more flexible notion of invertibility of Interfaces. It turns out to be much 
more useful to define a right-inverse up to homotopy if 3 IXI 3 is homotopy equivalent to the 
identity interface 3d. Similar definitions hold for left inverses. Because of associativity up 
to homotopy, a left inverse and a right inverse up to homotopy are equal up to homotopy. 

Definition: We will refer to an interface which has right and left inverse up to homo¬ 
topy as an invertible interface. 

A good example of invertible Interfaces which are only invertible up to homotopy are 
the rotation Interfaces discussed at length in Section 7. 

The existence of an invertible Interface between two Theories T~ and implies a 
strong relation between the Theories. It defines a functor between the categories of Branes 
or Interfaces which is invertible up to natural transformations. Concretely, it allows one 
to identify the spaces of exact ground states between branes of one theory and the other: 
sandwiching the interface and its inverse between two branes and using associativity we 
get a quasi-isomorphism between the complex of ground states for the two branes and the 
complex of ground states for their image in the other theory. In Section §8 we will pursue 
this idea further to define a notion of equivalence of Theories. 


7. Categorical Transport: Simple Examples 

In the previous Section §6 we have constructed an Aoo-2-category of Interfaces. The argu¬ 
ments used in the construction employed (geometric) homotopies of the interface geometries 
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and their relation to (algebraic) homotopy equivalences of Interfaces. A crucial result was 
that the composition of consecutive Interfaces along the x-axis is associative up to ho¬ 
motopy equivalence. We can therefore consider compositions of several Interfaces, closely 
spaced along the x-axis. The resulting composition is well-defined up to homotopy equiv¬ 
alence. This suggests consideration of a third kind of homotopy, namely homotopies of 
the data used to define Theories and Interfaces. Thus, without trying to make the notion 
too precise at the moment, we can imagine continuous families of vacuum weights Zi, con¬ 
tractions Kij, interior amplitudes /3 and so forth. Moreover, we could generalize the set 
of vacua V to be a discrete (possibly branched) cover over some space of parameters. In 
the same spirit we could generalize web representations Rij to bundles of Z-modules, etc. 
Let us denote the relevant parameter spaces for these data generically as C. The results of 
Section §6 thus suggest that given a continuous path p from some interval [si, s r ] C I to 
C there might be a way to “map” the Theory 7^ at S£ to the Theory T r at s r so that the 
Branes for the positive half-plane with data p(st) are “coherently mapped” to Branes for 
the positive half-plane with data p(s r ). 

To be slightly more precise, for a continuous map p as above, suppose we have a 
definite law for constructing 7 T given 7^. Then we are aiming to define an A^-functor 

Hp) ■■ U) Kt(r, H) (7.1) 

where T~L is, say, the positive half-plane. The functor T’(p) is meant to be a categorical 
version of parallel transport. Thus, it should be an A^-equivalence of categories, and 
moreover, if p\ and p 2 are two paths which can be composed then there should be an 
invertible natural transformation between F(pi o p 2 ) and the composition of the Aoo- 
functors JF(pi) and F{p 2 ). Of course, if p is the constant path then F(p) should be 
the identity functor. We will refer to such a family of functors as a categorical parallel 
transport law , or just categorical transport for brevity. We aim to show, furthermore, that 
the “connection” defining this transport law is in fact a flat connection. That is, if p\ is 
homotopic to p 2 in an appropriate space of parameters C then there is an invertible natural 
transformation between F(pi) and F(p 2 )- 

Given the above motivation our general strategy for constructing the functors R{p) will 
be to regard the variation p(s) as a spatially dependent variation of parameters allowing 
us to construct families of Interfaces 3[p] which satisfy homotopy properties analogous to 
R(p). In particular, we require two key properties: 

1. Parallel transport : If pi and p 2 are composable paths then there must be a homotopy 
equivalence of Interfaces: 

J[pi] 13 3[p2] ~ 3[pi ° p2\- (7.2) 

2. Flatness : If p\ ^ p 2 are homotopy equivalent, in a suitable sense, then correspond¬ 
ingly there must be a homotopy equivalence of Interfaces: 

a[ Pl ]~3[p 2 ]. (7.3) 
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Given a family of Interfaces satisfying (7.2) and (7.3) we can then invoke the con¬ 
struction of equations (6.49), (6.50), and (6.51) to produce the corresponding flat parallel 
transport Aoo-functors. 

In this Section and in Section §8 we will make some of these general ideas much more 
precise for certain variations of the data used to define Theories and Interfaces. For further 
discussion see the introduction to Section §8. 

7.1 Curved Webs And Vacuum Homotopy 

One of the most important physical examples of the variations of parameters described 
above are variations of vacuum weights. Thus we consider paths of weights p : R —» C v —A, 
where A is the large diagonal. If p is continuous and nonconstant only within some finite 
interval we will call it a vacuum homotopy. Such a collection of maps Zi : R — » C for 
i G V can be used to define a set of spatially-dependent vacuum weights Zi(x). If the 
maps are continuously differentiable and suitably generic then in the context of Landau- 
Ginzburg theories such collections of maps can be used to define interesting supersymmetric 
interfaces. This is described in more detail in Section §17 below. 

The notion of webs for spatially-dependent weights Zi(x) still makes sense: They are 
again graphs in R 2 but now the edges are allowed to be smooth non-self-intersecting curves. 
The connected components of the complement of the graph are labeled by vacua and edges 
separate regions labeled by pairs of distinct vacua. If Zi(x) are all continuously differentiable 
in the neighborhood of a point xq then we can orient the ij edges in a strip centered on 
xq and the tangent vector to an edge at a point (x,y) in this strip, with i on the left and 
j on the right, is parallel to Zij(x ) := Zi(x) — Zj(x). Such webs are called curved webs. 
33 In fact, when discussing homotopies of paths it is useful to generalize still further and 
consider spacetime dependent weights Zi(x,y) with the natural generalized definition of 
curved webs. We will see many examples of such curved webs below. See, for examples, 
the figures in Section §7.4.1. 

In the remainder of Section 7 we will discuss a very simple class of curved webs such 

that 

Zi(x) = e-W^Zi (7.4) 

where d : R —» R is a smooth function with compact support for d'. We will call these 
spinning weights because they are all related by a uniform (albeit x-dependent) rotation. 
If we wish to distinguish their webs from general curved webs we call them spinning webs. 
We will already find quite a rich set of phenomena in this case. 

One advantage of the spinning webs is that we can consider the interior amplitude 
Pi to be x- independent. In a general composite web with several interfaces the interior 
amplitude can vary discontinuously across the interfaces. However, the particular family 
of “spinning” vacuum weights (7.4) have the property that the set of cyclic fans / does not 
change with x. Therefore there is a natural choice of interior amplitude where we take Pi 

33 We will assume that zpx) are sufficiently generic that edges have transverse intersections, except at 
special points called “binding points,” defined below. 
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to be x-independent. In the remainder of Section §7 we make that choice. In Section §8 
we consider more general situations. 

There is another very nice way to motivate the study of spinning vacuum weights and 
describe that in the next two subsections. 

7.2 Rotation Interfaces 

Given a choice of a Theory T and a half-plane H, we have defined a category of Branes 
5St[T, T~t\. It is natural to wonder how this category depends on the choice of T~L for fixed T. 
Certainly it is literally unchanged if we apply a translation to T~L. On the other hand, there 
is an interesting change if we apply a rotation to T~L. It is useful to denote the phase of the 
normal to the boundary pointing into T~i as $ and the corresponding half-plane (defined up 
to translation) as 1~L$. The corresponding category of Branes will be denoted 531$. The 
notion of half-plane webs is ill-defined for those special values of $ such that the boundary 
of the half-plane aligns with zij for some z, j E V. We define an Sij-ray to be the ray in 
the complex plane 34 through the angle e 1 ^ such that the canonically oriented boundary 
has direction —Zij. In formulae, the Sij -ray is the ray through e 1 ^ such that 

Re Zij^J =0 & Im z^ >0. (7.5) 

Thus we have a well-defined notion of when e 17? is in the complement of the union, 
over all pairs (z, j) of distinct vacua, of the S^-rays. 

We would like to define an Aoo-equivalence of the categories of Branes 531# for different 
values of The Branes associated to the T~L^ half-plane for some Theory T with vacuum 
data (Y, z) can be re-interpreted as Branes associated to the positive half-plane for a Theory 
T*. To define T® we choose the same set of vacua V, but now the weights are rotated: 



The interior amplitude /3 and the web representation 1Z can be taken to be the same. In 
other words, 53 [T\ — 5Sto[7~^] and we can focus on relations between Branes for rotated 
Theories in the positive half plane. The Aoo-equivalences we seek will be given by the 
functors associated (via equations (6.49) et. seq.) to a family of invertible Interfaces 
9between any pair of rotated Theories T^ £ and 7~^ r . Here we must regard ^ 
and as belonging to the real numbers. Although the Theories T^ only depend on 
$ mod27r there are interesting monodromy phenomena associated with interpolations that 
have \$£ — $ r \ > 2i r. (See Section §7.4.4 below.) 

The definition of 94[^,^ r ] appears in equation (7.50) at the end of Section §7.4.4 and 
uses the key definition (7.46) below. We now give some motivation for the somewhat 
elaborate definitions which follow. 

As discussed above, we want our Interfaces to behave as a categorical version of par¬ 
allel transport: the composition ^ £H[$2 j$ 3] should be homotopy equivalent to 

34 The terminology is motivated by the relation to the theory of spectral networks [31, 33, 34]. The 
relation to spectral networks is discussed in more detail in Section §18.2 below. 
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■ER[$i, $ 3 ], and $] should be the identity interface 3d. Once the problem is approached 
from the point of view of the composition of interfaces, the variation of $ becomes naturally 
tied to the space direction. In order to define an interface *H[$£,$ r ] we could then hope 
that there is a simple definition when $£ and $ r are infinitesimally close and then imagine 
subdividing the interval [$£,$ r ] into a very large number of small sub-intervals [$&,$&+ 1 ], 
and use the definition of the infinitesimal interfaces. This line of reasoning naturally leads 
to the idea that given any continuous interpolation i!}(x) with $(x) = r &£ for x < —L and 
$(x) = fir for x > L there is a corresponding Interface 3[$(x)\. In Section §7.4.2 we will 
indeed define such an interface. (See equation (7.46) below.) We will need to define Chan- 
Paton factors and amplitudes. The main tool is to use representations of spinning webs. 
We will also use curved webs with space-time dependent weights to show that homotopy 
equivalent interpolations will give us homotopy equivalent interfaces. 

Before giving the complete set of rules to deal with such curved webs, we gain some 
intuition by looking at a special case which can be reduced to standard webs with straight 
edges. Choosing real lifts so that $£ > $ r and \&£ — # r | < 71 * we can consider the smooth 
interpolation $(x) = — x (where the sign is chosen for future convenience) defined on the 
interval —'&£ < x < —fir. The advantage of this is that if we apply the exponential map 
u + iv := e~ lx+y taking the strip —'&£ < x < — d r in the x + iy plane to a wedge, denoted 
$ r ], intheix+m plane, then curves x(s)+iy(s) with tangent -j^(x(s)+iy(s)) = e lx ^Zij 
in the x + iy plane are mapped to curves u(s ) + iv(s) satisfying ^( u(s ) + m(s)) = —i Zij. 
These will be straight rays (or line segments) parallel to —iinside the wedge T~L[^£^ r d r \. 
Therefore, a curved web on the strip will map to a web with straight edges in the wedge 
'H[&£,'&r\- 

Now, given a left Brane 53 for and a right Brane 53 for T^ r , we can define a 
complex of approximate ground states by sandwiching an 9\[&£, r & r \ Interface between the 
two Branes, i.e. by looking at the composition (5394[^, l d r \^S)>q computed with a G 3 ge¬ 
ometry as in Section §6.3. Recall that an Interface between a trivial Theory and itself is 
just a chain complex. We could equally well consider the chain complex of approximate 
groundstates (recall the definition from Section §4.3) for the strip with 53 M 5t[^,'d r ] on 
the left and 53 on the right or that with 53 on the left and i) r \ Kl 53 on the right. All 
of these chain complexes are homotopy equivalent. Our main heuristic is that these chain 
complexes should also be computed by a natural generalization of the complex of approx¬ 
imate groundstates associated to webs in the wedge geometry. In the next Section §7.3 
we will describe that generalization, and then the requirement that there be a homotopy 
equivalence to the chain complexes (5S94[^, $ r ]53)^ will help us figure out how to compute 
the Chan-Paton factors for 94[t^,'d r ]. 

7.3 Wedge Webs 

A wedge geometry consists of the conical region / H{&£^ r \ °f included between the two 
rays '&£ and $ r , '&£ > $ r , clockwise from '&£. A wedge web is a web with vertices which may 
lie in the interior, on the two boundary rays or at the origin of the wedge. The interior 
vertices of a wedge web are associated to standard interior fans and the left and right 
boundary vertices to half-plane fans for 'H$ t and 'H 7T +'& r respectively. The possible vertex 
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at the origin is associated to a wedge fan, a sequence of vacua compatible with edges lying 
in the wedge. The same type of wedge fan labels the external edges of the web, i.e. the 
fan at infinity. It is convenient to include the trivial wedge fan, with a single vacuum and 
no edges. 

We can define as usual deformation types of wedge webs t), moduli spaces of defor¬ 
mations, orientations, etc. We can define the convolution and tensor operations taking a 
wedge web as a container and inserting appropriate plane or half-plane webs or another 
wedge web at the vertex at the origin, as long as the fans match. 

The wedge geometry has a scaling symmetry and thus a taut wedge web has a single 
modulus associated to the scale transformations, oriented towards larger webs. The wedge 
taut element satisfies the usual type of convolution identity 

tw*tw+tw*tpl+tw* t d,£ + iw * t d,r = 0 (7.7) 

In the first term we are convolving summands from into summands from t w at the origin 
of the wedge. 

Given a choice of Theory T and of Chan Paton factors £^ £{ at the two boundary 
rays, we can define in a standard way a representation of wedge webs. We can associate to 
a wedge fan {A,..., i n } a vector space ® ® • • • Ri n _ 1 ^i n ® £* and collect all these 

vector spaces into a single 

[£,£\ = ® Zij eH[0 ( ,« r ]£i ® Rf r ® q ( 7 -8) 

with 

Z • 1 + (B Z ijeH[d(:,dr]Rij^ re ij : = G) (Z • 1 + RijCij) (7.9) 

As usual, given a wedge web D we have an associated multilinear map: 

pp(x>) : TR d ’ e [S] ® Ri e ^ r [£,S] ®TR® r [£] -»■ R^ r [£,£] (7.10) 

The convolution identity tells us that pp{iw) defines an A^ bimodule, satisfying the 
same type of Aoo axioms as the strip-web operation pp(t s ) did, but with a larger vector 
space Rw i ^ r [£,£] instead of the £lr we found for the strip. In particular, for any pair of 
Branes 53 and 53 in the 5Sr^ £ and 5St# r+7r categories we have a chain complex R^f^ r [£^£] 
with differential 

9 Pp(^w)[^ _ g>9> ~—--]• (7-11) 

This complex should be thought of as describing local operators placed at the tip of the 
wedge. 

If we want the chain complex 9r [£, £] to be homotopy equivalent to , 

as suggested by the exponential map, we are led to the idea that the Chan Paton factors 
of the interface should coincide with the Rfj^ r . The exponential map relates the 

straight edges of a wedge web which go to the origin or to infinity in the wedge geometry 
to external edges of the curvilinear web which go to infinity in the Euclidean time direction 
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?/, either sitting in the far past or far future at values of x such that lies on an Sij 

ray for the Theory T. 

This suggests that the Chan Paton factors for the interface should be built 

from individual factors of Rij associated to such “vertical” external edges. With this hint 
we are now ready to propose the full set of rules for spinning webs. 

7.4 Construction Of Interfaces For Spinning Vacuum Weights 

Let us now return to the general case of spinning vacuum weights of the form (7.4), deter¬ 
mined by a generic, smooth function $ : R —)► M so that •&' has compact support. 

In what follows we choose some L so that the support of is in (—L,L). We set 
'd(x) = $1 for x < — L and 'd(x) = $ r for x > L. Moreover, we assume that none of the 
complex numbers e~ l ^ r Zij is pure imaginary for i ^ j. Our goal is to define an 

Interface 

3[$(a;)] € < 3t(T &e ,T l9r ) (7.12) 

with the flat parallel transport properties spelled out in equations (7.2) and (7.3). To 
implement (7.3) we define ^(x) ~ $ 2 ( x ) to be homotopic if the functions e ~ l ^ a i. x ) ^ a = 1, 2, 
define homotopic maps from the real line into the circle. 



Figure 61: Near a future stable binding point xq of type ij the edges separating vacuum i from 
j asymptote to the dashed green line x = in the future. Figures (a) and (b) show two possible 
behaviors of such lines. The phase rotates through the positive imaginary axis in the 

counterclockwise direction. 


7.4.1 Past And Future Stable Binding Points 

Let us first describe some special properties of the spinning webs. They share some char¬ 
acteristics of plane webs, of interface webs for data (V - ,^ - ) = (V, z®*) and (V + ,z + ) = 
(V, z^ r ), and also of composite and strip webs. In general, curved webs will be denoted by 
3 . All of the vertices v in 3 will be equipped with a cyclic fan of vacua I v ( 3 ) drawn from V, 
just as for plane webs. Nevertheless, there are two very different kinds of external edges. 
To see this let us consider what the external edges of the web might look like. The external 
edges with support in the regions x > L or x < — L extend to x —>• +00 or x —00 and 
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Figure 62: Near a past stable binding point xq of type ij the edges separating vacuum i from 
j asymptote to the dashed green line x = xq in the past. Figures (a) and (b) show two possible 
behaviors of such lines. The phase e~ 1<& ^Zij rotates through the positive imaginary axis in the 
clockwise direction. 

define positive and negative half-plane fans J + and J - , respectively. On the other hand, 
a novel aspect of curved webs is that there can also be vertical external edges supported 
in the region —L < x < L. We now describe this important phenomenon in some detail. 

At any fixed x we can apply the line principle to a vertical line through x, and hence 
the edges will be graphs of functions over certain intervals. We define an “edge of type ij v 
to be an edge that separates vacua i and j. (There is no distinction between an edge of 
type ij and type ji .) Locally, there is a parametrization of the edge with tangent vector 
oriented so that vacuum i is on the left and j is on the right. With this parametrization 
Xij(s ) + i yij(s)) = e~^^Zij and hence locally the edge is the graph of a function yij{x ) 
satisfying 

= tan (a.ij — fl{x)) (7-13) 

where the phase aij is defined by Zij := \zij\e iaij . Note that aji = otij + n. This differential 
equation is singular at those values of x for which aij — $(x) G | + 1 rZ. Suppose that when 
x is near xq we have 

aij - 'd(x) = 7 : + ——— + 0((x - xo) 2 ) + 27to (7.14) 

Z Kj 

for some n G and some nonzero real number k. 35 Then near xq we must have 

yij(x) = —A^log \x — xq I + const + • • • (7-15) 

The local behavior of edges separating vacuum i from j in the neighborhood of x = xq 
(but not at x — xq) is governed by four cases according to whether n in (7.14) is integer 
or half-integer and the sign of k. It is useful to make the following definition: 36 

35 We are using here the assumption that $(x) is suitably generic. 

36 Once again the terminology here is motivated by the theory of spectral networks [31, 33, 34]. As 
discussed in Section §17 and §18.2 below, the “binding points” represent places where supersymmetric 
domain walls in 1 + 1 dimensional theories (or, more generally, on surface defects) can form boundstates 
with two-dimensional BPS particles. 
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Definition: Given vacuum weights of the form (7.4) we define a point xq G R to be a 
binding point of type ij if id satisfies (7.14) with some integer n. It is called a future stable 
binding point if k > 0 and a past stable binding point if n < 0. We denote the set of future 
stable binding points of type ij by Xij and the set of past stable binding points of type ij 
by Y ij. If xo is a (future- or past- stable) binding point of type ij we call the line x = x$ 
in the (x,y )~plane a (future- or past- stable) binding wall of type ij. 

Remarks: 

1. Note well that the set Y ^ U Xij of all binding points of type ij can be characterized 
as precisely those positions xq on the real line where e^(^o) defines an S^j-ray. (Recall 
the definition of Sij -rays in (7.5).) 

2. The differential equation for yij is also singular when n is a half-integer n E \ + Z in 
(7.14). In this case xo is a binding point of type ji. 

3. The sign of the derivative id'(x o) determines whether the point is past or future 
stable. As x increases past xo, the complex number Zij(x) goes through the positive 
imaginary axis in the counter-clockwise direction for a future stable binding point, 
and in the clockwise direction for a past stable binding point. 




(a) (6) 

Figure 63: When a vertex for a line separating vacua (z, j) has an x-coordinate which is a binding 
point Xo of type ij then it can be “frozen”. In Figure (a) the vertex cannot move off the binding 
wall x = xo if xo is a future-stable binding point, since the figure cannot smoothly deform to Figure 
61. In Figure (b) the vertex cannot move off the binding wall x = xo if xo is a past-stable binding 
point, since the figure cannot smoothly deform to Figure 62. On the other hand, in Figure (a) the 
vertex is not frozen if xo is past stable and in Figure (b) the vertex is not frozen if the xo is future 
stable. 

Putting these remarks together we see that edges of type ij have a behavior in the 
neighborhood of a binding point xo of type ij of the form shown in Figure 61 for future 
stable binding points and shown in Figure 62 for past stable binding points. 

It is also possible for an ij-e dge to sit within the vertical line x = xo- This is illustrated 
in Figures 63 and 64. As explained in the caption of Figure 63 a vertex can be frozen in 
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k 


X = Xq. 

k 7 



Figure 64: A vertical internal edge at an ij binding point. The internal edge can be deformed 
away from the binding wall x = xq. 

the sense that it cannot be translated in the x direction. Such vertices are connected to 
frozen external edges. We therefore split the vertices of 3 into free and frozen subsets 
V(a) = Vf r ee( 3 ) U Vf roZ en( 3 )- I n an analogous way the external edges can be divided up as 
5 ext (3) = ^ t e(3)U^ t zen (3)- 

Now we can define the fan at infinity I 00 (d) f° r a curved web 3. As we have said, 
edges extending outside — L < x < L define negative- and positive- half-plane fans J _ , J + , 
respectively. Suppose these two fans are J~ — {j 1 ,... , j m } and J + = {j[,... ,j f n } as in 
Figure 39. Then the vacua in the regions encountered moving from x = — L to x — +L 
will stabilize, for sufficiently large positive y, to a set 

J + = (7.16) 

while the vacua encountered moving from x = +L to x = — L will stabilize, for sufficiently 
large negative y, to a set 

J~ = (7.17) 

Therefore, reading left to right, the vacua encountered in a clockwise traversal at infinity 
are 

/oo(3) = {J + ,J + ,J~,J~}. (7.18) 

We are now ready to define the oriented deformation type of a curved web. Given a 
curved web 3 we can deform it by varying the positions of the vertices subject to the edge 
constraints and subject to the condition that the web does not change topology, i.e., that 
no edge collapses to zero length. Free vertices contribute two degrees of freedom but frozen 
vertices only contribute one (it can be taken as the y coordinate of the vertex). Thus the 
expected dimension of the deformation space of a generic curved web 3 is 

d( 3) = 2Vfree( 3 ) + Vfrozen^) ~ E in \ 3 ). (7.19) 

This can also be written as: 

d( 3) = 21/(3) - ^3) - ^frozen(3)- (7-20) 
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since each frozen vertex is uniquely associated with a frozen edge. As usual, we are as¬ 
suming d(x) is sufficiently generic when we make this definition. There will sometimes be 
exceptional webs c where some of the edge constraints are ineffective and the dimension of 
the deformation space is larger than d(e). In addition to this, the above discussion assumed 
that the set of vertices V( 3 ) is nonempty. Actually, we can have curved webs with no ver¬ 
tices at all, and in fact these will play an important role below. (See, for examples, Figure 
65 and Figures 69- 73 below.) In that case the expected dimension is the true dimension 
of the deformation space and is simply the number of components of the web. 

Unlike the deformation spaces we have considered until now the moduli spaces £>( 3 ) 
do not have piecewise linear boundaries. Nevertheless, they are cells, and for generic 3 
they will have a dimension d(i). We can give them an orientation to define an oriented 
deformation type 3 and consider the free abelian group W CU rv generated by the oriented 
deformation types of curved webs. When we form the tensor algebra TW curv we give 3 the 
degree d{ 3 ). 

Curved webs have a translation symmetry in the ^/-direction but no scaling symmetry. 
In this sense they are very much like strip webs and composite webs, and indeed can be 
thought of as a continuous version of composite webs where many closely spaced interfaces 
have been joined together. We therefore adopt the definitions of Section § 6.2 and define 3 
to be rigid or taut if d( 3 ) = 1 and to be sliding if d( 3 ) = 2. The canonical orientation for 
the taut webs is dy where y is a measure of the y position of the web. We denote the taut 
element in Wcurv by t 



Figure 65: An example of a taut curved web consisting of a single free edge of type ij. This 
contributes two external free edges. In this and similar figures the light blue shaded region indicates 
the support of d'(x). 


Examples 

1. If there is no binding point of type ij then an edge of type ij can stretch from x = — 00 
to x — +00 with no vertices. This is a taut curved web 3 . See Figure 65. 

2. If there is a future stable binding point of type ij then an edge of type ij can come in 
from the negative half-plane or from the positive half plane, as shown in Figure 61. 
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X = Xq 


Figure 66: An example of a curved sliding web. If x = xq is a future stable binding wall of type 
ij then the vertex can move across the line. 



Figure 67 : An example of a curved taut web in the case that x = xq is a past stable binding wall 
of type ij. The edge of type ij is a frozen external edge; the only degree of freedom corresponds to 
moving the vertex vertically along the ij binding wall, and hence the web is taut. Similarly, if an 
ij edge extends vertically to — oc at a future stable binding point then the external edge is frozen 
and the web is a taut web. 


A curved with with a single component, as shown in either Figure 61(a) or Figure 
61(b) is a taut curved web. 

3. Similarly if there is a past stable binding point of type ij then an edge of type ij can 
come in from the negative or positive half-plane, as shown in Figure 62. A curved 
with with a single component, as shown in either Figure 62(a) or Figure 62(b) is a 
taut curved web. 

4. Any vertex of the Theories T^ £ or T® r defines a sliding web. See Figure 66. 

5. However, if a vertex of the Theories or T® r has an edge of type ij then it might 
also define a taut curved web located on binding walls of type ij. The case of a past 
stable binding wall is shown in Figure 67. 
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6 . Finally, it is possible to have a completely rigid curved web with no moduli at all. 
These correspond to entire lines of type ij, parallel to the y-axis and located at ij 
binding points. They will play some role in Section 9 below. 

Let us now discuss what kinds of convolution are possible with curved webs. Every 
web tv for the vacuum data (V, z^ e ) can be continued to a web for any (V, z^ x ^) simply 
by a rotation, until it becomes a web for (V, z^ r ). If 3 is a curved web it makes sense 
to consider the convolution 3 * v to, declaring the convolution to be nonzero when the fan 
coincide and rotating tv by the appropriate angle before inserting it at v. 

Now suppose that D is an interface web between and T® r and 31 ,... , 3 ^ are a 
collection of curved webs. Then we can define a curved web T^(D)[ 31 , • • • , 3 n ] E yV curv . We 
think of the interface as placed somewhere in the region — L < x < L and we replaced 
each of the wall vertices in d with the sequence of curved webs 31 , • • • , 3 n, defining the 
convolution to be zero when the curved webs do not fit in properly with the set of wall 
vertices of c). In particular the operation is zero unless the left and right half-fans of the % a 
are compatible with the fan for the corresponding vertex of t). Moreover it is zero unless the 
(transpose of the) past fan coincides with the future fan 77 + ( 3 a +i), including the 

specific location for each vertical external edge. The vertical external edges of consecutive 
arguments can be connected into a single internal edge. It is important to observe that one 
always connects frozen vertical edges of some curved web with un-frozen vertical edges of 
another curved web. 

One can show that the moduli space of deformations of T^( 0 )[ 31 , • • • , 3 n ] is locally the 
product of the deformation space of t) times the product of reduced moduli spaces of the 
3 a . In particular, 

n 

d(Td(D)[ 31 , • • • , 3 n]) = d(D) + y^(d( 3 Q ) — 1 ) (7.21) 

a =1 

just like equation (6.27). Thus, the operation is defined on the oriented deformation types 
of these webs. 

Now we can write the convolution identity for the taut element t in W CU rv Let t p i — 
t#£ p e the formal sum of taut elements for the Theories and 7~^ r respectively. 

Similarly, let tj be the taut interface element between T® 1 and T ® r . Then, examining the 
ends of the moduli spaces of sliding webs, as usual, produces 

t*i pl + Ts(ti)[j-L.]=0 (7.22) 

This is to be compared with equation (6.31). The difference is that all vertices of t are now 
interior. 

7.4.2 Defining Chan-Paton Spaces And Amplitudes 

Let us now consider a representation of webs 1Z. The usual definition of representations of 
webs only makes use of the set of vacua V and not the weights, so it essentially carries over 
immediately to the case of curved webs, up to an important subtlety concerning frozen 
external edges. Frozen external edges impose an extra edge constraint on the deformation 
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space of a curved web 3 and thus a good definition of p( 3 ) should include some extra degree 
— 1 map Kei to be defined momentarily, for each frozen external edge e: 




o(re) 


[riee£- o ‘ zen ( 3 ) d ' e Ileef (W) "e 


a 


0 n^GV(ro) 


dx v dy v 




) eeff r x 0 t zen (3)^ ®ee£(m) 


/c 


^a=l'a 


(7.23) 


We would like to define some interface Chan-Paton data £jj* so that ^( 3 ), for 3 a web 
with I 00 (d) °f the form (7.18) can be understood as a map 


P(i) 1 ®veV(l)Rl v (l) £jm J[ ® ^j[Jn ^ 


' ^71 7 
Jl iJm 


(7.24) 


whose output is an interface vertex for some Interface in 5St(T^,T^ r ). 

The definitions of Sjjr and p( 3 ) should be compatible with the convolution operation 

^d(^) [3l 5 ’ ’ ' ? in] • 

* * • ^nlX#) = ^2 e p(?) ['S , i;/ 3 (3i)[<S , 2],---,p(rt'n)[S , n+i];5'n+2] (7.25) 

Sh n+2 (S) 


That means that the contraction of vertical external edges on the left hand side of this 
equation should match the contraction of £*■, and £~ 7 / on the right hand side. We need an 
independent summand in £j m j f for any possible J + ( 3 ) in order to encode the representation 
data attached to vertical edges and, dually, a summand in (£j 1 ,j' n )* for any possible J~( 3 ) 
in order to encode the representation data attached to past vertical edges. 

We define the relevant Chan-Paton data using a construction very similar to the prod¬ 
uct rule construction of Rij in equation (5.38) above: 

For each binding point xq of type ij introduce a matrix with chain-complex entries. It 
depends on whether xo is future-stable or past stable: 

S{j(x 0 ) := Z • 1 + Rijeij Future stable ij binding point (7.26) 

Sfj(x 0 ) := Z • 1 + Rjieij Past stable ij binding point. (7.27) 

We will refer to Sij (xo) as a categorified Sij - factor , or just as an Sij - factor , for short. The 
future and past stable S -factors are related by Sfj = (Sj i ) tr ’*. 

We define 

®j,j'ev£j,j ,e j,j' (££) (££) Sij(x 0 ) (7.28) 

xoeYij U Xij 

where the tensor product on the RHS of (7.28) is ordered from left to right by increasing 
values of xo and Sij (xo) is the future- or past-stable factor as appropriate to the binding 
point. (Note that the rule (7.28) reduces to the product for wedges (7.9) if d(x) = —x.) 

Given this definition, we can associate each J + ( 3 ) to a summand in £jjr given as an 
ordered tensor product with a factor of R^ for every vertical external unfrozen ij edge and 
a factor of R^ for every vertical external frozen ij edge. These two choices differ by one 
unit of degree, which matches the extra edge constraint for frozen edges and is crucial in 
defining a degree one boundary amplitude from the taut curved element t below. 
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Dually, we can associate each J~(l) to a summand in given again as an 

ordered tensor product with a factor of Rij for every vertical external unfrozen ij edge and 
a factor of R / for every vertical external frozen ij edge. To see this take the dual and 
transpose of the RHS of (7.28). This takes the transpose of the matrix units e^- and takes 
Rij —»• R*j . The factors are now ordered with decreasing values of x$. Now use the relation 

We have encoded the full fan at infinity I 00 (d) f° r an Y curved web 3 into a summand 
of the interface factor Rj(£) of equation (6.4). 

Recall that Kij : R^ ® Rji —»• Z is a perfect pairing and since has degree —1 we 
can define a degree —1 isomorphism of Z-graded modules: 

Kij : Rij -+ Rji (7.29) 

by Kij(rij)(-) := Kij(rij , •). In terms of the notation in equation (6.13) we have 

k ij {v a ) = Y J K aa 'V* a ' (7.30) 

Oi' 

We identify the map K& in 7.23 associated to a frozen ij external edge e with K^. 

In order to complete our definition of £>( 3 ), we only need to define carefully the vector 
field de associated to the corresponding external edge constraint, in such a way that the 
compatibility condition 7.25 holds true. We define de to be a translation of the frozen vertex 
in the positive x direction. When we contract two vertical external edges at a future-stable 
binding point, this coincides with the d e vector field for the resulting internal edge. This 
agrees with the absence of relative sign in Kij (rij) • rji := Kij(rij,rji). On the other hand, 
when we contract two vertical external edges at a past-stable binding point, this has the 
opposite orientation to the d e vector field for the resulting internal edge. This agrees with 
the relative sign in rji • Kij(rij) := —i/^(r^-, r^). 

Now that we have defined the Chan-Paton spaces (7.28) for the Interface we turn to 
the definition of the interface amplitude. This will be defined by using taut curved webs. 
Recall from Section §7.1 that we are taking the interior amplitude (3 to be constant. In 
particular we take the same interior amplitudes /?/ for T® 1 and for T ® r . 37 With this 
understood, for any curved web 3 we can define the operator pp( 3 ) following the usual 
insertion of e^. We will be particularly interested in the special element p 3 ( 3 ) given by 
inserting /? into every interior vertex of 3 . 

P°(a) = p(3)[e /3 ] ( 7 . 31 ) 

which is valued in (7.24), and has degree 21 /( 3 ) ~ K mt ($) — Ef^ zen ($). It follows from (7.20) 
that if 3 is a taut web then (7.31) indeed has degree 1, as befits an interface amplitude. 

Example: An example, which will be useful to us later, is given in Figure 67. Here a 
vertex of the theory 7 ~^ has been rotated so that the ij edge goes to the future at a past 

37 Note that the interior amplitude is not defined as a solution of an Maurer-Cartan equation 
p(t)(e^) = 0, where t is the curved taut element! 
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stable binding point of type ij. Suppose the cyclic fan of the vertex is I. It can be written 
as 

J = = J + * J~ (7.32) 

where J + = {j,..., k} is a positive half-plane fan for T® r and J~ = {&,. .., i} is a negative 
half-plane fan for T^ £ and the amalgamation J + * J~ is regarded as a cyclic fan. Now, the 
interior amplitude /?/ is a degree two element of Rj and (after a cyclic transformation) it 
will be convenient to regard this as 

/3/ E Rij ® (i?j+ 0 Rj -) • (7.33) 

We wish to interpret ^( 3 ) as an interface amplitude valued in Rj(£). The Chan-Paton 
data for p^( 3 ) are defined by (7.28) and the relevant factors for this web are 
(coming from (7.27)) and £ kk = Z. Therefore the interface amplitude must be valued in 

p%ii) e £ij ® ^J+ ® ffefc ® = Rji ® (^j+ ® ) • (7.34) 

We identify the interface amplitude as 

^( 3 ):H^i®l)(/3/) (7-35) 

for this particular taut web 3 . Note that it indeed has degree 1. We do not need any extra 
sign on the right hand side, as iQ^[dx A dy ) = dy. 



Figure 68: The taut curved web of Figure 65 leads to a nonzero interface amplitude for the rigid 
interface web shown here. 



X = Xq 



Figure 69: The taut curved web of Figure 61 (a) leads to a nonzero interface amplitude for the 
rigid interface web shown here. 


- 145 - 







i 



X = Xq 


* i j 

*- 

i ! i 


X = Xq 


Figure 70: The taut curved web of Figure 61(b) leads to a nonzero interface amplitude for the 
rigid interface web shown here. 



X = Xq 



X = Xq 


Figure 71: The taut curved web of Figure 62(a) leads to a nonzero interface amplitude for the 
rigid interface web shown here. 
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X = Xq 
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X = Xq 


Figure 72: The taut curved web of Figure 62(b) leads to a nonzero interface amplitude for the 
rigid interface web shown here. 

The above discussion has assumed that the taut curved web 3 has vertices. However, 
as we have already noted, it is possible to have taut curved webs with no vertices. These re¬ 
quire special consideration when defining ^( 3 ) (again, considered as an interface amplitude 
for 3[&(x)]). We must consider a few cases here. 

1 . The most basic case is for taut webs of the form shown in Figure 65. In the case of 
Figure 65 there are no binding walls so the Chan-Paton data defined by (7.28) give 
simply Sk/ = 5/^Z for all k,£ G V. The taut curved web of Figure 65 contributes 
to p^(i) as an amplitude associated with the rigid interface web shown in Figure 
68 . The interface amplitude associated with such a web must be valued in Rji ® Rij 
(where we put the negative half-plane factor first) and we take it to be 

P°(a) := KJI 1 . (7.36) 

This choice can be shown to be required by demanding the composition property of 
Interfaces (7.2) or by the Maurer-Cartan equation for the S'-wall Interfaces discussed 
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Figure 73: A taut curved web with no vertices between future stable ij and ji binding points. 
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Figure 74: The amplitude associated with the taut curved web of Figure 73 is defined by the 
interface product shown here. 

in Section §7.6 below. Note that the interface amplitudes for 3d are a special case of 
this equation. 

2. In addition the future- and past-stable taut curved webs shown in Figures 61 and 62 
lead to basic amplitudes shown in Figures 69-72. By insisting that the amplitudes 
define solutions of the Maurer-Cartan equation for the future- and past-stable S-wall 
interfaces described in Section §7.6 below we derive the following: 

• The amplitude of Figure 69, B 1 ^ G Sij 0 Rji = Rij 0 Rji is 

B% = -K-/ (7.37) 

• The amplitude of Figure 70, G Sij 0 Rji = Rij 0 Rji is 

1 ( 7 - 38 ) 

• The amplitude of Figure 71, BR G Rij 0 £*j = Rij 0 Rji is 

= (-1 ) f K^ 1 = K aa 'v a ® v a , (7.39) 
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• The amplitude of Figure 72, Bf- G Rij 0 £*j = Rij 0 Rji is 

fijj = -(-1 ) F ^ 1 = ® <v (7.40) 

3. There can also be taut curved webs trapped between two binding points. These 
should be defined so that the composition property (7.2) holds with an equality. One 
example, which will be of significance later in Section §9, is shown in Figure 73. The 
result is an amplitude BH G End(£^) where the Chan-Paton space £a is derived from 
multiplying 

f o i) (l, z) <7 - 4i) 

and hence £a = Z © R^ 0 Rji. We can define B]l from the interface product M of an 
Interface 3\ of Figure 70 with an Interface 3 2 of Figure 69 (with i and j switched). The 
relevant diagram is shown in Figure 74. The contraction in this diagram involves: 

Kji : (£(3i )ij ® Rji) ® (Rij ®S{3 2 )ji) -> £y(3i) ® £p2)ji = Rij ® Rji (7.42) 

and the value is 

^((^ 1 ) ® G^ 1 )) = ^ (7-43) 

We view the amplitude £>^ as a map 

Z ^ f pjii 0 £(3 2 )a -> £ Pi)zj 0 f p2)j* = Rij ® Rji (7.44) 

taking 1 to ifF 1 and annihilating R^ 0 Rji. It is indeed a degree one differential on 
£(3i Kl ? 2 )n, as required by the Maurer-Cartan equation. 

4. As we noted above, there can be completely rigid curved webs with no moduli (these 
are vertical lines at binding points). These can be “added” to generic curved webs 
at otherwise empty binding points to get new webs with the same number of moduli. 
They contribute to pp(-) an extra tensor factor acting as the identity on the corre¬ 
sponding R^ or R^ factors in Sjj*. It is important to include these contributions in 
the total curved taut element t. 


We have now completely defined p^(t). The operator pp(i) is compatible by construc¬ 
tion with convolutions and the tensor operation T#, and thus the convolution identity gives 
us 

In other words, we have the key observation that p^(t) is an interface amplitude and 
together with (7.28), it defines an Interface 

G (T^,T^)- (7.46) 

associated to a function d(x) defining spinning vacuum weights (7.4). 
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As a special case, note that if 'd(x) — $ is constant then 3[&(x)] = 3d is the identity 
Interface in *8t(T^,T^). Since, by assumption e *% is never imaginary the Chan-Paton 
factors are indeed given by Sij = Sij Z. The amplitude p^(t) is defined by (7.36), which is 
also the definition of the amplitudes for 3d. 

The above construction can be generalized to discuss curved webs in the presence of in¬ 
terfaces by making $(x) piecewise differentiable and placing interfaces at positions x where 
'd'(x) has a discontinuity. For example, suppose we have Interfaces 3 ~^ £ G 23t(T - ,7~^) 
at X£ and T^ r,+ ^ (7~^ r ,T + ) at x r . Then we can consider curved webs in the strip 

X£ < x < x r given by 'd(x) interpolating between $£ and $ r . We could repeat our above 
discussion and define an interface web J strip [$(:r)] G 23t(T - , T + ). On the other hand, we 
could instead extend 'd(x) to a function on the real line to define 3[&(x)] as in equation (7.46) 
above. Then, using a G^-geometry as in Section 6.3 we can consider {3~ , ^3[d(x)]3^ r ^) r) 
as in (6.58). We claim these Interfaces are all homotopy equivalent. An appropriate space- 
time dependent geometry can realize an homotopy equivalence with any setup where the 
interpolation happens throughout the whole region in between the locations of 3~^ £ and 
T? r ,+ . This leads, in particular, to the connection to the wedge geometries sketched above. 

7.4.3 Verification Of Flat Parallel Transport 

Now that we have defined 3[&(x)] let us verify the two key properties (7.2) and (7.3) for 
defining flat parallel transport. 

First, the composition property (7.2) is straightforward. Suppose ft 1 (x) smoothly 
interpolates from to t? 0 and ^(x) smoothly interpolates from t? 0 to $ + . Then, on the one 
hand, we have defined Interfaces 3[& 1 (x)] G *Bt(7"^ ,T^°) and 3[d 2 (x)\ G 5Sr(T^°,T^ + ) 
which can be composed as in equation (6.41). On the other hand, the functions can be 
concatenated to define a smooth interpolation ft 1 o ^(x) from to and we wish to 
show: 

3[d 1 (x)] IXI 3[d 2 (x)\ ~ 3[$ 1 o $ 2 (x)} (7.47) 

where ^ means homotopy equivalence. The definition (7.28) as an ordered product along 
the real line shows that the Interfaces on the left- and right-hand sides of (7.47) have iden¬ 
tical Chan-Paton spaces. As for the amplitude, if we cut a taut curved web (contributing 
the the interface amplitude of 3[fi 1 o ^ 2 (x)]) into two pieces along a vertical line x — xo, 
then there is a corresponding taut composite web used in the definition of the interface 
amplitude of 3[d 1 (x)\ Kl 3[fl 2 (x)] and the two amplitudes match. Next, as we have seen, 
in the case of taut curved webs with no vertices the amplitudes are defined in terms of 
elementary ones so that the composition property holds. In fact, often, one can replace 
the homotopy equivalence in (7.47) by an equality sign. In general, we should write a 
homotopy equivalence because M is only associative up to homotopy equivalence. 

Thanks to the composition property the general Interface 3[&(x)} can be decomposed 
as a product of elementary Interfaces. We discuss these elementary Interfaces in detail in 
Sections §§7.5 and 7.6 below. 

Next, we need to study the behaviour of 3[&(x)] under homotopy of i)(x). Accordingly, 
let $(x, y) be an homotopy interpolating between two functions $f(x) at very large positive 
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y and d p (x) at very large negative y with the same endpoints Again, our choice of 
argument is intentional: we interpret the homotopy as an actual space-time dependent 
configuration. 

We can define curved webs with space-time dependent weights e~ l ^ x ^Zi in an obvious 
way. Their properties are somewhat similar to the ones we looked at to prove associativity 
of composition of interfaces in Section §6.3. Looking at sliding webs, we get the convolution 
identity closely analogous to equation (6.67) 

t St * tpi + ~ t p + Tq( ix)[ - - t/ ;t st\ - - tp ] = 0 (7.48) 

where t p, f are the taut elements for curved webs with the past and future spinning weights 
e -i e -ii9 f (x) z ^ respectively, and t s t is now the space-time dependent taut element 
(not including the empty web). The notations t p i and t x are as in (7.22). 

Applying a web representation, we find an identity of the form of equation (5.23) and 
therefore using the discussion of that result we conclude that 5[d(x,y)\ := p°p(t s t) defines a 
closed morphism Id + 5[d(x,y)} between 3[df(x)} and 3[d p (x)]. 

Next, we need to show that the closed morphisms Id + 5[d(x, y)} and Id + 5[tf(x,-y)} 
are inverse up to homotopy. We can use the same strategy as for the proof of asso¬ 
ciativity of composition of interfaces up to homotopy: show that given a continuous in¬ 
terpolation d(x,y,s) between two homotopies ^{x^y) and d 2 (x,y) the closed morphism 
Id + 5[d(x,y, s)] varies by an exact amount. This follows from a convolution identity for 
curved web homotopies similar to the ones we have already discussed above. 

To summarize, we have proven that given two homotopic maps d 1 (x ) and d 2 (x) with 
the same endpoints the corresponding Interfaces 3[d 1 (x)\ and 3[d 2 (x)\ are homotopy equiv¬ 
alent. 


7.4.4 Rigid Rotations And Monodromy 

We can now deliver on a promise made in Section §7.2 and define a canonical Interface 
d r ] between Theories T^ £ and T ^ r . Namely, choose lifts of d r to R so that > d r 
and \di — d r \ < tv. Then, as in Section §7.2 we can use 

f &£ X< -tin 

d(x) — < —x —'dn < x < —d r (7.49) 

[d r x > 

to define 

:= 3['d(x)\. (7.50) 

Now, it follows from (7.47) that 

*n[#l,02] ^3\[d 2 ,d 3 \ = (7.51) 


as desired. 
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If we try to extend the above discussion to intervals larger than 2i r then we encounter 
the interesting phenomenon of monodromy. Consider the function 


$(x) < 


x < —#* 

— x — < X < — + 27T 

$* — 27 r x > — 


(7.52) 


The invertible interface 3['d(x)] in this case defines an A^-functor from 23t(7~^*) to itself. 
Note that there is precisely one binding wall of type ij for each pair distinct pair of vacua 
(i,j). This can be viewed as a monodromy transformation on the category of Branes. 
Indeed, we can see that the Interface for rigid rotation through an angle 2n is not equiv¬ 
alent to the identity Interface using the discussion of equations (7.41)-(7.44) above. The 
cohomology of £a is the quotient of Rij®Rji by the one dimensional line spanned by 7Q) 1 , 
and is in general nontrivial. See Section §7.9 below for further discussion. 


7.4.5 The Relation Of Ground States To Local Operators 

The rigid rotation Interfaces can be used to describe the precise relation between the 
complex of ground states on an interval and the complex of local operators on a half-plane. 

Let us return to the motivation in Sections §7.2 and 7.3. There is a very useful special 
case of the exponential map, namely when the wedge has opening angle n. In this case 
we find that if ®i,®2 £ 23t(7~^) then Hop(®i,®2) with differential M\ is literally the 
same as the complex of approximate groundstates on the interval with left-Brane 23 1 and 
right-Brane 23^2 [tt] := T >2 Kl 2t[$, $ + tt], with differential (4.59). Indeed, note that on an 
interval of n for every unordered pair of vacua there will be precisely one binding wall. (It 
is important to define the rotation Interface so that $ increases, and hence all the binding 
walls are past-stable.) The Chan-Paton factors of 2t[$, $ + tt] provide all the relevant 
half-plane fans and we conclude that 

iT*(Hop(®i, ® 2 ), M{) = H*(S lr ( ®i, ® 2 [7t]), d LR ). (7.53) 

This result will be very useful in Section §7.10 below. Physically, it states that the space 
of BPS states between branes on an interval is isomorphic to the local boundary-changing 
operators on a half-plane. For more discussion of the relation to local observables see 
Section §16 below. 


7.5 Locally Trivial Categorical Transport 

Let us consider a function ^(x) interpolating from to $ r with ^ = $ r = $*. We 
assume, moreover that there is a homotopy i!)(x,y) to the constant function ^(x) — 
such that $(x,y) has no binding points (as a function of x at fixed y , for all y). Applying 
the discussion of (7.48) et. seq. we conclude that 3[&(x)] is homotopy equivalent to the 
identify interface 3d on 7~^*. 

More generally when the function $(x) has no binding points we say that 3[&(x)] 
defines a locally trivial categorical transport The Interface and its associated A^-functor 
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(a) 



Figure 75: Two contributions to the Maurer-Cartan equation for an interface defined by locally 
trivial transport, such as that induced by taut webs of the form of Figure 75. 

(via equation (6.49) ) are particularly simple in this case. Since there are no binding walls 
equation (7.28) says that the Chan-Paton factors are identical to those of the identity 
interface TO, namely Sij — SijZ. 

We will say that and its associated Interface 3[d(x)] are simple if the only curved 
taut webs look like those in Figure 65 (one for each pair of distinct vacua (i,jf)). The 
interface amplitudes for such a simple Interface are then those given by equation (7.36). 
The demonstration that the Maurer-Cartan equation is satisfied, that is, the demonstra¬ 
tion that (7.45) holds in this case, is very similar to that used to show that the identity 
Interface TO between a theory and itself satisfies the Maurer-Cartan equation. Indeed, we 
should compare Figure 40 with Figure 75. The main difference is that when we move an 
interior vertex across the interface it gets rotated in order to be compatible with Figure 68. 
Algebraically, the demonstration that the Maurer-Cartan equation is satisfied is identical 
to the case of TO. Nevertheless, we should not identify it with TO because it is in general 
an Interface between different theories T^ £ and T^ r . 

In general if 'd(x) has no binding points but is not simple then the Chan-Paton factors 
are still given by Sij = Sij Z but in principal there could be exceptional taut webs leading 
to different interface amplitudes. In this case we can divide up the region of support into 
a union of small regions [xi,Xi+ 1 ] so that $(x) is simple in each region. Then, invoking 
equation (7.47) we learn that locally trivial transport is always homotopy equivalent to 
simple locally trivial transport. 

Using the discussion of (6.49) et. seq. we see that a locally trivial Interface 3[$(x)] 
defines an A^-functor F$( x ) : 251(T^) 25t(7”^ r ). However, thanks to the very simple 
Chan-Paton data, it preserves the vacuum subcategory whose objects are just the thimbles 
%. That is, we can think of locally trivial transport as induced from a simpler functor 
F d(x) : mc(T°‘) V3ac(T» r ). 

Note well that in the above discussion we have strongly used the fact that there are 
no binding walls. If, on the other hand, the rotation of some edge from e~ 11 ^ i Zij to e~ 1 ® r zij 
passes through the positive imaginary axis then one of the vertices of T^ £ cannot be 
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transported through the region of support of il'(x) to produce the corresponding vertex of 
T^ r . The Maurer-Cartan equation (7.45) for the simple interface amplitudes (7.36) will fail 
in this case. The next subsection §7.6 explains in detail how the correct Interface 3[il(x)\ 
corrects the simple amplitudes to produce a solution of the Maurer-Cartan equation. 


7.6 S-Wall Interfaces 


As we mentioned above, thanks to the composition property (7.47) the general Interface 
3[ r d(x)] can be decomposed into elementary factors. These consist of locally trivial parallel 
transport together with the “S-wall Interfaces” that are described in detail in this Section. 
The S-wall Interfaces are defined (up to homotopy equivalence) by functions $(x) which 
interpolate from ilij ±e to ilij =pe, where e 1 ^ defines an Sij -ray and e is a sufficiently small 
positive number. 38 

To be concrete, we define an Interface ©A (up to homotopy equivalence) by choosing 
il(x) to interpolate from $ij—e to t^j + e on some interval (x$ — 5, xo+5). Here 5 is a positive 
number (and not a morphism!) and, for definiteness, we choose a linear interpolation with 
e«(J. The region of support of il'(x) contains a past stable binding point xq of type ij 
and no other binding points. The vacuum weights e~ l ^ x ^z^ all rotate clockwise through 
an angle 2e and e~ l ®^zij rotates clockwise through the positive imaginary axis. 

Similarly, we will define an Interface &{■ (up to homotopy equivalence) by choosing 
il(x) to interpolate from ilij + e to Dij — e on some interval (x$ — 5, xo + 5). The region of 
support of il'(x) contains a future stable binding point xo of type ij and no other binding 
points. The vacuum weights e-^ x h k all rotate counter-clockwise through an angle 2e and 
e -v&(x) z „ rotates counter-clockwise through the positive imaginary axis. 

The name S-wall Interfaces is apt because the path in the complex plane e-^Zij 
crosses an Sij -ray (see equation (7.5)). 

According to the definition (7.28) the Chan-Paton data for these Interfaces are given 


by 


S(& 


ij 


)ki 




)kl 


p* 

K ji 


(7.54) 

8k,i% 

else 

Rij 

(M) = (i,j) 

(7.55) 

$k,i% 

else 


The interface amplitudes have already been described in Section §7.4.2 above. We 
summarize the nonzero amplitudes in Figure 76 for ©A and in Figure 77 for &{■. 

It is instructive to check explicitly the claim that the interface amplitude satisfies 
the Maurer-Cartan equation (7.45). We will do so for ©A, and the check for &{■ is very 
similar. For webs not involving ij lines the check is identical to the verification of the 
Maurer-Cartan equation for the identity Interface. However, there are some new taut webs 
that arise because Sij is nonzero and because there are new vertices involving ij lines. 


38 Note that while the variation in thj is small we have said nothing about how large the region of support 
of ft'(x) is. This can be changed, up to homotopy equivalence, and could be taken to be very large or very 

small. 
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Figure 76: This figure shows the nonzero components of the interface amplitude for ©?■. For every 
pair of vacua (k,i) there is an amplitude of the form shown in the top middle. The acute angle 
between the lines in the negative and positive half-planes is 2e. The left and right figures show new 
amplitudes relative to the locally trivial case. The acute angle here is e. The amplitudes for all the 
above three cases are given up to sign by IT -1 , suitably interpreted. See equations (7.36), (7.39), 
and (7.40) for the precise formulae. The lower middle figure is a new amplitude associated to any 
interior vertex with an ij edge pointing to the future. If /?/ is the interior amplitude associated 
with that vertex then the corresponding interface amplitude is (K ® l)(/3j). 


First consider interior vertices with an external ij line that goes to the future. When 
this vertex is “moved” through the Interface the lines rotate and we obtain taut interface 
webs such as those shown in Figure 78. The amplitude for Figure 78(a) is valued in 
Ea ® R^ k ® £ kk ® R ki while that for Figure 78(b) is valued in £jj ® R+ k ® £ kk ® R kj . The 
extra rotation, compared to the identity Interface, has led to amplitudes valued in different 
spaces which therefore cannot cancel. However, thanks to the “new” interface amplitudes 
for ©?• there are also two new taut webs shown in Figure 79(a) and Figure 79(b). The 
amplitude for Figure 78(a) cancels that for Figure 79(a) and similarly the amplitude for 
Figure 78(b) cancels that for Figure 79(b). In fact, demanding this cancellation gives the 
derivation of the basic amplitudes (7.39) and (7.40) above. 

Next, consider interior vertices of with an external ij line that goes to the past. 
Some new taut webs constructed with such a vertex in either half-plane are shown in Figure 
80 (for the case of a trivalent vertex). Working patiently and carefully with all the sign 
conventions we have explained one can check that these two amplitudes do indeed cancel. 

Finally, recall that in the identity for the taut planar element t p i * ipi = 0 the terms 
canceled in pairs. For each such pair involving a vertex with an ij edge we can construct 
two taut webs. For example, consider the component of the Maurer-Cartan equation shown 
in Figure 81. This is an identity for the interior amplitudes /3/. There is a corresponding 
pair of taut interface webs shown in Figure 82. Since the vertices with ij lines in Figure 82 
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Figure 77 : This figure shows the nonzero components of the interface amplitude for &{■ analogous 
to those for ©f •. 

i j 




Figure 78: These two contributions to the MC equation for ©?• are analogous to canceling con¬ 
tributions for 3d but cannot cancel in this case because now the amplitudes are valued in different 
spaces, as explained in the text. 

are defined by K(/3) the A ^ Maurer-Cartan equation for the Interface will be satisfied if 
/3 satisfies the corresponding Maurer-Cartan equation. This completes the verification 
of the Maurer-Cartan equation for the Interface ©C. 

The general arguments we gave in Section §7.4.3 imply that if we compose past and 
future S-wall Interfaces the result is homotopy equivalent to the identity Interface. Never¬ 
theless, it is instructive to examine this homotopy equivalence in some detail and we turn 
to this next. Let 

7~+ = j"Vi3+ e 7~- = (7.56) 

3 fp = &{j Kl &fj € <8t(T+, T+) J pf = 6fj IEI ©/. € T~) (7.57) 
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Figure 79: Contributions (a) and (b) to the MC equation for ©?• cancel those of Figure 78(a) and 
Figure 78(b), respectively. 



Figure 80: Contributions (a) and (b) to the MC equation for ©?• cancel. 




Figure 81: A cancelling pair in the Maurer-Cartan equation for the Theory T® ij e . 

Then we claim that 

& 3 p/ ~3c> r -. (7.58) 

The Chan-Paton data of the Interfaces V p and 3 p f are the same and are easily com- 
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Figure 82: A component of the MC equation of Figure 81 has a corresponding component for 
the Aqo MC equation for ©?• shown here. 


&f. 1 


i 



(a) ( b ) 


Figure 83: The two composite webs shown here lead to differentials on the Sij Chan-Paton space 
of &{j IEI and ©A M &{p respectively. In each case there is a chain homotopy of the identity 
morphism to zero so that the cohomology of vanishes. 


puted from equations (6.32), (7.54), and (7.55), with the result 

£&*)!* = S{r f )u= ft = (7.59) 

[5k,1% else. 

Here we have denoted £(■ := £(&{j)ij = Rij and £f 3 := £{& p i -)ij = R* t . The first check 
of a homotopy equivalence to the identity Interface is that the cohomology of the Chan- 
Paton space of type ij should vanish. In fact, the interface product M leads to a nontrivial 
differential associated with the taut composite webs shown in Figure 83. We explain this 
in detail for jf p . The taut composite web of Figure 83(a) gives an amplitude valued in 

£&»)* ® Sp fp )ij = End(7.60) 

Now the endomorphisms of £(jf p )ij can be organized into block matrices using the sum- 
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mands R^ and R^ so that elements are valued in the block matrix: 


/ End(Rij) E.om(R i j,R* i )\ 

R^) End (/?,*-) ) 

With this understood, the amplitude defined by Figure 83(a) is 

8pfr ^((-.)W2) 


(7.61) 


(7.62) 


Note that (-1 ) F = K aa 'v a ®v a ' G Hom(i?7, R^) really has degree +1 since the matrix 
elements are only nonzero when dcg(v a ) + deg(u Q /) = + 1 . 39 

Now, to exhibit a homotopy equivalence ~ JO we need to produce four morphisms: 

<5i G Hop(J /p , JO) 

5 2 GHop(J 0 ,J /p ) 

5 3 G Hop(J /p , J /p ) 

G Hop (JO, JO) 

such that 

M 2 (6 1 ,6 2 ) = Id 3fP + M 1 (5 s ) 

^ 2 (^ 2 , ^l) = Id^t) + ^ 1 ( 84 ) 

First of all, we take ( 81 )%% = (^ 2 )^ = 1 for all k G V. Now, because has a CP 
space 

£ij = £{j © £fj — Rij © Rji ( 7 . 66 ) 

the identity morphism Id^/ P has a component of type (ij,ij), namely, the identity trans¬ 
formation Id^ G Horn (Sij) that is impossible to produce from M 2 ( 5 i, 82 ). It is impossible 
to produce Id^ simply because if Si G Hop(3^ p , ^ 7 -+) has an ij line in the future then 
it must have a jj line in the past but if S 2 G Hop ( 307 -+, 3^ p ) has an ij line in the past it 
must have an ii line in its future. Therefore, no composition of 81 and S 2 can product an 
element of Hom(^j). Therefore the ( ij,ij ) component of Id^/ P must come from Mi (£3). 
We choose £3 to have only one nonzero component, valued in End(£^), and given by 


(7.63) 

(7.64) 

(7.65) 


(*3)g = 


0 (-1 ) F Kji 

0 0 


(7.67) 


where we interpret (—l) F Kji = (—1 ) V(X 'K a / a v^, G Sfj ® (£-)*. Then, when computing 

Mi (5 3 ) we meet 

p(ixmS 3 ) + p(t x )(S 39 B). (7.68) 

39 It is a nice and rather subtle exercise to check that the product Interface does indeed satisfy the MC 
equation. 
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Using above, and taking proper care of signs 40 one finds that the first summand in 
(7.68) gives Id P f and the second gives IdcP so the sum gives the desired identity morphism 

L ij ij 

on £(3 fp h- Thus, 63 provides an explicit chain homotopy equivalence of the identity 
morphism on Sij to the zero morphism. 

Since $3 is nonzero there are induced vertices of type ( ii,ij ) and in Mi(Ss) but 

these can be cancelled against M 2 (5 1 ,^ 2 ) by choosing 

(tf 2 )§ = +Id £ / (7.69) 

o 

(Si)% = ~Id £P (7.70) 

Now we must check that the other vertices of B(jf p ) do not lead to new components of 
Mi (£ 3 ) or new components of M2(5 i, £ 2 ) or M 2 ( 52 ,Si) which would complicate the homo¬ 
topy equivalence. There are several potential contractions which would considerably com¬ 
plicate the discussion, but happily they all give zero because, after careful examination, 
they all involve contractions of with £?• or (£?•)* with (£^-), and these contractions 

vanish. Now is easy to check that 


M 2 (^2, Si) = Idac) r+ 


(7.71) 


so we can take £4 = 0 . 


w 

k 4j(y) 4j(v) y‘ 

1 1 



1 1 

1 1 

5 


5 

1 1 

\ / _ 

X 



1 \ 

1 1 

-5 


1 1 

1 1 



Ofj(y) 


(a) (6) 


Figure 84: The dashed curves show the behavior of binding points under a homotopy between 
M p ( x ) and the constant. In (a) the homotopy $(#, y) has the property that for y < — 5 it is just the 
constant $(x,y) = —e and for y > S it is $(x,y) = $f p (x). As y decreases from S to 0, the binding 
points approach each other and annihilate. In (6) we show the location of the binding points for 
the time-reversed homotopy $(x,—y). 

Finally, it is instructive to see how the general argument of Section §7.4.3 produces the 
above explicit homotopy equivalence of jf p with the identity Interface. Let ^ p {x) define 
a vacuum homotopy corresponding to jf p . Thus, on some interval, zij[x) rotates from 
ie -1(E to ie +ie and then back to ie -ie , where e > 0. Let i!)(x,y) be a homotopy of $f p (x) to 

40 Define the sign of the dual so that v* • vp = 


- 159 - 












Figure 85: The taut (= rigid) web on the left produces a space-time curved web which contributes 
to the component (5i) 1 -- in the morphism describing the homotopy equivalence of and 


✓ \ 
I \ 




i ^(y) 
X 


V i 


(a) 



Figure 86: A vacuum homotopy $(x,y) used to compute M 2 (S 2 ,^ 1 ) leads to past and future 
binding points shown in Figure (a). We do not expect any exceptional webs when we consider 
a homotopy $(x, y\ s ) to the constant function. On the other hand, a vacuum homotopy y) 
used to compute M 2 (^ 1 ,^ 2 ) leads to past and future binding points shown in Figure ( b ). In the 
corresponding homotopy y\ s ) to the constant the two dashed curves must start far apart, then 
merge and turn into two parallel dashed lines. At some point s = s* there will be an exceptional 
web, illustrated in Figure 87 leading to the morphism £ 3 . 


the constant path, so that, for y > 5 we have i!}(x,y) — and for y < — S we have 

$(x,y) = e. For example, as y decreases from S to —S, the path Zij(x) could rotate more 
and more slowly so that at — S it becomes constant. See Figure 84 for an illustration of 
how the future and past ij binding points evolve. Note that at some intermediate time, 
say y — 0 the vacuum weight Zij(x;y ), as a function of x fails to rotate past the positive 
imaginary axis. Then the past and future binding points annihilate. 

As described in Section §7.4.3, the morphism 8 ± can be constructed from p^{i s t) where 
t s t is the taut element in the space-time curved webs described by y). In particular, the 
nontrivial component of equation (7.70) arises from the taut (= rigid) web shown in Figure 
85. One can similarly derive the nontrivial component (7.69) for S 2 . Finally, when we 
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y 



Figure 87 : When the concatenation time o T is positive it is impossible to draw an ij line such as 
that shown here. In the homotopy y ; s ) there will be a critical value of s where an ij line of 


the type shown here will exist. This is an exceptional web e that leads to the morphism £ 3 . 

compute M 2 (5i, 82 ) and M 2 ( 82 , 8 \) we should use equation (6.71), valid for concatenations 
o T with a large time interval T. In the case of ^l) we have a spacetime configuration 

with binding points evolving as in Figure 86 (a). This can be homotoped to the constant 
function without producing any exceptional webs. On the other hand, when computing 
M 2 ( 5 i, S 2 ) we use Figure 86 (b). In the homotopy d(x,y\e) to the function d^ p (x) the 
dahsed line of binding points merges and then turns into two parallel dashed lines. When 
the concatenation time T is positive it is impossible to draw an ij line, and when the two 
components are too close it is again impossible to draw an ij line. At a critical value s* 
there will be an exceptional web e such as that shown in Figure 87 leading to £3 = p^(e), 
and producing an amplitude of the type (7.67). 

7.7 Categorification Of Framed Wall-Crossing 

As we have mentioned, the Interfaces may be regarded as a categorification of the 
“S-factors” which play an important role in the theory of spectral networks [31, 33, 34, 75]. 
The relation to spectral networks is discussed in more detail in Section §18.2 below. In 
order to recover wall-crossing formulae for framed BPS states we replace Rij by its Witten 
index j±ij to obtain two-dimensional soliton BPS counts. For an Interface we define 
the framed BPS degeneracies to be the Witten indices of the Chan-Paton factors 


0(V’+ */) :=Tr £{ 3 -, +)i .,(-l) F 


(7.72) 


To compare with [31, 33, 34, 75], note that the role of the line defect is played by T -,+ and 
the IR charge, usually denoted 7 ^/ is here simply the pair ij'. 

To illustrate the relation to wall-crossing let us consider a vacuum homotopy that 
crosses and S^j-wall. For x\ < X 2 define 3 [xi,X2 \ to be 3 [&(x]Xi,X2 )\ where 



(7.73) 
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The family of interfaces satisfies 3[xi,xs] ~ 3[x±,X2] 13 3 [x2 ) x^\ for x\ < X 2 < x%. In 
particular, if Xij is a binding point of type ij then 

3[xi,Xij + 5] ~ 3[xi,Xij - 5] 13 3[xij - 6 , + S] = 3\x\,Xij - 5] 13 <S p f (7.74) 

where we choose depending on whether x^j is past or future stable, respectively. This 
is the categorified S-wall-crossing formula. 

If we consider the Chan-Paton data to be a matrix of complexes then we have the 
homotopy equivalence of matrices of chain complexes: 

£(3[x 1 ,x ij + (5]) ~ £(3[x 1 ,x ij - 6])£(6?f) (7.75) 

To relate this to the standard wall-crossing formula note that if we take the Witten index 
of the matrix of Chan-Paton spaces we produce the generating function for framed BPS 
degeneracies of the Interface: 

F[3[xi,x 2 }\ := Tr f p [a . l!a . 2 ])(-1) F = ^2Q L (3[x 1 ,x 2 ],k£)e k/ . (7.76) 

k,£ 

This matrix-valued function will be continuous in X\,X 2 for locally trivial transport, but 
when x crosses a binding point of type ij we have framed wall-crossing formula: 


F * (1 T HijCij ) 
F - (1 — fiijeij) 


Xij G Xij 
Xij G Y" ij 


(7.77) 


In the second line we have used the degree —1 isomorphism of RX with Rij to identify 
the Witten index of RX with — /i^-. Equation (7.77) is precisely the framed wall-crossing 
formula of [31]. 


7.8 Mutations 

Categorical transport by makes contact with the theory of mutations and exceptional 
collections in category theory. The relation between mutations of exceptional collections 
and D-branes in Landau-Ginzburg models has been discussed at length in [95, 48, 81]. We 
briefly make contact with these works. 

In general there is no natural order on the set of vacua V because the vacuum weights 
Zi are points in the complex plane. If we choose a direction in the plane, say parallel to a 
complex number £, then that direction defines a height function on the plane and, so long 
as £ is not parallel to any of the Zij for i,j G V we can order the vacua by increasing (or 
decreasing) height. Note this is the same as the condition that £ is not orthogonal to any 
Sij ray. Considering £ to the normal direction to a half-plane, the corresponding thimbles 
T i can now be ordered: 


% < X j xx 

Note that with such an ordering we can write 


Re(C Zij) > 0. 


Rij * 2 ) 

Hop(Tj, %j) = i = j 

0 %, > 1 j 


(7.78) 


(7.79) 
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where R^ is defined with respect to a half-plane with inward-pointing normal vector 
Since the thimbles generate the category of Branes, they form what is known in category 
theory as an exceptional collection , and the vacuum category 5Jac(T, R) is an exceptional 
category as defined in Appendix B below. 

Now consider rotating £ or, equivalently, fix £ = +1, take the positive half-plane 7-{ + , 
and consider a family of spinning weights e~ l ^^Zi. When e 1 ^) passes through an Sij 
wall an ordered pair of thimbles (X^,Xj) exchanges its ordering and the old exceptional 
collection is no longer an exceptional collection in the new Theory. A natural question is 
whether one can construct a new exceptional collection of Branes in the new Theory out of 
the old exceptional collection of the old Theory. The answer to this question is “yes,” and 
the procedure is called a mutation. We will explain how mutations work in our formalism. 

If our path of Theories crosses a future stable Sij wall then interface product with 
the S'-wall Interface &{■ defines, as usual, an A^-functor * 8 t(T^ +e ) —> The 

original Theory, 7"^ +e has R e(zij) > 0 so X^ < Xj. So, the original exceptional collection 
is 

_, Xi, Xj,... Future stable (7.80) 

and the final Theory, T^ -e has R e(zij) < 0. Similarly, if the path of Theories crosses a 
past stable Sij wall then we use ©A to define an A^-functor *Bt(T^“ e ) —> *Bt(T^ +€ ). 
The original Theory, T^ -e has R e(zij) < 0 so X^ > Xj. So, the original exceptional 
collection is 

..., Xj, Xi,... Past stable (7.81) 

and the final Theory, T^ +e has Re(^j) > 0. 




Figure 88 : The Brane X*K \&{j has one nonvanishing boundary amplitude. Under the isomorphism 

£% <8> Rji ® £j = Rij ® Rji it is ifA. 

Let us examine the action of the S-wall functors on the exceptional collections of the 
original Theory in these two cases. It is easy to see that 

B k + i (7.82) 
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Figure 89: The Brane has one nonvanishing boundary amplitude. Under the isomorphism 

Si <S> Rij <g> £j = Rij <S> Rji it is -(-1 ) F K^. 

since none of the amplitudes in Figures 77 or 76 can contract with On the other hand, 
T i Kl is nontrivial. Indeed we can compute the Chan-Paton factors: 

s(‘=£@k)ieSkj& j i®£&j)i 

) f i (7-83) 

8 (%k 13 & ij) e = © fajRij < 8 > 8(^j)n 

Moreover, each of the Branes ‘X, Kl has a single nonvanishing boundary amplitude, 
illustrated in Figures 88 and 89. 

Let us consider the case of crossing an Sij wall in the future-stable direction. We 
now would like to introduce a new generating set of Branes, replacing the old exceptional 
collection (7.80) by the new collection of Branes 

(7.84) 

In the language of Appendix B this corresponds to a left-mutation at j. Similarly, when 
crossing an Sa -wall in the past-stable direction we would like to introduce a new generating 
set of Branes, replacing the old exceptional collection (7.81) by the new collection of Branes 

(7.85) 

In the language of Appendix B this corresponds to a right-mutation at j. The idea is that 
the “missing” Brane T i can be expressed as a boundstate of the Branes %j and % Kl &{j P 
by condensing local boundary operators. One way of expressing this, often found in the 
literature, is to relate the three Branes by an exact triangle. We explain this momentarily. 

On general grounds, mutations of exceptional collections are expected to provide a 
representation of the braid group, up to homotopy. Such a braid group representation is 
intimately connected to the theory of categorical wall-crossing we develop in Section 8. 

Before writing our exact triangles we first note that the category of Branes forms a 
module over the category of Z-modules. Given any Z-module V and any Brane 53 we define 
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(7.86) 


V 0 95 to be the Brane which has Chan-Paton spaces 

£(U0 9S) Z :=U0£(9S )i 

Then the amplitude of V 0 93 is supposed to live in 

® Zij en£{V 0 95); 0 R XJ 0 £(V ® 93)* = (U ® U*) 0 ® ZijeU £(K)i ® R xj ® £ (93)* (7.87) 

and we take the amplitude (up to an appropriate sign) to be Idy 0 B where B is the 
amplitude of 93. The hom-spaces of the category of Branes satisfy 

Hop(Vi 0 93i, V 2 0 9S 2 ) = Vi 0 Hop(9Si, 9S 2 ) 0 V 2 *. (7.88) 


Now, consider a path crossing an Si j-wall in the future-stable direction and consider 
the triple of Branes R^ 0 0 &{■ We compute the hom-spaces for the positive 

half-plane in the new Theory 


Hop (Rij 0 = Rij 0 Rji (7.89) 

Hop(T i 0 &{j,%) = Hop(z, i) 0 R^ 0 Rji (7.90) 

Hop(i? ij 0 Tj, % 01 &{j) = R^ 0 Rji 0 R^ 0 R*j (7.91) 

Each of the summands above contains a canonical element. In (7.89) we have the element 

Kij 1 , in (7.90) the first summand has the identity and the second has K~ x , and in (7.91) 

the first summand has K~ l and the second summand has the identity Id^.. Using the 
definition (5.17) (contraction with the taut element) we can check the exact triangle of 
morphisms 


Rij 0 Tj 



% b &ij 


(7.92) 


is a commutative diagram. 

Similarly, for T i 0 ©U we compute (again with Zij in the positive half-plane) 


Hop(T z , R*^ 0 T j) = Rij 0 Rji 

Hop(Ti, % 0 &fj) = Hop(i, i) © RijRji (7.93) 

Hop(T z 0 ©?., R* jit 0 %j) = Rij 0 Rji © R)i ® Rji 


Once again, using suitable canonical elements from the summands we can construct the 
exact triangle: 


%■ 


K~ 


■ R ji ® 


K~ 


Id 


■R*. 


% B ©?■ 


(7.94) 


These are the kinds of exact triangles that appear in discussions of mutations of exceptional 
collections found in the literature. 

When comparing with the general discussion of Appendix B we should note that some 
of the factors Rij above should really be viewed as Hop spaces Rij. However, near an 
Sij-wall these two spaces can be identified. 
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7.9 Categorical Spectrum Generator And Monodromy 

Let us now return to (7.52). We define 9t[$, ft — n\ to be the categorical spectrum generator. 
The name is apt because in this case ft{x) has a unique future stable binding point for each 
pair of vacua with zij in a suitable half-plane. Taking ft to be small we can rewrite (7.28) 
as 

(7.95) 

Re ( 2^)>0 

where the ordering in the product from left to write is the clockwise ordering of the phases 
of Zij. If we consider the Witten index of this product we produce precisely the spectrum 
generator as defined in [28, 31]. In the case of 2d Landau-Ginzburg models this is precisely 
the matrix S defined long ago by Cecotti and Vafa. (See equation ( 2 . 11 ) in [15].) 

In our case we have the general result that 

9t[$, ft — 27r] ~ 94[$, ft — 7r] Kl 9\[ft — tt, ft — 2tt] (7.96) 

Examining the Chan-Paton factors for the Interface *H[$, ft — 2tt] motivates the interpreta¬ 
tion of 9t[$, ft — 2tt] as a categorified version of Cecotti and Vafa’s “monodromy” 55 tr ’ _1 
(which in turn is motivated by the monodromy of the cohomology of a Milnor fiber in 
singularity theory). 41 Indeed, if ft(x) = —x for x E [0, 2tt] then all the 5-walls are future 
stable and, for every pair ij with i ^ j there will be precisely two future stable binding 
points Xij and Xji in the interval of length 2 tt, and moreover |xij — Xji\ = tt. Again, with 
a suitable choice of half-plane R (or choosing ft to be small) we can write the Chan-Paton 
factors of 93 [7?, ft — 27t] as 

• • • 0 (Z1 0 Rijeij) 0 • • • 0 (Z1 0 RjiCji) 0 • • • = S 0 S opp (7.97) 

where S is the clockwise phase-ordered product for z^j in one half-plane and § opp is the 
clockwise phase-ordered product in the opposite half-plane. Now, if we take the Witten 
index to decategorify S S then we map the factors in S via (Z 1 © R^e^) —> (1 + /i^e^). 
Now we need the relation 

Hi = -fij ( 7 - 98 ) 

which follows from the existence of the degree —1 pairing K{j. (See also the discussion in 
Landau-Ginzburg theory in Section §12.3 below.) If we define the fermion number to be 
integral (using the gauge freedom discussed in Sections §4.4 and §4.6.4) then pij is real and 
hence if S —> S then § opp —> S tr, ~ 1 . 

There is a known relation between properties of the UV theory and the eigenvalues 
of the matrix 55 tr,_1 [15]. If the massive theory flows from a UV SOFT, as is the case 
for T N , the eigenvalues take the form exp27rig a , where q a are the charges of UV B-model 
operators under the R-charge broken by the massive deformation of the SOFT. If the UV 
theory is asymptotically free, as is the case for R SU ( N ) ? 55 tr,_1 typically has Jordan blocks. 
In Section §7.10 below we will construct some rotation Interfaces for T N and R SU ( N ) and 

41 We can also regard 9t[$, $ — 27r] as a categorified version of a Stokes matrix. We will not pursue that 
very interesting direction in the present paper. 
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we will see that indeed a sufficiently high power of the rotation Interface is trivial in the 
former case, but not in the latter case. Moreover, since *K['d, $ — 2tt] is a categorical lift 
of SS tr >' _1 it is natural to wonder if it somehow reconstructs some other properties of the 
UV theory. Indeed we will see that it is an essential ingredient in the construction of local 
operators (on the plane) in Section §9.2. 

It would be interesting understand whether there is a categorical generalization of the 
relation of the eigenvalues of SS tr, ~ 1 to R-charges. Perhaps this can be done by introducing 
a notion of an “eigen-interface” for -ER^, ?? — 2 tt] under interface product IXI, but we will 
leave this idea for future work. 


■SU (N) 


7.10 Rotation Interfaces For The Theories 7# And 7^ 

In this section we construct some interfaces in the Theories which give a very 

useful construction of nontrivial Branes from the simple thimbles. (Much of the discussion 
can be developed in parallel for the two families of Theories and T^ U( " N \ So we will 
delay separating the cases as long as possible.) We will reveal how one could discover the 
Branes and of the Theories and T^ U ^ N \ respectively. (See Section §4.6 above.) 
This construction also leads to a very neat computation of the space of boundary-condition- 
changing operators i7*(Hop(23i, ^ 2 ), Mi) for certain pairs of Branes, thus justifying several 
claims made in Section 5.7. 

Recall that the Theories j~n,S u ( n ) are k asec [ on the vacuum weights (making a slight 
change of notation from §4.6): 

(7.99) 


z j := e 




Here j is an integer modulo N and we will always choose it to be in the fundamental 
domain 0 < j < N — 1 . As described in section §4.6.3, there are nontrivial isomorphisms 


+ . t N,SU(N) 

V • ' # 


q-N,SU(N) 

'#±27T 
N 


(7.100) 


and the corresponding isomorphism Interfaces will be denoted 30^ := . In particular, 

we have j(p± = (j =p l)modA and 


S(3D~ 


)j,k ~ 


5k, n- 1 %^ j = 0 

5k,j-1% l<j<N-l 


(7.101) 


The choice of degree shift here is the simplest one such that the boundary amplitudes 


K~ l ^ + G £■ ■ 1 

lv ij ^ c 'i,i—l 


1 Ri —1 7— 




1 £ h-i 


R 


31 


(7.102) 


all have degree one. In this is just ±1 E ZW and in 7^ 

± £1 (e/ ® e//) ^ 


■SU(N) . 


it is of the form 


(7.103) 


where the sum is over multi-indices of length |i — j | and ej is a sign defined under (4.110). 


- 167 - 


We can work out 3d similarly. It is useful to think of the Chan-Paton data as a 
matrix with chain complexes as entries and in these terms we have 

N—l 

£(3Z + ) = Z [1] e 0 , N -i © ® Zejj-i (7.104) 

3 = 1 
N -2 

£(3d ) = 1 ^ew-i,o © Zeyj+i (7.105) 

j=o 

We now consider rotation Interfaces 9t[#g,# r ] relating the Theories T^ ,SU< " N ^ for dif¬ 
ferent values of $. Thus, 7?(x) varies linearly and the binding walls are determined by the 
equations 

Re ( z jk) =2sm(tf+ -^(fe + j))sin(J:(fe-j)) =0 

lm ( z jk) =2eos(i? + -^(fc + j))sin^(fe-j)) >0 

To be more specific we consider the Theories 

'y-+ 'j-'N,SU (N) '-j — q-N ,SU (N) 

W~ € 

where e is a small positive phase with e <C (Actually, 0 < e < -^ will already suffice.) 

We now consider functors between the categories of Branes 25t(T + ) and 23t(T - ). 
They will be induced by Interfaces as discussed in equation (6.49) et. seq. There are four 
natural ways to relate these Theories. Indeed, for clockwise rotations, we can rotate T e N 
into T£[_ , or rotate T£[_ into T£[ and then act with a symmetry interface 3d~ to bring 

W~ e W~ e Iv+ e 

it back to T e N . For counterclockwise rotations, we can rotate 7^_ into T e N , or rotate T e N 

w~ e 

into and then act with a symmetry interface 3c) + to bring it back to 7~^_ . 

w e 

We can thus define 

~ O 7 r 

V- :=«[£,— -e] €<Bt(T+,T~) 

~ O 7 r 

3“+ := tt[— - e, — + e] B € <Bx(T~,T + ) 

3+~ := -e] H J0+ e <Bt(T + , T“) 

27T 

J-+ :=91[-- e , e ]€®t(T-,T + ). 

(7.109) 

Next, we work out the effect of convolution by these Interfaces on the Chan-Paton 
factors of Branes. We begin by computing the binding walls. 

Consider the case of 3 h . Equation (7.106) is equivalent to + jj(k + j) — nn , with 
n G Z,. But, given the range of 7?, we must have 7 ? = and hence fc + j = N — 1 and n = 1. 
Then the positivity constraint (7.107) implies k < j, and hence 0 < k < Similar 

results hold for the other three cases with minor variations. We have binding walls of type 


(7.106) 

(7.107) 

(7.108) 
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jk where, roughly speaking, j is an upper vacuum and k is the lower vacuum vertically 
below it. 

There is a small subtlety in this computation because all the binding walls of type jk 
with j+k = N —1 are at the same value of x, thanks to the very symmetric choice of vacuum 
weights we made for these examples. However, the matrices & for j + k = N — 1 and 
0 < k < all commute with one another and hence the product (7.28) is unambiguous. 
Indeed, any small deformation of the vacuum weights will split the walls, leading to a 

■P 

multiple convolution of the walls &■ k for these values of j, k. The different orderings of 
the convolutions will be homotopy equivalent. Similar remarks apply to the other three 
Interfaces. 

Since the product of two matrices of the type for j + k = N — 1 and 0 <k< 
is zero (7.28) simplifies to the lower triangular matrix 


Explicitly, for N 


£(3 + ) = Z1 © (JP Rj t N-j-iej,N-j-i 

(7.110) 



2, 3,4, 5 we have 


£(r+) = (Vz] 

(7.111) 

/ Z 0 o\ 


£ p" + ) = 0 Z 0 

(7.112) 


\7?2,o 0 Z/ 


£{3~ + ) 


Z 0 o o\ 
0 zoo 

0 i?2,l Z 0 
\i? 3 ; o 0 0 Z J 


(7.113) 


£(3“+) 


Z 0 0 0 0\ 

0 Z 0 0 0 

0 0 Z 0 0 

0 i?3 7 l 0 Z 0 

\^4,0 0 0 0 Z/ 


(7.114) 


The case of 3^ is slightly more elaborate. The binding walls of !ER[e, —e] are obtained 
from (7.106) with $ = 0 and hence j + k = N. Again n — 1 and then (7.107) implies 
1 < k < Y' We must then convolve with the isomorphism Interface 3?) + . The net result 
is 

£(3 +_ ) = Z)Weo,jv-i ©jll 1 ^ e j,j -1 ©i<fc<^: RN-k,k&N-k,k-i (7.115) 

Again, to get a feel for these, we list the cases N = 2,3, 4, 5: 


£( 3 + ~) 



(7.116) 
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£( 3 + “) 


0 0 ZW\ 

zoo 

yi?2,l ^ 0 j 


£(3 + ~) 


OOO ZM\ 
Z 0 0 0 
0 Z 0 0 

\i?3,i o z o y 


£p +_ ) 


0 0 0 0 ZM\ 

Z 0 0 0 0 

0 Z 0 0 0 

0 R%,2 Z 0 0 

0 0 Z 0 J 


Using these formulae it easily follows that if 25 6 23t(T ) then 


(7.117) 


(7.118) 


(7.119) 


£ (25 B 3~+) 


£(25)j © £(25)jv-j-i © RN-j-i,j 0 < j < 

£(25 )j < j < N - 1 


(7.120) 


and similarly if 25 6 25t(T + ) then the Chan-Paton factors change by 

£(®)i+1 © £(%5)n-j-i © R-N-j- ij+i 0 < j < y — 1 
£{*)j+i f-l<j<iV-2 (7.121) 

£(25)o 1 j = N- 1 

Entirely analogous remarks apply to the Interfaces J ±=F . The main difference is that 
since increases in the rotation Interfaces the binding walls are past stable. In this way 
we find that if 25 € 25t(T + ) then 


£ (© B 3 +- ) . = < 


£ 



£(25)j © £(25)jv-j-i ®R*j N _j_ l 

£(*)i 


o < j < ^ 

< j < N - 1 


(7.122) 


and if 25 6 25t(T ) then 

(Wfc-r 3 = 0 

£ (25 K 0-+) . = i £(25),_i © £(25)at-,-i © R^N-j-i 1 < 3 < f ( 7 - 123 ) 

f<J<iV-l 


The boundary amplitudes for 3 h and are shown in Figures 90 and 91, respec¬ 
tively. Similar results hold for 3 f and 3 H . 

Now, successive application of these Interfaces generates a sequence of Branes in 
T _ ,T + starting with one Brane in either Theory. To be specific, suppose 03 E 03t(T + ). 
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Figure 90: Nonzero boundary amplitudes for 3 + 



Figure 91: Nonzero boundary amplitudes for . 


We then generate a sequence of Branes 53 [n] G 5St(T + ) and 53 [n+\] G 5St(T ) with n G Z 
by setting 53 [0] := 53 and then defining recursively, for n > 0 


»[n+ i] 


while for n < 0 we take 


53 [n — 


53 [n] IS 3 + n G Z 
53[n]KI3 _+ neZ+^ 


53 [n] Kl n G Z 
53[n]KI3 _+ n€Z+^ 


(7.124) 


(7.125) 
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Note that for n positive we are thus taking successive convolutions (well-defined up to 
homotopy equivalence) 

3 + ~ M3~ + M3 + ~ • • • (7.126) 

and similarly for n negative with 3 ±T . We do not get anything interesting by alternating 
3 ±T and 3 ±T because of the homotopy equivalences: 


3 + ~ El 3~ + ~ 3D t + 

3~ + El 3 + ~ ~ 3d T - 

(7.127) 

3 + ~ E 3~ + ~ 3D t + 

3 13 3+ ~ 3()t- 

(7.128) 



3 +- is 5 _+ 


k +1 #iv-fc-l,fc+l 

N-k-1 

1 -+ 


fc + 1 


D* 

n k,N-k-2 


N-k-1 


fc + 1 

fc + 1 

R 


k.N—k—2 


Figure 92: A boundary amplitude for 3 + ~ IE 3 h contributing to the extended web shown on the 
right arises from the convolution of boundary amplitudes with the taut web shown on the left. This 
defines a differential which eliminates the Chan-Paton factors not present in the identity Interface, 
upon taking cohomology. 

The homotopy equivalences (7.127) are straightforward given our previous discussion 
on categorical parallel transport. The equivalences (7.128) require more discussion. A 
short computation show that the Chan-Paton data for 3 H M 3 h is 

£{3 + M3 + ) = Z1 © {^k,N-2-k ® RN-k-l,k+l) e N-k-l,k+l (7.129) 

0<fc<f-l 

Plainly, the Chan-Paton data differ from those of the identity Interface. 

A glance at Figure 92 shows that the problematic chain complexes £(3^ M3 l ")w-/c-i,fc+i 
have a nonzero differential. Indeed, using the symmetry isomorphism and K we have a 
degree zero isomorphism: 

Rk,N-2-k = 4+Vfc-l (7-130) 
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and with this understood the differential given by Figure 92 acts on r\.+1 7V _ fc _ 1 ©i?w-fc-i,fc+i 
as (r[ _1 l,s) i—>> (0,r). Thus, the cohomology of the problematic terms in the Chan-Paton 
data vanishes. 

Of course, the above quasi-isomorphism would be a simple consequence of the homo- 
topy equivalence (7.128), but, as we have seen with the homotopy equivalence of &{■ IXI©?■ 
with the identity Interface, explained at length in Section §7.6, more discussion is needed 
to establish a homotopy equivalence. The argument in this case is very similar to that for 

ij ij 

Let us now study the sequence of Branes 53 [n\ for some simple choices of 53 = 53 [0]. It 
is already quite interesting for thimbles. To begin, suppose that E 5St(T + ) is a thimble 
with 1 < £ < y, i- e * a down-vacuum thimble. Then one can easily show that 

£(ZzM3 + -) k = 8 k/ _ 1 Z (7.131) 


and moreover the boundary amplitudes are all zero. To see this note that since the bound¬ 
ary amplitudes of are all zero the only possible boundary amplitude in the convolution 
would use the amplitude in the upper right of Figure 91, but for £ in the range 1 < t < y 
there is no such nonzero amplitude. It follows that we have 


E 3 + ~ 

N 

= %:-x 1 < t < - 

(7.132) 

IEI 3~ + = 

Zi e 53t(7 ), 


(7.133) 

E 3 + ~ = Ze 

Se € 53r(T+), 

0<<< JV 2 

(7.134) 

% E 3~ + = %t+i 

G 53t(T"), 

N 

0<£<--l. 

(7.135) 


where the results (7.133)-(7.135) are obtained in an entirely analogous fashion. 

Equations (7.132) and (7.133) cannot be applied to thimbles for upper vacua nor to 
the case of £ — 0. Let us focus on the latter case and consider the more nontrivial sequence 
of Branes produced when we take 53[0] = To- Then 53[^] = T^_i is a shifted thimble. 
However, at the next step we find 


[<>-1,0 j = 0 

£(®[l])j = < z' 11 j = N- 1 

0 else 


(7.136) 


Moreover, 53 [1] now acquires a nonzero amplitude for the fan J 
K~ N \ lfi € R^n-i,o ® Rq,n-i ® (ZW)*. See Figure 93. 

Proceeding to compute 53[|] = 53[1] E X we get 


£(»[§]); = < 


[ 1 ] 


-R/V-i 

zW 
[ 2 ] 
•N -1 


R 

0 


,i 


,o 


j = 0 

j = N- 2 
j = N- 1 
else 


{0 ,N — 1} given by 


(7.137) 
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Figure 93: This figure shows how a nonzero boundary amplitude can be generated from the 
thimble. 


Moreover, computing the boundary amplitudes we find three fans have nontrivial ampli¬ 
tudes They can be interpreted as K~ x for fans {0, N— 2} and {N— 1, N— 2} and K(/3o,i,N-i) 
for {N — 1,0}. (These come from using Figure 91, upper right with j = N — 1, lower left 
with k = 0, £ = N — 1, and lower right, with ^ = 0, j = N — 1, respectively.) 



Figure 94: These amplitudes are common to 03 [2] and 03 [2]. 
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3 ~+ 



Figure 95: These amplitudes are present for 18 [2] but not for 18 [2]. 


If we move on to 55 [2] = 55[| 


‘'TV—2,1 

£(55 [2])j = <( ZW 


.[il 

'JV-1,1 

[i] 


R 


[ 2 ] 

TV—1,0 


then 
[ 2 ] 


R 


TV-1,0 


-Rtv-i,o j — 0 

3 = 1 
j = N-2 
j = N — 1 
else 


(7.138) 


The nontrivial amplitudes are illustrated in Figures 94 and 95. Note that {N — 1,0} is a 
positive-half-plane fan for the Theory T~ but {0, N — 1} is a positive-half-plane fan for the 
Theory T + . Thus the “emission line” in the lower left of Figure 95 does not continue into 
the positive-half-plane. 

We would now like to replace 55[2] with a simpler, but homotopy equivalent, Brane, 
denoted by 55 [2]. At this stage we must distinguish between the Theories T e N and j' f SUI ' N) 
since we need to use special properties of the Rij. We first discuss the case of T e N ■ We 
then return and pick up the thread for 7 ~S U ( N ) a t this point. 

For R n equation (7.138) simplifies to 


'ZM ©ZM 


£(5S[2]), = { 


Zl 1 ! 

zw 

zi 2 i 


0 

V 


3 = 0 

j = 1 

j = N- 2 
3 = N - 1 
else 


(7.139) 
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We want to eliminate the j 
data: 


= 0 Chan-Paton space so we define 03 [2] to have Chan-Paton 


£(®[2 Di = 


'z® 

Z^ 

0 

\ 


J = 1 
j = N -2 
j = N — 1 
else 


(7.140) 


with the same boundary amplitudes as in Figure 94. 

Now we describe the homotopy equivalence 03 [2] ~ 03 [2]. Note that with nonempty 
positive-half-plane fans 0 is always in the future. Moreover, {0,7}, i — 1, N — 2, N — 1 are 
all positive-half-plane fans for T + . To construct the homotopy equivalence we need closed 
morphisms 


<?i e Hop(®[2], ®[2]) = Hop(®[2], ®[2]) 

(7.141) 

5 2 € Hop(®[2], ®[2]) = Hop(»[2], ® [2]) © V 

(7.142) 

V:= 0 £(»[2]) 0 ®£o,;®(£(®[2])*)* 

(7.143) 


%=1,N-2,N-1 


such that the products M2(5 i,^ 2) and M2(52 ,^i) are homotopy equivalent to Id: 


M2(Si,5 2 ) = Id^r 2] +Mi(5 3 ) 

(7.144) 

M2((5 2 ,5i) = Id® [2] +M 1 ((54). 

It will be useful below to compare the boundary amplitudes of 03 [2] and 03 [2] and write 

£>(0S[2]) = B(®[ 2]) + A B (7.145) 


The multiplications M *. are computed using the taut half-plane webs, and the only 
ones with at least two boundary vertices in fact have at most two boundary vertices. (See, 
for example, Figure 31 for the case of unextended webs.) This property considerably 
simplifies the computation of M 2 . To begin we take Si = Idgj 2 j and S 2 = ©0, where 

the direct sum refers to the decomposition in (7.142). The equation M2(5 i, 52) = Idgj 2 j 
works nicely with $3 = 0. On the other hand, since 53[2] has a nonzero Chan-Paton space 
for i — 0 and 03[2] does not, M 2 (^ 2 , 5 i) cannot possibly reproduce Id^(^[ 2 ])o* Therefore, 
£4 G Hop(03 [2], 03 [2]) must be nonzero. We take it to have only nonzero scalar component 
in End(£(03[2])o). Then the scalar component of the differential is simply given by matrix 
multiplication 

Mi ($ 4 ) = £> 00^4 + S 4 B 00 (7.146) 

where £>00 C End(£(03[2])o) is the boundary amplitude induced by the lower left diagram 
of Figure 95. Writing vectors in £(03[2])o in the form r\ © 7*2 where rq G ZW and 7*2 G Zl 2 ! 
we easily compute that the boundary amplitude is the linear transformation: 

#00 : ri © r 2 i-» 0 © r[4 (7.147) 
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Therefore, we can take £4 to be the chain-homotopy inverse 

S 4 : 7*1 © r 2 i-> © 0 (7.148) 

so that the scalar component of is the missing component Id^(^[ 2 ]) 0 . There will 

be further contributions from M\ (£ 4 ), producing amplitudes with positive half-plane fans 
of type {0,1}, {0, N — 2}, and {0, N — 1 }. They are given (essentially) by A£>, and can 
be cancelled by adding (essentially) —AS to 5 2 . Now we have established the required 
homotopy equivalence 05 [ 2 ] < 8 [ 2 ], 

In what follows we will need to employ repeatedly a maneuver very similar to what 
we just explained: We will find a pair of Branes 05 and 03 all of whose Chan-Paton spaces 
are identical except for one vacuum j* (the vacuum j* = 0 in the example above) and 
whose boundary amplitudes are identical for all amplitudes not involving this distinguished 
vacuum. Moreover, we have 


£(»),-. = © V © yW 


(7.149) 


and there is a boundary amplitude in Hop(03, 05) in End(£(03)yJ taking 

vi © V 2 © ^3 —» v\ © 0 © (7.150) 

In this case we can find a homotopy equivalence 05 ~ 05, exactly as in the above example. 
This will allow us to replace 05 by the simpler Brane 05. We call this the cancellation 
lemma below. 

Returning to our sequence of Branes 05 [n] in the Theory we next observe that 
05 [2] is the nontrivial Brane of equation (4.91) above. We now proceed inductively. 
Suppose that k < y and that 05 [k\ is homotopy equivalent to 05 [k\ = (tj^. Therefore 


so we compute 


£(*[k }) 3 


'zW j = k- 1 
ZW j = N-k 
zM j = N - k + 1 

0 else 

V 


£(%[k] Kl 3 + ~)j 


ZW © zl 2 l 

j = k - 2 

zW 

j = k -1 

zW 

j — N — k — 1 

Zp] 

j = N-k 

0 

else 


(7.151) 


(7.152) 


Once again there is a component of the boundary amplitude which acts as a differential 
on the Chan-Paton space with j = k — 2 and eliminates it upon passing to cohomology. 
Our cancellation lemma allows us to replace this Brane with a homotopy equivalent Brane 
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Q3[/j + with 


+ -])j 


Now we compute again 


'zW j = k-1 
Z^ j = iV - k - 1 
ZPl j = N — k 
0 else 

\ 


£(%[k + ^3~ + ) J 


r ZW ©Zp] 

j = 

k- 1 

zW 

i = 

k 

< Zp] 

j = 

N-k-1 

Zp] 

j = 

N-k 

.0 

else 



(7.153) 


(7.154) 


and again the cancellation lemma gives us 

%[k + h®3~ + ~%[k + 1] = 4 1] . 


(7.155) 


completing the inductive step. 

The inductive step works until we produce 2$[fc] E Q3t(T + ) for k = [y]. For simplicity 
assume first that N is even. Then we compute 


£(%[^}®3 + ~) j = < 


ZM © ZPl j = f - 2 
ZW j = f - 1 

ZM J = f 

0 else 


(7.156) 


The cancellation lemma produces a homotopy equivalent Brane with Chan-Paton factors 



zw 

7 = ^ 

J 2 

zPi 

7 = ^ 

J 2 

0 

else 


Then we compute again 


«(®[f+ ^v+), 


'zWezPi j = f-i 
< zP] j = f 

0 else 

v 


(7.157) 


(7.158) 


which, by the cancellation lemma, is homotopy equivalent to a shifted thimble! That is, 
we have + 1] = T^y 2 . 

Now using equations (7.132) and (7.133) we can continue the procedure to produce a 
sequence of thimbles of down-type vacua, until we get to . 
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It follows from the above discussion that 


B (3 +~ El J~ + ) N+1 ~z e 0 < t < y (7.159) 


a similar story holds if N is odd. In this case the induction works until we get to 23 [^ 2 ^]. 
Then 23 [^-^] has two Chan-Paton fators ZW and Zl 2 ! at j — (N — l)/2 and j = (N + l)/2, 

respectively, and 23 [^ 7 ^] = ^[tv_i)/ 2 - 

We have not worked out the sequence of Branes generated by thimbles for upper vacua. 
We next turn our attention to the Theory j~ e su ( N \ \y e begin with the sequence of 
Branes 23 [fc], k > 0 generated by the thimble To in the Theory j~ e su ( N \ \y e have already 
described the general story up to the Brane 23 [2], as in equation (7.138). Now, however we 
have 


£(® [ 2 ])o = <Li,i © R [ n- 1,0 © r n- 1,0 
= © A^ ] <g> Ai 


(7.160) 


Next Al^ 0 Ai = . It is natural to expect that the differential computed by 

the lower left diagram of Figure 95 maps A^ —» a\^ as a degree shift, since we know 
the amplitudes are all S't/(7V)-covariant. We will assume this to be the case and proceed, 
although we have not checked the boundary amplitudes in detail. 

Passing to cohomology we eliminate the two summands of A 2 and using the cancellation 
lemma we claim a homotopy equivalence to 25 [2] with 


S(%[2]) j = 


c[2] 

a 2 


4l 

0 


[ 2 ] 


j = 0 
j = 1 
j = N - 2 
j = N — 1 
else 


(7.161) 


Referring to equation (4.117) we identify these as the Chan-Paton factors of 9T^. We 
expect that the boundary amplitudes coincide with those of 94^, although we have not 
checked in detail. In this and similar equations below we must interpret 


Ln^m = 0 n > 1. rn < 0 

L lfl =S 0 ^Z (7.162) 

S m = 0 m < 0 


Again, we can proceed inductively. Suppose that 25 [n\ ~ 25 [n] where 25 [n + 1] = 94^. 
It is useful to employ the isomorphism 1 = S m and rewrite (4.117) as 




t [n-j] 

^2j+l,n+l-j 

q[n+j+l-N] 

°n+j+l-N 


0 < j < ^ 

< j < N - 1 


(7.163) 
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The boundary amplitudes were described in section §4.6. Now it is straightforward to 
compute 


jjn-j-l] 


£(<n n a 3+-)y = l 


>S , 


[”-i] 

n-j 


1 -RjV-j-lj + l 0 < j < y — 1 


[n+j+2-JV] 

n+j+2—TV 2 1 3 -i iv - 1 - 

N 


Thus, using (4.100) and (4.121) we learn that for 0 < j < y — 1 


£(m n ^3 + -)j = L 


[n-j- 1] 


■ [n-j] 


i~j] 


(7.164) 


(7.165) 


Using the cancellation lemma we claim a homotopy equivalence to 23 [n + |] with 




t [' n-j] 

^2j+2,n-j+l 
n[ w +J+ 2—N] 
°n+j+2-N 


o < j < f -1 

y — 1<J<1V— 1 


(7.166) 


Then a similar argument shows that 23 [n + |] KI3 h ~ 9lj^_, thus completing the inductive 
step. Unlike the case of the Theory T e N , the sequence does not simplify and there is no 
periodicity as we increase n. Physically, n is related to a first Chern class of an equivariant 
bundle on CP^ -1 , and no such periodicity is expected. See Section §7.10.1 below for further 
discussion of this non-periodicity. 

If, instead, we use the interfaces ,3 f we find that n is reduced by successive 
composition. If 93 [0] = 3l n with n > y then the recursion relations (7.125) give a sequence 
of Branes %$[£] for £ < 0 and £ G Z + With this sequence we find for £ negative integral 
(and not too negative) *B[£\ 9^7 1+£- 

01 n H ( 5 +- Kl 5 “ + ) w ~ 01 n+ r (7.167) 


At n — \£\ = y — 1 the Chan-Paton factor becomes Z for j = y. Proceeding to lower TV 
the usual cancellation argument in expressions like (7.165) produces zero. Making use of 
equation (7.162) note that equation (7.163) makes sense for n > —1 and we can proceed 
to reduce n until we get to 94_i = Tq ^. We can then continue the recursion (7.125) using 
(7.134) and (7.135) to define 3l n for lower values of n in terms of down-type thimbles. The 
process then stops when we arrive at 94 _i_/v/ 2 = ^lv/2 (taking N to be even, for simplicity). 
At this point we recall the Branes 3l n of section §4.6 with 


£(3l n )j 


^N— 2j,n+j+l 
-^[j+l-n-N] 
^n+N—j 


0 < j < y 

f < j < N - 1 


(7.168) 


which makes sense for n > —N/2. Note that 91_jv/ 2 = T^l 2 . The usual arguments then 
show that 

yi n ki (j+- h 5 _+ ) ~ 9t n+< (7.169) 

and hence we can continue to define 91 n for values below —N/2 — 1 by taking 


91 


^ 91 [ 21 


-l-f+n 


n > 1 


(7.170) 
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(We have not checked the above equations at the level of boundary amplitudes.) 

The relation of the Branes 3l n to thimbles for a certain range of n allows us to fill 
in a gap from Section 5.7, namely the proof of equation (5.92). The key idea is that, 
thanks to the Aoo-bifunctor of Section §6.2 the complex between two Branes Hop(23i, ^ 2 ) 
is quasi-isomorphic to the complex obtained by composition with an invertible interface. 
If we apply that to the present case then we can write, for the case of two lower vacua 
hj<N/ 2 


Hop(Xj,Tj) = Hop^bi.^-i-i) 

(7.171) 

= Hop(X 0 ,^U-i) 

where — q ^ means we have a quasi-isomorphism. 

Now assume for simplicity that N is even. We next use the observation of equation 
(7.53) to say that, 


H* (HopC^T^MO ^ H*(S LR (% i M\*- j [A),dLR) (7.172) 

Recall from the discussion of equation (7.53) that we should rotate in the direction of 
increasing $, so we should compose with (X 1 IXI 3 h ) N / 2 to rotate the Brane by n and 
hence 

91-Ih-jM = ftfU-i-jv/2- P-173) 

The complex of groundstates is very simple when one of the Branes is a thimble. In this 
case there is no differential and the cohomology is the Chan-Paton factor itself. In our 
case 

H*{S LR (‘S’oM!} 1+i . j . N i 2 ,),d LR ) - (e{^ 1+i _._ N/2 ) N/2 )* (7.174) 

Note that although we have the thimble for the vacuum i = 0 on the left side of the strip, 
thanks to the rotation by n we should take the Chan-Paton space with vacuum iV/2 on 
the right-Brane. Next, assuming that j > i we can use equation (7.170) to say 

^(^L 1] 1+i -i-iV/2)iV/ 2 = m [ i-l N /2)N,2 (7-175) 

Finally, using (7.168) we have 


^(0l‘_liv/2)iv/2 = S [ ;_, f 1 (7.176) 

Putting together equations (7.171)-(7.176) we finally arrive at a proof of equation (5.92). 

We expect that similar manipulations allow a computation of the cohomologies of the 
groundstate complexes such as (4.128) and the spaces of local operators in (5.93) and 
(5.94). 
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7.10.1 Powers Of The Rotation Interface 

It is rather interesting to examine the powers of the Interface f := M 3 that 
corresponds to a rotation by 2n/N in the worldvolume of the Theory. We will discuss this 
at the level of Chan-Paton factors, without investigating the boundary amplitudes. 

The Chan-Paton data of 3 H h is the matrix of complexes: 


N—2 

£ (3 + + ) = o e O,0 © ^ e j+1,J © ^^ e 0,W-l 

3= 0 

© © R N -i-j,je N -j,j © © R N -i-j : j+ie N -i-jj 

l<j<(N-l)/2 0<j<(N—2)/2 


(7.177) 


Explicitly, for TV = 2 this is 


and for TV = 3, 


£(3 + ~ + ) 


(< ] o 

t Z 0 J 


£(3 + -+) 


Ozjjo 0 ZM\ 

Z 0 0 
\7?2,1 ^ 0 j 


(7.178) 


(7.179) 


The equation (7.159) suggests that for the (TV + l) t/l power is homotopy equivalent 
to a (shifted) Identity interface. Indeed, one easily checks that the third power of (7.178) 
is just 


Z^ © Z^ © zl 3 l Z® 0 zl 3 l 

zl 2 l © zl 3 l Z® 


(7.180) 


and is quasi-isomorphic to Z[ 2 1 ]_ 2 . Similarly, a check by hand shows that the fourth power 
of (7.179) is quasi-isomorphic to Z^ 2 ! I 3 , and we conjecture that for all TV, ( 3 H t)E(7V+i) j s 
homotopy equivalent to the isomorphism Interface given by a degree shift of 2. There is a 
simple intuitive explanation in the LG theory 4.138 for this result. The effect of convolution 
with 3 3 or 3 ** on geometric branes simply rotates the sectors at infinity by one unit 
and deforms the geometric brane accordingly by a rigid rotation by 2tt/(N + 1) in the (j) 
plane. 42 As there are 2N + 2 sectors, the (TV + 1) power of the interface 3 3 3 acts 
geometrically on the branes by rotating it by 2n back to itself in the (j) plane. 

In fact, the characteristic polynomial of £ (J 4 •") is given by the remarkable formula: 


N—l 

det(xljv — £(3 4 *")) = x N + RjX J + 1 (7.181) 

3 = 1 

where we interpret a shift by [ 1 ] as a minus sign and we use the property that R a ^ = R a -b 
only depends on the difference a — b. For a proof see Appendix §D 

For the Theory we have Rj = Z, and hence the “eigenBranes” of 3 + + have 
eigenvalues given by the TV nontrivial (TV + l) th roots of unity. This proves that ( 3 3 ^) Ar+1 

is homotopy equivalent to the identity (up to an even degree shift). 

42 Do not confuse this with the origin of the Interfaces from rotations by 2tv/N in the (x,r) plane. 
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We can also apply equation (7.181) to the Theory T^ U ^ N \ Now we have Rj = Ajy-j 
so, at the level of the Witten index we can factorize equation (7.181) to get the character 

N 

Yl(x + U) (7.182) 

2=1 

where t — Diagjti,..., tjv} is a generic element in the diagonal Cartan subgroup of SU(N). 
It is natural to suspect that the “eigen-Branes” can be interpreted in the CP^ -1 £>-model 
as Dirichlet branes located at the N fixed points of the natural SU(N) action on the 
homogeneous coordinates, with eigenvalue t{. The result (7.182) will be very useful when 
we discuss local operators in Section §9.3 below. 

8. Categorical Transport And Wall-Crossing 
8.1 Preliminary Remarks 

We now return to the general situation discussed at the beginning of Section §7. In Section 
§7 we considered in detail categorical transport of Brane categories associated to paths of 
weights p given by spinning weights (7.4). In this section we consider more general vacuum 
homotopies. In particular we will consider three kinds of vacuum homotopies: 

1. Vacuum homotopies {^(s)} which are more general than (7.4) but do not cross the 
real codimension one walls of special webs described in Section §2.5. In this case the 
webs behave in a very similar way to those of (7.4). We will call these tame vacuum 
homotopies. They are discussed in Section §8.2. 

2. Vacuum homotopies {^(s)} which cross the exceptional walls described in §2.5 above. 
This is discussed in Section §8.3. 

3. Vacuum homotopies {^(s)} which cross walls of marginal stability described in §2.5. 
This is discussed in Section §8.4. 

In Section §7 we constructed Interfaces 3[&(x)] E 251(7~^,T r ). Given T^ there was 
a canonical choice for T r given by taking “constant” web representation 1Z and interior 
amplitude f3. In this section we will see that the more general paths of weights listed above 
make a canonical determination of T r given 7^ somewhat more problematical. The reason 
for this is that there can be wall-crossing phenomena associated to the data (7£, /?) used to 
define a Theory. In particular, we will see that if p(s) crosses an exceptional wall then the 
L oo algebra of closed webs will in general change because the taut element will in general 
change. Therefore, in general the interior amplitude will change. If p(s) crosses a wall 
of marginal stability then the set of cyclic fans will change and hence R mt must change. 
Indeed, in general when crossing a wall of marginal stability both the interior amplitude 
and the web representation 7Z will change. The rules for the discontinuity of 1Z lead to a 
categorification of the Cecotti-Vafa-Kontsevich-Soibelman wall-crossing formula. 

We will now make the notion of a “change of Theory” somewhat more precise. Given 
a vacuum homotopy p : R —» C v — A we say that a family of Theories T{s) is continuously 
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defined over p if for all i 7 ^ j the Rij form a continuous vector bundle with connection 
over p such that Kij and /? are parallel-transported. If we can and do trivialize the bundle 
with connection then R ^, /3 are all constant. As mentioned above, when the path p(s) 
crosses walls with special configurations of weights there will be obstructions to defining 
a continuous family of theories over that path. Instead, we can only define piecewise- 
continuous paths of Theories over p. Naively, the only discontinuities are located at the 
walls of special weights described in Section §2.5. We will assume this for the moment, 
but that assumption will need to be revised for reasons described in Remark 2 below. A 
formula for the discontinuity of T is a wall-crossing formula. Let T~ denote the Theory 
just before the wall and let T + denote the Theory just after the wall. Thus, a wall-crossing 
formula is, in its simplest incarnation, just a prescription for determining (7£ + ,/3 + ) from 

(^-,/n. 

Given such a wall-crossing rule, if we have path of vacuum weights p then, given 7^ 
we can construct a corresponding piecewise-continuous path T{s) of Theories. The wall¬ 
crossing rule should then be constrained by requiring that the path T(s) behave suitably 
with respect to homotopy and concatenation of paths of vacuum weights p. Heuristically 
speaking, we want to define a “flat connection on Theories.” However a little thought 
quickly shows such a parallel transport rule must be defined on a suitable equivalence class 
of Theories. In order to motivate the relevant notion of equivalence let us say a little more 
about how we propose to approach the wall-crossing formula. 

As in Section §7 our theme will be to interpret the variation of parameters T(s) as 
spatial-variation of parameters, so we will have spatially dependent vacuum weights p(x) 
and spatially-dependent data of Theories T(x). Then it is quite natural to interpret a 
discontinuity of theories across some point x* in terms of a suitable “wall-crossing Interface” 
3 WC e ©t(T“,T + ). 

Let us make this slightly more precise. We assume that there exist X£ and x r so that 
p{x) is constant for x < X£ and x > x r . Choose such points and let : V —» C and 
z r : V C be the corresponding weight functions in these regions. Then there should be a 
corresponding piecewise-continuous family of Theories T{x) interpolating between T^ and 
T r together with an Interface 

3[T(x)] e T) (8.1) 

generalizing equation (7.46). As before, such a family of Interfaces allows us to define a 
functor of Brane categories T : ©t(T^) —» 23t(T r ) and hence define a categorical transport 
law on Brane categories. 

When trying to construct the relevant Interfaces we will keep in mind the following 
three useful guiding principles: 

1 . The Interfaces for paths such that Zij(x) is never pure imaginary should already define 
functors between the vacuum categories 53ac(V, z £ ) and 23ac(V, z r ). In particular the 
Chan-Paton factors of 3[T(x)\ will be Sa> = 5^ Z. 

2. We must have properties (7.2) and (7.3): First, if there are two piecewise-continuous 
families of Theories T x {x) and T 2 (x) that can be concatenated at a point of continuity 
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then 


3[T\x)j B 3[T 2 {x)} ~ JfT 1 O r 2 (x)}. (8.2) 

Second, let <£ be the exceptional set of weights in C v — A described in Section §2.5. 
That is, the subset {zi} where some subset of three or more weights is colinear, or 
where there are exceptional webs. Then, if pP{x) and p^(x) are paths in C v — A — (£ 
homotopic in C v — A — (£ through a homotopy keeping fixed (Y, z^) and (Y, z r ) for 
x < and x > x r and T p (x) and T^(x) are corresponding paths of Theories then 

(8.3) 

are homotopy equivalent Interfaces. As before, given such Interfaces we have a notion 
of flat parallel transport along p from the category of Branes ©t(T^) to the category 
of Branes 5St(T r ), generalizing what was constructed in Section §7. 

3. Because the underlying physical theory is rotationally invariant the Interfaces should 
come in a ^-dependent family, intertwined by the rotation interfaces. To be more 
precise, for any path id(x) of real numbers from 0 to •d we can concatenate the path 
p(x) from {zf} to {z'-} with a path from z\ to Alternatively we can 

concatenate the path e ~ lp ( x ) z f with the path e~^p(x). The homotopy Zi(x)e~ 1 ^ y ^ 
shows that these two vacuum homotopies are homotopic and hence it follows from 
( 8 . 2 ) that 43 

9*[0, i?] B 3[e-^T(x)} ~ 3[T(x)\ El £H[0, tf]. (8.4) 

More geometrically, we can imagine rotating the plane by angle $ and defining in¬ 
terfaces for the rotated Theories for vacuum homotopies defined along the rotated 
x-axis. Of course, this should not essentially change the parallel transport, and that 
is what equation (8.4) is meant to express. Note in particular that if we set id = 2n 
then 3[e~ 27T1 T(x)] — 3[T(x)\ are literally equal, but 9t[0, 2 tt] might well be nontrivial. 

We can now say what our notion of equivalence of Theories will be. We say that 
Theories T 1 and T 2 are equivalent Theories if there exists a periodic family of invertible 
Interfaces 3® between T 1 ^ and T 2 ^ which intertwine with the rotational Interfaces in the 
sense of equation (8.4). The auto-equivalences of a Theory with itself form a kind of “gauge 
symmetry” of the “flat connection on Theories.” We should only hope to define parallel 
transport up to such “gauge symmetry.” As a simple example, the dependence of equation 
(8.1) on X£ and x r is only up to equivalence of Theories in this sense. 

Conditions 1,2,3 above on the Interfaces 3[T(x)\ are certainly rather restrictive. We 
do not know if they are defining properties. 

In the remainder of Section §8 we will construct Interfaces and rules for constructing 
T(x) for paths p which cross exceptional walls and walls of marginal stability. We will 

43 The notation 9t[0, $] is slightly ambiguous since the interface actually depends on the initial Theory, 
just like in equation (8.1). The two appearances of this Interface in (8.4) are hence slightly different. Also 
the notation e~ lP T{x) means that we take the same continuous family of (7 Z,/3) but the vacuum weights 
are e~^Zi(x). 
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see that the existence of such Interfaces imposes strong constraints on how the interior 
amplitude and the web representation can vary along the family. The problem of finding 
the Interfaces is over-determined and thus invertibility of the Interfaces, compatibility with 
rotations, homotopy invariance, etc. give constraints on the family T(x). This phenomenon 
is a categorical version of the derivation of the wall-crossing formula for the pij from the 
properties of framed BPS degeneracies under deformations of parameters [30, 31, 75]. 

Remarks 

1 . A more ambitious formulation of a wall-crossing formula is to give an L^ morphism 
7 web between the planar web algebras determined by (V^,^) compatible with an 
Loo morphism 7 between the Loo-algebras associated with the Theories T ± . We 
will, in fact, do this for crossing exceptional walls. One should probably go further 
and construct an u LA oc morphism” of u LA oc algebras.” which is compatible with a 
functor T : 23t(T - ) —» 23t(T + ). We have not done that. It is not clear to us if such 
data is uniquely determined by giving families of Interfaces (8.1). 

2. There is a natural notion of “inner auto-equivalence” between Theories which 

have the same vacuum data and representation of webs, but interior amplitudes 

which differ by an exact amount: 

P + =P~ + P/3-{ 0 [e] (8.5) 

where e is a degree 1 element in R mt supported on a single fan I e . Because of the line 
principle, p(e^ + ) = pp_(e pp -^) = 0 if p(e^ ) = 0. It is straightforward to map the 
Brane categories of the two Theories into each other, simply by shifting boundary 
amplitudes in a similar fashion: 

B + = B~+pp_( (8.6) 

This transformation can also be implemented by a family of interfaces which 
differs from the identity interfaces only by a shift by e of the boundary amplitude. 
It is possible to show that these interfaces are truly invertible (i.e. not just up 
to homotopy) and commute with rotation interfaces. Indeed, the two sides of the 
commutation relation 8.4 for these interfaces only differ by an exact term added to 
the boundary amplitude. It is also possible to recast these relations in the form of 
an LAqo algebra isomorphism. 44 

3. Inner auto-equivalences play a role in the relation between Theories and concrete 
physical theories: although we expect to have a direct map from physical theories 

44 In order to prove these statements, it is useful to observe that the amplitude for a web defined in the 
presence of an jf interface which includes an insertion of e at an interface vertex is identical to the amplitude 
for a web with the same geometry defined in the absence of the jf interface. By this identification, the MC 
equation for jf becomes 8.5, the definition of *8 IE maps to 8.6 and 8.4 maps to the convolution identity 
for curved webs. 
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to Theories, the image of the map may change by inner auto-equivalences as we 
vary the parameters of the underlying physical theory, even if the corresponding 
vacuum homotopy does not cross the exceptional set (£. These jumps will occur at 
co-dimension one walls whose position depends on the detail of the underlying theory, 
possibly including D-term deformations. We will therefore call these phantom walls. 
Because of the possibility of phantom walls, we should really map physical theories 
to equivalence classes of Theories up to inner auto-equivalences. Correspondingly, in 
physical applications any “categorical wall-crossing formula” should be understood 
up to inner auto-equivalences. It is also possible to envision another class of phantom 
walls, across which the Rij themselves may change to a homotopy equivalent complex, 
which would require one to quotient the space of Theories further in order to define a 
robust map from physical theories. We leave open the problem to identify which type 
of equivalences between theories should be associated to the most general possible 
phantom walls. 

4. We can elaborate further on the possibility of phantom walls in the context of physical 

theories such as the Landau-Ginzburg theories we discuss in Sections §§11-17. Sup¬ 
pose we are given a one-parameter family of superpotentials VF(</>; s), say with s E R. 
Following, Remark 9 of Section §2.1 we obtain a vacuum homotopy In gen¬ 

eral, there will be isolated points s* where W s * admits exceptional ("-instantons with 
fan boundary conditions. (See Section §14 below for a discussion of ("-instantons.) 
Such exceptional instantons will have a moduli space whose formal dimension (given 
by the index l(L), discussed in Section §14.3 below) is 1. This means that the am¬ 
plitude associated with the path integral with fan boundary conditions (as discussed 
in Section §14.6) will define an element 7 E R mt with fermion number +1. It can 
be inserted into some taut webs in t s * to produce an element pp[i s *](7) of fermion 
number +2. This will contribute to a jump in the interior amplitude /3 as s passes 
through s*. In terms of ("-instantons, as s —>> s* the size of the relevant ("-web that 
can accomodate the exceptional instant on at a vertex will grow to infinity. This is 
an infrared phenomenon associated with working on a noncompact spacetime; it has 
no counterpart to invariants associated with topological field theory integrals defined 
on compact manifolds. 

5. We should note that these are by no means the most general continuous families we 
could consider. An important variation on the above ideas involves replacing the 
vacua V with the fibers of a branched covering n : X —>> C, where C is a space of 
Theories. This is the setup appearing in the 2d4d wall-crossing formula of [31]. It 
should be possible to extend the ideas of the present paper to the more general setting 
of a branched cover, but, beyond some remarks in Section §18.2, that lies beyond the 
scope of this paper. 

8.2 Tame Vacuum Homotopies 

We define a tame vacuum homotopy to be a vacuum homotopy {zi(x)} such that: 
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1. For all x the set of weights {zi(x)} is in general position, in the sense of Section §2.5. 

2. Each taut web in WEB[x] (the set of plane webs determined by the vacuum weights 
{zi(x)} ) fits into a continuous family of webs, in the sense defined in Section §6.3.3. 
Moreover, no taut web is created as x varies. 

Given these criteria we can speak of a single web group W and there is a continuously 
varying planar taut element t p i(x). We can also define curved webs precisely as in Section 
§7.1 and hence we can define the curved taut element t to be the sum of oriented deformation 
types of curved taut webs, i.e. those with expected dimension d — 1. We can then write a 
convolution identity for t. We make the assumptions contained in the paragraph containing 
equation (8.1). In particular, the vacuum data (V, z^) and (V,z r ) define web groups 
and W r . We can define t p i = t pl + t pl to be the formal sum of the planar taut elements 
in the web groups. Similarly, we let t^ ,r denote the taut interface element for an interface 
separating vacuum data (V, z £ ) and (¥, z r ). Then we have the analogue of equation (7.22) 

t*t pi + ra(t < - r )[j-F] = o. (8.7) 

We choose the representations V} and 7 Z r of the webs determined by (Y, z £ ) and (V, z r ) 
to be the same, indeed we can think of a constant, i.e. x-independent representation of the 
vacuum data (V, z(x)). For a tame vacuum homotopy the set of cyclic fans is constant so 
R mt is constant. Moreover, since the taut element t p i(x) varies continuously it makes sense 
to speak of an rr-independent interior amplitude /3. We can therefore define the contraction 
operation pp on curved webs and then (8.7) implies that 

where the superscript 0 on p^(t) indicates that the interior amplitude (3 is inserted at all 
vertices of the curved taut element t. It follows that p°p(t) can be regarded as an interface 
amplitude, where the Chan-Paton factors for the interface are given once again by the 
formula (7.28), repeated here: 

®j,j' CV ^j,j' • (^) Sij{x o), (8.9) 

iy^j xoGYij U Xij 

where we just take xo in the interval (x^,x r ). Strictly speaking we should define binding 
points and binding walls in the more general context of tame vacuum homotopies, but the 
definitions of Section 7.4.1 are essentially the same and will not be repeated. 

Therefore, to a tame vacuum homotopy and a choice of points X£,x r , with corre¬ 
sponding Theories T^ and T r determined by a constant web representation 1Z and vacuum 
amplitude (3 we can construct an Interface between the theories. 

We can now imitate closely the ideas used in Section §6.3. If we are given a tame 
homotopy p(x,y) between two tame vacuum homotopies <p p {x ) and pf ( x ) then there is a 
set of weights Zi(x,y) which we can regard as space-time dependent with zf(x) in the far 
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past and z{ ( x ) in the far future. Curved webs again make sense with these space-time 
dependent weights and we can use them, together with a constant web representation and 
interior amplitude to construct a closed invertible morphism Id +5[p(x, y)\ between 3[pP(x)\ 
and 3[pf (x)]. Again we can define the time-concatenation o T of two such homotopies and 
we claim that 

Id + o T p 2 ] = M 2 ( Id + S[p\ Id + S[p 2 ]) (8.10) 

Finally, as in Section 6.3.3 a homotopy of homotopies p(x, y\ s ) with fixed vacuum weights 
z^ for x < X£ and z r for x > x r , and fixed pP{x) in the far past and p^(x) in the far 
future defines a homotopy equivalence between the morphisms Id + S[p p (x)\ and Id + 
S[p f (x)]. It then follows from (8.10) that homotopies between vacuum homotopies lead 
to homotopy-equivalent Interfaces thus checking (8.3) for tame homotopies between tame 
vacuum homotopies. In a similar way we can also check equation (8.2) for concatenation 
of tame vacuum homotopies. 



Figure 96: An exceptional web which appears only at s = s* in a family of webs defined by {^(s)}, 
sGl. 

8.3 Wall-Crossing From Exceptional Webs 

We now come to a different kind of path of vacuum weights where p(x) crosses a wall of 
exceptional webs. For simplicity assume first that exceptional webs exist only at a single 
point x *. It will be useful to consider first an abstract family of weights {^(s)}, with 
sGl and consider the h- types of webs for this family rather than curved webs. (Recall 
the definition of h -type in Section §6.3.3.) The exceptional webs appear only at s = s*. 
We will describe how such families lead to Loo-morphisms of the L 0c algebras (W, T(t)) of 
Section §3 and (i? mt ,p^(t)) of Section §4.1, as well as A^-morphisms of the A^ algebras 
defined by t^. Then, when we consider the family as an x-dependent family of weights we 
describe the wall-crossing in terms of a suitable Interface. 

8.3.1 Loo-Morphisms And Jumps In The Planar Taut Element 

Let us begin with an example. 
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Figure 97: A non-exceptional web which can degenerate as s s* to the exceptional web shown 
in Figure 96. 



Figure 98: The taut web of Figure 97 disappears for s > s*, and near s = s* its h-type can be 
written as a convolution of an exceptinol web with a taut web. 

Suppose that the family of weights {^(s)} admits an exceptional web such as that 
shown in Figure 96 at s — s*. If we study the behavior of webs in the neighborhood of 
s* several things can happen. The vertex with fan / = {1,2,3} will continue to exist for 
all s, but it will typically happen that it will not “fit” into any larger triangle with fan 
loo — {5, 6, 7}. When this happens there are several different subcases: 

1. It can happen that the exceptional web of Figure 96 is not a degeneration of any web 
that exists for s ^ s *. Such a web then has no effect on the L^ algebras (W,T(t)) 
and (i2 int , P/J (t». 

2. It can also happen that there is a vacuum with weight z^{s) so that the web of Figure 
96 can be viewed as a degeneration of a nearby non-exceptional web, such as that 
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Figure 99: Another exceptional web in the exceptional class of the web shown in Figure 96. 



Figure 100: An exceptional sliding web that will appear in the convolution e * f. To see this 
convolve the vertex with fan {2, 5, 8,6, 3} of Figure 99 with a suitable taut web. 

shown in Figure 97. Here, some set of edge constraints are effective for s/s* but 
become ineffective, or linearly dependent, at s = s*. Geometrically, some set of edges 
and vertices shrinks to a single vertex. Generically, we will have a triangle shrink 
to a single vertex, reducing the contribution of this set of edges and vertices to the 
expected dimension from 3 to 2. The result is an exceptional web. In this case there 
are two further subcases we must consider: 

3. It can happen that such nonexceptional degenerating webs exist both for s < s* and 

s > s*. Again, when this happens there might or might not be a difference in the 
Lqo algebras (W,T(t)) and pp(t)) defined by webs for s < s* and s > s *. This 

can be understood once we understand the next and last case. 

4. On the other hand, it can also happen that the degenerating web of Figure 97 exists 
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Figure 101: Terms in t* e such as this cancel the exceptional sliding webs such as those shown in 
Figure 100. 


t* e 



Figure 102: A typical component of the moduli space of sliding h-types for the family {^(s)}. 
(Three dimensions for translation and dilation have been factored out.) It can happen that the only 
nonzero component is just t + or t _ , as could happen for the case of Figure 96. Or it can happen 
that there are several branches meeting at s = s*, as for the case of Figure 99. Comparing the 
boundaries of this dimension one complex leads to the convolution identity for exceptional webs. 


for s > s*, but not for s < s*, or vice versa. Note that the web of Figure 97 is a taut 
web. If it exists for s > s* and not for s < s* (say), then there must be a change in 
the taut element and hence a change in the algebras (W, T(t)) and (i? mt , pp(t))- 
We are most interested in this fourth case. 

In order to understand how the algebras (W, T(t)) and (i? int , pp(t)) change in the fourth 
case above let us first note that the web of Figure 97 can be written as a convolution as in 
Figure 98. Thus, a convolution of an exceptional web with a non-exceptional web can be 
non-exceptional. Moreover, given the rule (2.9), in such a case the convolution of a taut 
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exceptional web with a taut non-exceptional web will be a taut non-exceptional web. This 
example suggests that we can write the change in the taut element t + — t - , where are 
the taut elements for s > s* and s < s* respectively, in terms of e * t where e is the sum 
of oriented exceptional taut webs and t is the sum of taut webs that do not change from 
s > s* to s < s *. 

There is a problem with expressing t + — t~ in terms of e * t. The problem arises from 
the fact that there can be further exceptional taut webs such as that shown in Figure 99. 
Indeed, we will refer to the set of exceptional webs obtained by shrinking the same small 
triangle as an exceptional class of webs. Generically e will be the sum over one exceptional 
class. Quite similarly to the case of Figure 96, the web of Figure 99, and indeed every 
web in the exceptional class, can be viewed as a degeneration of a nonexceptional taut web 
obtained by taking the convolution of the {1,2,3} vertex as in Figure 98. However, the 
problem is that the convolution e* t will also typically contain exceptional sliding webs. An 
example is shown in Figure 100. Such terms must clearly be cancelled off from e * t since 
t + — t - contains no exceptional webs. We can do this by noting that Figure 100 can also 
be degenerated by shrinking the exceptional triangular web, producing a boundary in the 
form of a convolution as shown in Figure 101. This suggests that we should subtract t* e 
from e * t. Note that t * e is always exceptional, and hence will always produce exceptional 
sliding webs. 

We now generalize the above example by considering the h- types of the webs defined 
by The moduli space of sliding h- types (that is, h- types of /i-dimension 4) will 

have typical components that (for the doubly-reduced moduli space) look like Figure 102, 
which the reader should compare with Figure 59. Comparing the boundaries of this space 
leads to the convolution identity for jumps in the taut element due to exceptional webs: 

— t - = e * t — t * e (8.11) 

where, again, e is the sum of exceptional taut webs at s — s* and t is the sum of taut webs 
which do not change across s*. In the next paragraph we explain that the taut element t 
on the right-hand side can be either t + or t - . 

At this point we need some properties of exceptional webs. Let us call the difference 
between the dimension of the moduli space of a web and its expected dimension, that is, 
D(to) — d(tn), the excess dimension. In a generic one-parameter family of webs the excess 
dimension will only jump by ±1. Thus, for example, in a family where the web of Figure 97 
degenerates to Figure 96 the excess dimension jumps by +1. Let us call the fans at infinity 
I D0 for the exceptional webs exceptional fans. In any web, the set of local fans I v (to), for 
v E V(tt)) will contain at most one exceptional fan. Otherwise the excess dimension would 
jump by more than ±1. Moreover, no local vertex I v of an exceptional web can be an 
exceptional fan, since resolving such a web would change the excess dimension by more 
than ±1. It follows that the taut webs which do jump across s* cannot have exceptional 
fans as local vertex fans. Therefore, we can replace t on the right-hand-side of (8.11) by 
either t + or t - . 

Given the change in the taut element (8.11) how can we express the change in the L^ 
algebras (W, T(t)) and (i? mt , pp( t))? We will focus on i? mt , which is somewhat simpler and 
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just remark on the former case at the end of this section. It is natural to try to relate the 
two Loo algebras for s > s* and s < s* using an L^-morphism. 

Recall that, in general, given two L^ algebras (L^, b±) an L^ morphism 7 : (£ ,b ) ->• 
(£ + , 6 + ) is a map 7 : TC~ —» £ + such that, for all monomials S' € TC~ we have 

LI L e&+ (7(S'i),---,7(S'fc)) = L ^(MSi),^) (8.12) 

fe SMS) Sh 2 (S) 

where e are signs following from the Koszul rule. See Appendx A below for more precise 
definitions. It is easy to show that, given an L^ morphism 7 and a solution /3~ of the L^ 
MC equation for (£“,&“) we automatically get a solution 

/? + = 7 (e^) (8.13) 


of the MC equation for (£ + ,6 + ). 
Now we claim that 


7 = 1 + p[t] 


(8.14) 


is an Loo-morphism, where 1 is the identity on R ]nt and vanishes on the higher tensors 
(R' nt y jn with n > 1. To prove this first note that if it is an L^ morphism then we must 
have 


/?+ = 7^ ) 

= /T+ P[e](e /3 ") (8-15) 

= P + P°p-[z\- 

Again, /3 + and /3~ will only differ on summands Rj where / is an exceptional fan. As we 
have just explained, these are never the fans at vertices of an exceptional web so we may 
write p^_[e] = P^+[e] and hence it is also true that (3~ = /3 + — p^ + [e]. Note that (8.15) is 
compatible with equation (8.11) because 

p[t + ](eP + ) = p[ r](^ + ) + p[t * t](e^ + ) - p[t * e](e^ + ) 

= p[t~](p°p-[*]) + ^+W(pJ+[t]) - P/3+[t](p°+[e]) (8.16) 

= 0 

To get to the last line the first and third terms of the second line cancel and the middle 
term vanishes, after using the definition of an interior amplitude. 

Now to prove that (8.14) is in fact an L^ morphism recall that taut webs can have 
at most one exceptional fan as a local fan I v at its vertices. Therefore, in (8.12) on the 
left-hand-side p[t\ can appear at most linearly. (It might appear linearly through the 
expansion of e^ + using (8.15) or it might act on the arguments of S .) This, together with 
the properties of 1 simplifies the sum over fc-shuffles considerably and the required identity 
follows from applying a representation of webs to the convolution identity (8.11). 

Remarks 
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1. The final arguments using equations (8.15) and (8.16) made use of the finiteness 
properties of V and the line principle. In general we would like to have more general 
arguments since some of the main applications, namely knot homology and categori- 
fied spectral networks will not enjoy those finiteness principles. We expect that in 
general there will be an L^ morphism to express the change of the interior amplitude. 

2. Let us return briefly to discuss the change in the algebra of planar webs (W, T[t]). 
It would be preferable to describe the jump in this algebra and then apply web 
representations to obtain the jump in (i? mt , pp[ t]). Roughly speaking, we expect that 
there will be an equation of the form 

T[t + ]( e 0) = 0 *t_ (8.17) 

for some object g generalizing t + e (where r is the rigid element). Some further 
thought suggests that in order to give a direct geometric meaning to such a formula, 
and in particular to g itself, we need to cook up a setup which is translation invariant, 
but not scale invariant: g has degree number 2! For example, we could let the slope 
of an edge depend on its length, so that long edges are controlled by the vacuum 
data for s > s* and short edges by the vacuum data for s < s*. Then the set of rigid 
webs in such a setup would give us a degree 2 object g. Sliding webs in such a setup 
would give the desired convolution identity: large web endpoints of moduli spaces 
will look like a large taut web in t+ with all vertices solved to g rigid webs, while 
small web endpoints will look like a rigid web in g with a single vertex resolved into 
a taut web in t_. The advantage of this complicated construction is that it would 
probably work in situations with weaker finiteness properties. The disadvantage is 
that the prescription seems somewhat ad hoc and unphysical. 

3. Returning to the path p(x) defining x-dependent weights and curved webs, when x 
passes through x* we will introduce in Section §8.3.3 below an Interface whose (A^) 
Maurer-Cartan equation is equivalent to the condition (8.15) above. Then, if there 
are several values of x where p(x) passes through an exceptional wall we simply take 
the convolution of the Interfaces. 


8.3.2 Aoo-Morphisms And Jumps In The Half-Plane Taut Element 

Let us fix a half-plane %, for example the positive or negative half-plane, and continue to 
consider the family of weights {^(s)} with exceptional half-plane webs appearing at s = s*, 
and for no other value of s. It is possible for both plane and half plane exceptional webs to 
appear at the same value s = s*. Indeed, for any class of planar exceptional webs we can 
make half-plane exceptional webs by taking an extremal vertex of the planar exceptional 
and interpreting it as a boundary vertex. See, for example, Figure 103. In this way we can 
construct taut exceptional half-plane webs from taut planar webs. We will denote the sum 
of oriented taut half-plane exceptional webs at s = s* by zq and the sum of oriented taut 
plane exceptional webs, if present at s = s*, by e. 
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Figure 103: Exceptional half-plane webs for the positive and negative half-planes, whose existence 
follows from Figure 96. 

If we consider the moduli space of sliding h- types of half-plane webs we derive the 
convolution identity: 


ig ~ t d = Zd * ipi + e<9 * id - id * e - id * td- 


(8.18) 


Adopting the usual arguments based on finiteness and the line principle, it does not matter 
whether we take or on the right hand side. 

Let us now suppose that B~ is a boundary amplitude for the positive half-plane for 
a Theory T~ with vacuum weights Zi(s-) with s_ < s*. We must also choose 1Z and 
Chan-Paton data £. Now, holding 1Z and £ fixed, consider a Theory T + for Zi(s+) with 
> s*. We can construct a new solution £> + to the MC equation of T + if we set 

B + :=B~ +pp{t d )[ Y ^}. (8.19) 


Again, we are using heavily the finiteness principle to insure that this expression is well- 
defined, and independent of the choice of B± or f3± on the right hand side. To verify it 
one must take 


plSe) 


1 

1 -B+ 



( 8 . 20 ) 


and expand everything in terms of amplitudes and webs for s < s* using (8.15),(8.18) and 
(8.19). After a few lines of computation, using the finiteness properties and the fact that 
B~ and /3~ are boundary and interior amplitudes one finds that (8.20) is indeed zero. 

An obvious way to extend this analysis to more general situations would be to think 
in terms of an A^ morphism 7^ from the A^-algebra (R d ,pp-( t^)) to the A^-algebra 
(R d ,Pp+( t^)), mapping B~ to £> + . In the case with a single class of exceptional webs, the 
morphism is 7^ = 1 + p^(ea), in close analogy to the case of planar webs. 


Remarks 
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1. We could probably extend the above discussion to define an LA^ morphism from 
p( t^) to p( t^), which coincides in the simple case with 1 + pp(td)- (See Appendix 
§A.6 for the definition of an LA^-morphism.) 

2. As in the planar case we could give a geometric meaning to these general structures 
by using the same trick to break scale invariance, considering half-plane webs with 
edges whose slope depends on the length. Rigid webs in such a setup would define an 
element qq mapped by a web representation to and satisfying automatically the 
required axioms. 



Figure 104: We consider an interface with weights {^(s* + e)} in the positive half-plane and 
weights {zi(s* — e)} in the negative half-plane. In the upper center we show a typical interior 
amplitude which is discontinuous at s * because of the exceptional web of Figure 96. There is a 
unique corresponding taut interface web obtained by placing a vertical slice through an adjusted 
version of the exceptional web. Two (out of three) possible places for the placement of this vertical 
slice are shown in the lower left and lower right. Only one of the three possible vertical lines will 
actually admit a solution to the edge constraints. 


8.3.3 An Interface For Exceptional Walls 

We will now construct an Interface T exc whose Maurer-Cartan equation is equivalent to 
the discontinuity (8.15) of the interior amplitude and which induces a functor on brane 
categories reproducing the discontinuity (8.19) of boundary amplitudes. 

We continue to consider the continuous family {^(s)} of vacuum weights crossing an 
exceptional wall at s *. For simplicity we restrict ourselves to the generic situation where 
a single class of exceptional webs appear at the jump locus, and use all the necessary 
finiteness constraints. 

Our Interface T exc will separate two Theories with vacuum weights {zi(s* — e)} in the 
negative half-plane and {^(s*+e)} in the positive half-plane. The Interface will be formally 
the same as the identity Interface 3d. That is the Chan-Paton factors are simply SijZ and 
the nonzero interface amplitudes are all 2-valent and take the value K^ 1 E Rij ® Rji. The 
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main difference from the case of the identity Interface 3c), is that the interface taut element 
is now more interesting and the Maurer-Cartan equation satisfied by 3 exc is more subtle. 

Quite generally, given any continuous family of weights {^(s)}, by taking a vertical 
slice through a planar web tv with weights 2^(so), where the slice does not go through any of 
the vertices of to, one can make a corresponding interface web to lfc (adding 2-valent vertices 
where the lines intersect the vertical slice). One could then deform the interface web so 
the slopes have weights 2^ (so + e ) in the positive half-plane and Zi (so — e) in the negative 
half-plane. This procedure will never change the expected dimension: We always add a 
boundary vertex and an internal edge so d(tv) = d(tv lfc ). In general, the procedure also 
does not change the true dimension: D(to) = D( tt) lfc ). Thus, in general, if we apply the 
procedure to planar taut webs we get interface sliding webs. However, in the special case 
when we apply this procedure to an exceptional web with so = s* the resulting interface 
web is non-exceptional: D( tn lfc ) = d( tt) lfc ). In particular, if we apply the procedure to an 
exceptional taut planar web we then produce a taut interface web. We claim, moreover, 
that for each deformation class of exceptional taut web at s = s* the procedure will yield 
a unique deformation class of taut interface web separating weights Zi(so ± e). See Figure 
104. 

It then follows that the Interface 3 exc has a more subtle Maurer-Cartan equation than 
that of 3c). Since some interior amplitudes /3j are discontinuous we cannot apply the 
simple argument of Figure 40. But we know from equation (8.15) that /?/ will only be 
discontinuous when / is an exceptional fan. These extra terms are precisely compensated 
by the taut interface webs such as those shown in Figure 104! The Maurer-Cartan equation 
thus becomes 

/3+-r = p%[t] (8.21) 

and thus the MC equation for 3 exc is equivalent to the discontinuity condition (8.15), as 
was to be shown. 

In a similar way, if we try to compose our Interface with a Brane, the only non-trivial 
taut (=rigid) composite webs will be in one-one correspondence with exceptional taut half¬ 
plane webs through a similar procedure of introducing a vertical slice. Thus the Aoo-functor 
J 7 : j exc defined in (6.49) implements the discontinuity equation 

B+-B-=pp(t d )[ T ^}. ( 8 . 22 ) 

The Interface 3 exc we have just constructed represents the discontinuity of Theories for 
crossing an exceptional wall. It is thus similar to the Interfaces for crossing S'-walls. 
In a way analogous to the general Interface for spinning webs of Section 7, we can use 
the concatenation property (8.2) to define Interfaces for more general paths p(x) which 
can cross several exceptional walls by taking suitable compositions of the Interfaces such 
as 3 exc with interfaces for tame vacuum homotopies. At this point one should engage 
in an extensive discussion of homotopy equivalence, well-definedness of concatenation of 
homotopies up to homotopy equivalence etc., but we will not spell out the details here. 
It is useful to point out, however, that when working with homotopies of homotopies 
special codimension two loci in the space of weights C v — A can become important. In 
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particular, one one should treat with care points where two distinct co-dimension one walls 
of exceptional weights intersect. 

Another loose end which we leave to the reader’s imagination is to show that the 
Interface 3 exc satisfies the MC equations also in the more general setup we defined with 
Lqo morphisms and non-scale invariant configurations. This can be done with a setup 
where the edge slopes depend on their length, but only on the positive half-plane. Then 
the MC equation for the Interface with /3 + realized by rigid webs represents a large sliding 
web in the setup. The other endpoints can be represented by convolutions with standard 
planar taut elements, and these terms will vanish. Similar interpolations show that the 
Aoo morphism matches the composition with the trivial interface. 


X 


z k = a 


o 



o 


Zj = ix 


<■ 



= o z * 

: o 

z k = a 


= ix 
o 


o 


Zi = b 



■> 


Figure 105: An example of a continuous path of vacuum weights crossing a wall of marginal 
stability. Here Zk = a and zi = b with a, b real and a < 0 < b. They do not depend on x, while 
Zj(x) = ix. We show typical vacuum weights for negative and positive x and the associated trivalent 
vertex. All other vacuum weights are assumed to be independent of x. As x passes through zero 
the vertex degenerates with Zjk(x ) and Zij(x) becoming real. Note that with this path of weights 
the {i,j, k} form a positive half-plane fan in the negative half-plane, while {k, j,i} form a negative 
half-plane fan in the positive half-plane. If we choose x# < 0 < x r there is an associated interface 
3<>. (We suppress the dependence on X£,x r in the notation.) The only vertices are divalent 
vertices. These are all the standard amplitude K~ x familiar from the identity Interface 3d, except 
for a<>eR$®R$. 


8.4 Wall-Crossing From Marginal Stability Walls 

One of the most interesting wall-crossing phenomena occurs when the path of vacuum 
weights goes through a wall of marginal stability, such as equation (2.41). In this section 
we examine some important examples of such wall-crossing, but we do not give a completely 
general wall-crossing prescription. 

One way to cross such a wall is illustrated in Figures 105 and 106. While we have 
chosen a very concrete set of weights our analysis applies to general configurations where 
the fans behave as described in the captions, and so long as none of the Zij,Zjk , z^i become 
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Zk = a 


o 




z k = a 
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Z{ 


= b 


o 



<■ 



Figure 106: In this figure the path of weights shown in Figure 105 is reversed. Again, z^ — a and 
Zi = b with a, b real and a < 0 < 6, but now Zj(x) = —ix. We show typical vacuum weights for 
negative and positive x and the associated trivalent vertex. All other vacuum weights are assumed 
to be independent of x. Note that with this path of weights the {i,j, k} form a positive half-plane 
fan in the positive half-plane, while {fc, j, i} form a negative half-plane fan in the negative half-plane. 
In order to define an interface we choose initial and final points for the path — x r < 0 < — x# so that, 
after translation, it can be composed with the path defining 3<>. The interface 3>< has several 
nontrivial vertices. See Figure 111. 



Figure 107: For the path of vacuum weights in Figure 105 we have BPS rays crossing as in the 
standard marginal stability analysis of the two-dimensional wall-crossing formula. 


pure imaginary. If our Theory has more than three vacua we assume that all other vacuum 
weights are constant and just the i,jf, k “subsector” of the Theory is changing. 

Let us begin by recalling the well-known standard Cecotti-Vafa-Kontsevich-Soibelman 
result for this situation. Referring to the path of Figure 105 we have the standard trans¬ 
formation of BPS rays shown in Figure 107. Thus the equality of phase-ordered products 
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Figure 108: Vertices for the interface amplitude 3<> described in Figure 105. The bottom left 
and right amplitudes are the standard if -1 -type of the Interface 3D, but the middle amplitude is a 
nontrivial amplitude E (8) in the wall-crossing identity. 



Figure 109: There is one nontrivial taut interface web in the MC equation for 3<> which only 
involves vacua i,j,k. 

(5.40) where T~L is the positive half-plane gives: 

(1 + + M jk e jk ) = (1 + + Mifc e ifc)( 1 + M tj e ij ) (8.23) 

and so we obtain Cecotti and Vafa’s wall-crossing result: 

/y = 

Vjk = ( 8 - 24 ) 

Mik + l l ijl l ]k = /4- 

Of course, the inverse transformation is obtained by considering the path shown in Figure 
106. 
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Figure 110: Vertices for the interface amplitude 3>< described in Figure 106. The bottom left 
and right amplitudes are the standard if -1 -type of the Interface 3D, but the middle amplitude is a 
nontrivial amplitude E R^} (8) R^ in the wall-crossing identity. 




Figure 111: There are three other vertices for the interface 3>< described in Figure 106, shown 
here. The lower left is an amplitude E <g> Rkj (8) Rji . The lower right is an amplitude 
E Rij ( 8 ) Rjk ® R^ki • The middle amplitude is E Rij ( 8 ) Rjk < 8 ) Rkj 0 Rji- 


At a minimum, a “categorification” of the wall-crossing formula (8.24) should describe 
the discontinuous change in the web representation 1Z of the Theories defined by the weights 
of Figure 105 at X£ < 0 and x r > 0. As we have seen with the paths involving exceptional 
webs we should also allow for a change in the interior amplitude and indeed this is quite 
necessary in the present case since the set of cyclic fans must change by replacing {i, j, k} 
with {i,k,j}. 

The simplest hypothesis for how 1Z changes, which is compatible with the change 
of Witten indices (8.24), is that Rik, Rki, Kik, Kki change while all other representation 
spaces and contractions remain unchanged. Similarly, the component flijk of the interior 
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Figure 112: There are two nontrivial taut interface webs in the MC equation for 3>< which only 
involves vacua i,j,k. 




Figure 113: The first nontrivial equation in the identity 3 <> M3 >< ~ 3c). The simplest possibility 
is to take the amplitude to be 1 . 


amplitude can only exist on one side of the wall while fykj can only exist on the other. We 
assume all other interior amplitudes are unchanged. 

We will again seek to characterize an Interface which implements (via the discussion 
of Section 6.2) the desired A^ functor between Brane categories. The Interface 3<> re¬ 
lates the Theory with vacuum weights at X£, web representation, ^ K^\ K^\ and 

interior amplitude /3^ k on the left and the Theory with vacuum weights at x r , web repre- 

( 2 ) ( 2 ) (2) (2) (2) 
sentation R\ k \ K^ k ,K ki J and interior amplitude on the right. The interface 3>< 

is then defined by the choice of path in Figure 106 beginning at —x r and ending at — X£. 

Thus, we seek to define Interfaces: 

a<> € <Bt(T i ,T r ) & 3>< € <Bz{T r ,T e ) (8.25) 
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Figure 114: The second nontrivial equation in the identity 3<> IE 3>< ~ 3c). The simplest 
possibility is to take the amplitude to vanish. 



Figure 115: The first nontrivial equation in the identity 3x830 r>*j 3d. The simplest possibility 

(2) _i 

is to take the amplitude to be K\ k h 

(where the notation is meant to remind us how the half-plane fans are configured in the 
negative and positive half-planes). Now, the essential statement constraining these Inter¬ 
faces is that, after a suitable translation of an Interface to the left or right so that they 
can be composed, the composition of the Interfaces should be homotopy equivalent to the 
identity Interface: 

T<> M T>< - 3d r t & T>< M T<> - 3d r r. (8.26) 

The Interfaces only depend on xg < 0 and x r > 0 through composition with invertible 
Interfaces. 

We now construct such Interfaces 3 >< and T<>. The simplest hypothesis is that the 
Chan-Paton data of the Interfaces T<> and 3 >< is identical to that of 3d and we will adopt 
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Figure 116: The second nontrivial equation in the identity 3>< IE 3<> ~ 3c). The simplest 
possibility is to take the amplitude to vanish. 

these. As explained in Figure 108 the Interface T<> has amplitudes coinciding with those 
of the Identity interface 3d, except for 

a<>£R ( H®R?k (8-27) 

where the notation is again meant to be suggestive of the picture. The Mauer-Cartan 
equation for this interface is illustrated in Figure 109. It constrains the interior amplitudes 
through the condition: 

K«®-R>(/3g®ft ( g)=0 (8.28) 

where we have used repeatedly the defining properties of iF -1 . There is no constraint on 
from taut webs involving only vacua i,j,k. Of course, if there are other vacua then 
this amplitude might well be involved in other components of the MC equation. 

Similarly, as explained in Figure 110 and 111 the Interface Tt)>< has a more intricate 
set of amplitudes. In Figure 110 we have 

«;< € R { S ® (8.29) 

and in Figure 111 we have 

a>< <E Rij <g> Rjk ® R$ 

«>< e nik ® Rkj ® Rji ( 8 - 3 °) 

«>< £ Rij ® Rjk ® Rkj ^ Rji 

Once again, the notation is meant to be a mnemonic for the picture. There are now 
two nontrivial components to the MC equation, illustrated in Figure 112. These lead to 
equations 

K ik(p*]® <*><)= 0 ( 8 - 31 ) 
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41’ (a><®4*)=° 


( 8 . 32 ) 


In order to investigate (8.26) we work out the nontrivial amplitudes of the composition 
of the two Interfaces. For 3<> M J >< there are two nontrivial amplitudes. The first, 
illustrated by Figure 113 is given by 45 

4? {<*<> ® «;<) + Kii ® K jk (/?g ® «><) G R$ ® (8.33) 

In this formula, and in the similar ones to follow we have used the basic defining property 
(6.11), (6.12) of K~ l several times. The second nontrivial amplitude, illustrated by Figure 
114, is given by 

-^ik ( a <> ® a ><) + K-ij 0 Kjk (fi[jk ® a ><^j ^ Rij ® Rjk 0 Rki ' (8.34) 

Similarly, for 3>< M 3<> there are likewise two nontrivial amplitudes. The first, illus¬ 
trated by Figure 115 is given by 

4k («;; ® a<>) + K,j ® Kjk ( Q ;< ® /3®) € Rg' ® R®. (8.35) 

The second nontrivial amplitude, illustrated by Figure 116, is given by 

K ik («>< ® a <>) + K H ® K jk («>< ® 4§) G R kj ® ® R ik ■ ( 8 - 36 ) 

In order to illustrate the categorified wall-crossing we will content ourselves with con¬ 
structing a consistent pair of Interfaces 3<> and 3>< satisfying all the above criteria. We 
will not try to construct the most general Interface consistent with all the criteria. In this 
spirit we will therefore try to construct these Interfaces so that equation (8.26) is satisfied 
with equality, rather than homotopy equivalence. This leads to the four equations: 


4t 4<> ® <*;;) + ® ** (/?$ ® «?;) = 41’"' 

4P («;; ® +«« ® a> (41 ® <*>?) =° (s.3«) 

41 ’ (<*>-< ®<*;;) + ® x* ® ft®) = ^l 2 ® 1 (8-39) 

4k 4l< ® ««) + K <i ® (<*g ® ft®) = 9 (8.40) 


The conditions (8.37)-(8.40) are rather opaque. They can be considerably simplified 
by using the property that K is a nondegenerate pairing to define a degree minus one 
isomorphism Rji —>► R*j. In this way we can reinterpret the amplitudes (8.27)-(8.30) as 7 

45 In these, and similar formulae below we have not attempted to get the relative signs in the equations 
right. 
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>< 

>< 



a 


>< 


Figure 117: A quiver-like figure illustrating the various linear transformations appearing in the 
categorified wall-crossing formula. 


linear transformations between three different vector spaces: 

<S“ e Hom(4>,4 2> ) 

<S“ e Hom(4 2) ,4>) 

e Hom(R^\ Rij ® Rjk) 

a>~ € lloml/tj ® R ik ,R$) (8.41) 

<d>< £ Hom(i?^ (^) Rjfc , Rij ® Rjk) 

e Hom (^ } , Rn ® Rjk ) 

4 2 ]eHom (RijVR^R™) 

In these terms the Maurer-Cartan equations become 3 simple conditions on the linear 
transformations: 46 

= 0 

8>;;/3$ = o (8.42) 

$§“>< = °. 

while the equivalence of the composition with the identity Interface, equations (8.37)-(8.40) 
become the four somewhat more tractable equations: 


a<>a>< + — Id (i) 

ik 

a><a<> + a >K $ ikj = Id (2) 

ik 

a<>a>< + /3^y>< = 0 
«><«<; + «><$§ = °- 


(8.43) 


46 0ur convention here is that subsequent composition of linear transformations are written on the right. 
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It helps to draw a quiver-like diagram to represent the linear transformations and their 
constraints as shown in Figure 117. 

There will be a moduli space of solutions to these constraints. Some general facts are 
readily deduced. For example it is an easy exercise to show from these equations that 
and are projection operators onto subspaces V\ C and V 2 C R^} 

and that is an isomorphism from V\ to V 2 . We may therefore take 

R$ = V © Wi R$ = V © W 2 (8.44) 

Therefore /3^a>< and are orthogonal projectors onto W\ and W 2 , respectively. 

We will not try to give the most general solution to the constraints. The simplest solution 
of all our constraints is obtained when 


Rij ® Rjk = Wi © W 2 © U 

and then to take = 0 and 47 


(8.45) 


d >< = d <> = Py 


a 


~< = /j( 2 ) = p T 
Pikj 


>< 


5 ( 1 ) _ p[ 1 ] 
Pijk r W\ 


W 2 

a > ~ — 
a >< r W! 


(8.46) 


The superscripts in the last line indicate a degree-shift. Indeed, when passing from the 
amplitude a to the linear transformation a we must use the degree —1 isomorphism of 
Rij -5 Rji) and so on. Therefore, and all have degree 0, etc. 

In terms of physics, V represents ik solitons which are unchanged by the wall-crossing, 
while W\ and W 2 are sets of solitons which are gained or lost during the wall-crossing. 
Those subspaces are isomorphic to subspaces of Rij ® Rjk (and indeed correspond to 
boundstates). Thanks to the degree assignments of a and /3 we see that W\ and W 2 
contribute with opposite signs in computing the index on R^ 0 Rjk (while U is a subspace 
which contributes zero) and in this sense we can say, informally, that the categorified 
Cecotti-Vafa-Kontsevich-Soibelman wall-crossing formula is 


R fk ~ R ik = (Rij ® R jk) + - ( R ij ® Rjk ) 

= h - * 5 ) ® y - y 


(8.47) 


where the superscript ± on the right hand side refers to the sign of (— 1) F . 

It is time to stop and assess our results. We have given an explicit description of a 
pair of “minimal” wall-crossing interfaces 3<> and 3><, which exist as long as the web 
representations before and after wall-crossing are related in a natural way, as described by 
the above decomposition. We have not checked that 3<> and 3>< intertwine with rotation 
interfaces, nor that one can encode the relation between the two theories enforced by 3<> 

47 There is a slight abuse of notation here. Pv here denotes the projection to V composed with the identity 
map to the subspace V in the codomain. We have suppressed this in an attempt to keep the equations 
readable. 
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and 3>< into an L^ (or better, an LA^) morphism. We leave these problems to future 
work. 

In the context of LG theories, as described in Section §12.3 the spaces are generated 
by certain solitons interpolating between the critical points of the superpotential associated 
to the vacua i and k. At a wall-crossing, such solitons only appear and disappear generically 
when the critical point j hits the soliton, splitting it into ij and jk solitons. The subspaces 
V, W\ and W 2 should be generated by solitons which respectively are not hit by j, or 
are hit when approaching the wall in parameter space from either side. It should also be 
possible to test our solution for the jump in interior amplitudes for LG theories. We leave 
that problem, as well, to future work. 

We expect our proposal for the wall-crossing of the Rij spaces to hold universally 
for massive (2, 2) theories, in the sense that the “true” wall-crossing interfaces should 
always factor through our 3<> or 3><, up to inner auto-equivalences or other equivalences 
associated to phantom walls (See Remarks 2,3 and 4 at the end of Section §8.1.) 

9. Local Operators And Webs 

This section develops some formalism for discussing local operators on the plane, in the 
context of the web formalism. 

We have already identified the local boundary operators on the half-plane between two 
Branes 03 1 and OS 2 with Hop(03i, OS 2 ). More precisely, using the first A^ multiplication Mi, 
Hop(2$i,932) is a complex whose cohomology is meant to be the space of Q-cohomology 
classes of local operators preserving suitable supersymmetries. As explained in Section 
§11.2.1 below, the physical context for these operators is the “A-model with superpoten¬ 
tial.” As explained in Section §16.2, this space of local operators includes both order and 
disorder operators and is slightly unusual in discussions of Landau-Ginzburg models. 

Now, in Section §16.3 we show that further new ideas are needed to discuss local 
operators in the bulk. This proves to be the case in the approach from the web-based 
formalism as well. We should stress one point: In the Landau-Ginzburg model it is quite 
natural to look at the Jacobian ideal C[</> 7 ]/ (dW) (or its generalizations with curved target 
space). This is the chiral ring for the B-twisted model, and is not the local operators 
relevant to the “A-model with superpotential.” The latter has a subspace of local operators 
given by the DeRham cohomology of the target, although these are only the order operators, 
and in principle there will be other, disorder operators, in the space of local operators. 

9.1 Doubly-Extended Webs And The Complex Of Local Operators On The 

Plane 

The guiding principle for generalizing the complex Hop(03 1 , OS 2 ) to the case of operators on 
the plane will be the relation to the complex of groundstates provided by the exponential 
map 

u + iv = e~ ix+y . (9.1) 

Recall that, for boundary operators, the spinning webs, (7.4), with uniform rotation d(x) = 
—x on an interval of length tv map to half-plane webs with a marked point on the boundary 
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at u — v — 0. This point corresponds to the far past y — oo on the strip. The relation of 
the complex of local operators to the complex of groundstates is summarized in equation 
(7.53). 

We now imitate the above discussion for closed strings. Accordingly, we will map the 
infinite cylinder with coordinates (x, y) and x ~ x + 2n to the plane using the exponential 
map (9.1). Equivalently, we can consider periodic webs on the strip in the (x,y) plane 
with X£ < x < X£ + 2tt. We again consider curved spinning webs with uniform rotation 
d(x) = —x. The complex of groundstates on the strip will be given by the trace of the 
matrix of Chan-Paton factors of the rotation Interface — 2n\. (See the discussion 

in Section §7.3, and further development in Section §9.2 below.) All binding points are 
future stable and, from equation (7.28) see see that each cyclic fan of vacua will fit on the 
cylinder. We thus might expect the complex of groundstates to be simply the complex 
R mt = ©ji?j we have met before. This is not quite right since the constant vacuum z, 
corresponding to the “fan” {z} is also an approximate groundstate. Therefore, for each 
vacuum z we introduce a module Ri = Z, in degree zero, and we define 

Rc [©zev7?i] © R mt ^ ^ 

= [©zevAy © [ffij-Rj] 

The complex R c defined in equation (9.2) is nicely in accord with the MSW complex 
of semiclassical twisted ground states discussed in Section §16.3.1 below. The summands 
Ri correspond to states in the constant vacuum <pi that sits at a critical point of the 
superpotential. The summands Rj where / has length greater than one correspond, for 
large radius of the cylinder, to the fans of solitons. 

Now, we would like to define a differential d c on R c to make it into a complex. We 
follow the lead of the complex of approximate ground states defined in Section §4.3 above. 
We should contract incoming states at y — — oo on the strip with all taut webs, saturating 
all boundary and interior vertices with boundary and interior amplitudes, as in equation 
(4.59). 

The image under the exponential map (9.1) of a taut spinning periodic web will be one 
of two types, illustrated in Figures 118 and 119. In the first type, there is a fan of vacua / 
at y —¥ — oo of length larger than one. In the second type, the fan at y — oo consists of a 
single vacuum {z}. In the first case the image of the taut curved web in the (u + iz;)-plane 
is a taut web with one vertex at the origin, as shown in Figure 118. If / is the fan of vacua 
at y —)► — oo and if q G i?/, then we define 

d c {ri) := P/3M( 77 ), (9.3) 

where f p i is the taut planar element on the (u + iz;)-plane. Thus, all vertices except for 
the one at the origin are saturated with the interior amplitude ( 3 . The second type of taut 
spinning periodic web will lead to a map 

Ri ^ © jz/ziRij 0 Rji • (9.4) 

To define this map return to Figure 73 and use equations (7.42)-(7.44) to write 

d c {<t>i) ■= (9.5) 
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Figure 118: This figure represents the relation between a taut curved web on the x + iy cylinder 
and a taut extended web on the u + iv plane. The open red circle is the origin of the plane and 
corresponds to the y — oo limit of the cylinder under the map u + iv = e ~ lx+y . The vertical lines 
extending from y = —oc to Too at x = —an and x = —an have no moduli, and the vertex can 
only move vertically at x — —an c . Taut webs are used to define a differential on the complex R c . 
Contraction with the taut web shown here takes an element r G R{i,k,i} to pp[ t](r) which in this 
case is just p[t](r (8> Pijk)- The cylindrical picture is meant to motivate this operation as a transition 
amplitude from an approximate ground state in the far past of the cylinder to a state in the future. 



Figure 119: The web on the cylinder has one modulus and hence is taut as a curved web. It can 
be considered as a map from a state in Ri to a state in R{j ® Rj{. It is natural to give this map 
the amplitude K^ 1 and indeed that completes the operation of Figure 118 to a differential. The 
image under the exponential map shows that we should broaden our notion of extended webs to 
doubly-extended webs by including a new kind of vertex in the faces of the webs. 


where <pi is a generator of Ri = Z defined below. The crucial property = 0 will follow 
from our discussion of “doubly-extended webs” below. 

The cohomology H*(R C , d c ) is to be identified with the space of local operators. Recall 
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that under the isomorphism Rij ® Rji —)► Rji ® the element K^ 1 is antisymmetric. It 

therefore follows that 

1 := (9.6) 

is always closed and defines a canonical element of the cohomology. This element simply 
corresponds to the unit operator. 



Figure 120: The pictorial demonstration of a convolution for doubly-extended webs. The web 
with the closed vertex in vacuum i has four moduli - two for each vertex and is therefore a sliding 
web. Near one of the boundaries of its moduli space it can be expressed as a convolution of two 
taut webs. 




Figure 121: The two boundaries illustrated in (a) and (b) correspond to two boundaries leading 
to cancelling contributions in the contribution of d(d(^>i)) to the summand of R c with fan I = 

We now show that R c is indeed a complex. In fact, it is an L^ algebra, extending the 
Lqo algebra structure on the set of interior vectors R mt . To this end we introduce a notion 
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of doubly-extended webs. These are plane webs, defined as before, but now we introduce 
a new kind of vertex, called a closed vertex that can be inserted into the interior of the 
faces of an ordinary extended plane web. These closed vertices are denoted by open circles 
in Figures 120 and 121. We can now define oriented deformation type and convolution in 
straightforward ways. Each closed vertex adds two moduli. The boundaries of the moduli 
space include ends where a closed vertex approaches a bounding edge of a face. Given a 
web to, let to be the new doubly-extended web where a closed vertex has been inserted into 
some face at a point (u 0 ,v 0 ). Then the orientations of the two webs are related by 

o(ffi) = o(to) A ( du 0 dv 0 ) (9.7) 

All the convolution identities work as for (extended) plane webs. An illustration of an 
important convolution involving a closed vertex is shown in Figure 120. An example of 
cancelling ends in a convolution identity is shown in Figure 121. 

With a representation of webs we can define generators <f>j of i?j, j G V, by 

p(iv)[Si,(f)j,S2] := Sijp(to) [Si,£ 2 ] (9.8) 

where to and to are related as before and the closed vertex in to is inserted in a face marked 
with the vacuum i. Here Si ^2 G TR C . The generator <f>i of Ri is the same as that used 
in equation (9.5), as one can check by carefully comparing orientations in Figure 120. The 
demonstration of the L ^ algebra structure on R c completely parallels that used before for 
R mt . In particular, the demonstration that d(d(<^)) = 0 follows from the consideration of 
ends of moduli space such as those shown in Figure 121. 

9.2 Traces Of Interfaces 

There is a useful, alternative perspective on the cylinder geometry with d(x) = — x. Up to 
an homotopy, we can deform the il(x) profile so that the variation happens on a small scale 
compared to the size of the circle. Thus the geometry reduces to a cylinder with essentially 
constant vacuum weights, and an interface 9T[2 tt, 0] inserted at x = 0. The complex of 
approximate ground states is essentially the same as i? c , though the differential will only 
be chain-homotopic to d c . 

This is a special case of a construction which is available every time we have an interface 
X G 231(T, T) between a Theory T and itself. Let us define the trace of the Interface X, 
denoted Tr(X), to be the complex of approximate groundstates on the cylinder with X 
running along the axis of the cylinder. Thus, the underlying Z-module of the complex is 

Tr(X) = ©iev£(X)ii (9.9) 

To define the differential we consider “periodic webs.” These are webs in R x S 1 where 
the edges have constant slope. In other words, if we unroll the cylinder by cutting along 
a vertical line to get a strip, then the edges of the webs are straight lines in the strip. 
Periodic webs are a close analogue to strip webs or composite webs on a strip geometry. 
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Taut webs have two moduli (one of which is translation along the axis of the cylinder). 48 
The taut element t c satisfies a convolution identity 

t c ot c + t c *t p/ + t c *t x = 0 (9.10) 

and hence d c = p@[ t c ](yz^), where B is the boundary amplitude of the Interface, is a 
differential. 

In general we claim that Tr(XKI DT[0, ±2 tt]) is homotopy equivalent to the complex of 
groundstates on the strip x ~ x + 2n with I inserted and with spinning vacuum weights, 
spinning by d(x) = —x. In particular, taking X to be the identity Interface, and the 
definition (7.28) we see that the Chan-Paton data of [??,?? — 2n] are given by 

©iev(^i ® R!ii) e ii ® ®i<j-^ij e ^3 ® (9.11) 

where R' r is the set of cyclic fans with vacuum i at x = 0. (See equation (7.41) above for 
the case of two vacua.) The trace of this matrix of complexes recovers the complex R c of 
equation (9.2). Thus, given the results of the previous section, the space of local operators 
in a Theory can be described in terms of the trace of d — 2tt] . 

The above construction can be generalized. If we have a sequence of Interfaces I{ E 
23t(T z , T l+1 ) at locations i = 1 ,..., n along the periodic direction x x + 27t, inter¬ 
polating between a periodic sequence of Theories T l then we can consider the trace of the 
product 

Tr(Zi M • • • M I n ) = £(%i)jiji+i (9.12) 

There will be many different homotopy-equivalent differentials. If we consider again the 
taut element for periodic composite webs t c (generalizing that used above for a single 
Interface) then the convolution identity generalizes to 

n 

t c ot c + t c *t^ + yp c *t Xl =0 (9.13) 

2=1 

and therefore d c = P/3[tc](®iLipTg") defines a differential on (9.12). 

9.3 Local Operators For The Theories T N and / R SU ( N ) 

We comment briefly on the computation of the cohomology of R c for the two examples of 
Theories T N and / R SU ( N ) discussed throughout this text. 

Let us consider first T N • According to Section §4.6.4 this is meant to coincide with the 
A-model with target space X = C and superpotential (4.138). For the strict A-model the 
target space cohomology H^ R (X) has a single operator in degree zero corresponding to the 
unit operator. Nevertheless, as discussed in Section §16.3 the full space of local operators 
can in principle include disorder operators, and H RR (X) is only a subspace of the space 
of local operators. In fact, for the T N Theories, the cohomology of R c is one-dimensional, 
and spanned by the unit operator 1 as the following computation shows. 

48 In the absence of the Interface X, the line principle shows the only webs would be unions of closed loops 
wrapping around the cylinder. 
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The complex R c takes the form 


®%Ri ®i<jRij ® Rji ~^ ®i<j<kR{i,j,k} > * ‘ ‘ ~^ ®%R^ ~^ 0 (9.14) 

where in degree N — 2, i denotes the fan that omits i from {0,..., N — 1}. Using (4.79) 
this becomes 

e N Z -»■ ©(a)zW ->-> ©Qz^'- 1 ] -»■-> ->■ 0 (9.15) 


The Witten index is thus automatically 1. We can in fact do better and compute the 
cohomology as follows. We can identify the complex with a subspace of a Grassmann 
algebra Q — Z[0o>... , 0/y- i\/R where the ideal 1 is generated by 9{9j + 9j9{ = 0, for all 
z, j and the 6i have degree +1. We identify R c with the subspace of Q of elements of 
degree at least one and then shift the degree by —1. To see this, identify a generator of 
Rh,i 2 ® ■ * • Ri k _ u i k ® Ri k ,in where i\ < z 2 < • • • < 4 with 9^0^ • • • 0 ik [— 1]. Then, for any 
fan, the differential acts by diagrams like those of Figure 118. Since the interior amplitude 
is only nonzero for 3-valent vertices with bijk — 1 for i < j < k it is easy to see that the 
differential d c is the same as the action of multiplication by 0 = 6q + • • • + 0n-i- There 
is thus a clear chain-homotopy inverse between the zero map and the projection operator 
onto on elements of R c of positive degree. It is given by: 


Thus, 


k{t) := 



+ 


d0 N -1 


deg(r) > 0 
deg(r) 0 


(Kd c + d c K) (r) 


Nr 

Nr — tr(r)l 


deg(r) > 0 
deg(r) 0 


(9.16) 


(9.17) 


Here 1 = un ^ operator discussed above. In this example 1 = X^o 1 [— 1] • 

Moreover, if r = J2xi0i[—1] is of degree zero we define tr(r) = Yhi x i- Therefore the 
cohomology is generated by the unit operator. 49 

Turning now to the / R SU ( N ) Theory the physical expectation from Section §4.6.4 is 
that it should correspond to an A-model with superpotential W = J2iLi ^ on the space 
S defined by S = {(Ti ,... ,Y n )\Yi-•-Y N = q} C (C*)^ where q ^ 0. By [47] this should 
be mirror to the B-model on CP^ -1 . We use this mirror dual pair to check our proposal 
for the local operators using the complex R c constructed from the representation of webs 
described in equation (4.100) above. 

In general, the B-model with target space X has a space of local operators 


® p , q H p (X,A q T lfi X). (9.18) 

49 This argument only suffices to determine the cohomology up to iV-torsion. From examples we find that 
the cohomology is in fact isomorphic to Z in degree zero. In physics the space of local operators is a vector 
space over C, but in the web formalism one can work over Z. This raises the interesting question of whether 
there can be torsion in the cohomology of R c , and what its physical meaning would be, if any. We leave 
that for another time. 


- 215 - 




In the present case we compute the cohomology, as a representation of su(IV) to be: 


H P (X, A q T 1,0 CP N ~ 1 ) 


L>N-q,q+l P = 0 
0 p > 0 


(9.19) 


where the L rij ,„ were defined in Section §4.6. The result is in fact very intuitive. Cohomol¬ 
ogy classes with p = 0 can be represented by global sections 


C]i-j q X h ...x^ 


d 

dXh 


A---A 


d 

dXh ’ 


(9.20) 


where [X 1 : • • • : X N ] are homogeneous coordinates. The SU(N ) tensor C J X"- q is totally 
symmetric in i & and totally antisymmetric in jk and therefore in A^- q ® S q . Now we 
must identify by the image of holomorphic vector fields and this requires C^"'- q to be 
traceless. Referring to the decomposition (4.121), the traceless part is the second summand. 
The cohomology is one-dimensional in degree q — 0 and isomorphic to the adjoint in 
degree q — 1. Indeed, the one-dimensional cohomology should be a Lie algebra of global 
symmetries of the theory on a priori grounds and that is the su (N) symmetry of the present 
example. 

We leave it as an interesting and nontrivial challenge to reproduce (9.19) from the 
cohomology of i? c , as defined in equation (9.2). 

We can perform one nontrivial check on this identification by examining the character¬ 
valued index. Let t — Diag(£i,..., £/v) be a generic diagonal element of SU(N). It 
acts naturally on the homogeneous coordinates of CP^ -1 thereby inducing an action on 
H P (X, A g T 1,0 X). By the Atiyah-Bott fixed point formula we have 50 


N -1 N—l 

F n (x) :=5> 9 E(—1 yTr H P(X,A r iT 1 ’ 0 CV N - 1 )t 

q =0 p =0 

_ ^ n#i(l + Xti/tj) 


tt rwi - tj/u 

In particular, the character-valued index is 


N 


f n (- i) = E 


U/tj) 


N 


N 


2=1 1 L 7 ^ V ~ JI ~ bJ |=1 2=1 

where in the second equality we used the property that t E SU(N). 


(9.22) 


= • • • tyv)- 1 = (-l)^- 1 5] tf (9.23) 


50 Incidentally, there is an elegant argument to recover the representations of (9.19) from this formula. 
Consider 


U N (z,x) := - 


1 fl j^A+xz/tj) dz 


z n Li(i -tj/z) 


(9.21) 


By equating the residue at z = oo with the sum of the finite residues, using the generating functions for 
characters of symmetric and antisymmetric representations, and using the decomposition (4.121) one can 
reproduce (9.19). 
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On the other hand, by direct computation of the character-valued index of i? c , using 
the characters of the anti-symmetric representations Rij we find 

Tr^-lf = N - Nj[ti + (-l)*" 1 (9.24) 

2=1 2=1 2=1 

where in the second equality we used the property that t E SU(N). We checked equa¬ 
tion (9.24) for N = 2,3,4, 5,6, but giving a direct proof of this equation looks difficult. 
Fortunately the methods of Section §7.10.1 above can be used to give a proof: The Inter¬ 
face f of that section implements a rotation by 2n/N , and hence its N th power gives 
the full Interface for rotation by 2i r. The eigenvalues of the character-valued index of the 
Chan-Paton data of this Interface follow from (7.182), and are simply (—U), i — 1,..., N. 
Using the relation of the complex R c to the trace of the Interface explained in Section §9.2 
we arrive at equation (9.24). 51 

Note that the cohomology is much larger than the naive DeRham cohomology of S = 
(C*)N-i that one might associate to the A-model on S. Indeed, the dimension of the 
H*(R C , d c ) for / R su ( n ) is given by 2^1 (1 — TV, N + 1,1; — 1), and this grows with N far more 
rapidly than 2 N ~ X . Thus, there are many disorder operators. Indeed, we can already see 
the need for disorder operators for the case N — 2 discussed in detail in Section §16.3.3 
below. 


10. A Review Of Supersymmetric Quantum Mechanics And Its Relation 
To Morse Theory 

In Sections §§11-17 below we will sketch our main physical application of the formalism 
we have developed. That application is based in turn on standard ideas about the in¬ 
terpretation of Morse theory in terms of supersymmetric quantum mechanics [87]. While 
this material is well-known, and is nicely reviewed, for example, in [50], we would like to 
emphasize several key points which are of particular importance in our application. 

10.1 The Semiclassical Approximation 

We start by reviewing supersymmetric quantum mechanics and its relation to Morse theory 
(see [87] and section 10 of [50]), since much of our subject can be developed in close parallel 
to this. Much of this material may be familiar to many readers, but in section 10.6 we 
explain a point that may be less familiar and that is crucial background for the present 
paper. 

We begin with a Riemannian manifold M of dimension n, with local coordinates u a , a = 
1 ,..., n, a metric tensor g a &, and a smooth real-valued function /i, called the superpotential. 
A critical point of h is a point at which its gradient vanishes, dh/du a = 0, a = 1 ,..., n, and 

51 Actually, there is a disagreement by an iV-independent minus sign. We have not sorted out the expla¬ 
nation of this sign. 
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a critical point is called nondegenerate if at this point the matrix of second derivatives 52 
d 2 h/du a du b is nondegenerate. (This matrix is sometimes called the Hessian.) We will 
assume that h is a Morse function. A Morse function is simply a smooth function such 
that all critical points & are nondegenerate. For the moment, we assume M to be compact, 
in which case the number of critical points of h is finite, but sometimes one wishes to relax 
the compactness assumption and also allow infinitely many critical points. 

From this data, we construct a supersymmetric quantum mechanics model, describing 
maps from R 1 ! 2 - a supersymmetric worldline with a real coordinate t and odd coordinates 
0 and 6 - to M. The supersymmetry algebra 53 is generated by the odd vector fields on M 


Q 


d_ 

d§ 


+ id WV 


Q 



( 10 . 1 ) 


the only nonzero anticommutator of these operators is 


{Q, Q} = 2 H, H = W t . 


( 10 . 2 ) 


This supersymmetry algebra admits a group U( 1) of outer automorphisms called the R- 
symmetry group, generated by a charge F that assigns the values 1 and — 1 to 6 and 0, 
respectively. This will be a symmetry of the models we consider. The supersymmetry 
algebra commutes in the Z 2 -graded sense with the operators 






(10.3) 


which are used in writing Lagrangians. 

To construct a supersymmetric model that describes maps from R 1 1 2 to X, we promote 
the local coordinates u a on M to superfields X a (£, 0, 9) — u a (t)+i9vp a (t)+i9vp a (t)+69F a (t), 
where i/j a and ijj a are Fermi fields with F — 1 and F — — 1, respectively, and the F a are 
auxiliary fields. 54 It follows from this that 


{Q^ a j = iil a + F a 

{Q^ a } = —iu a + F a . (10.4) 


One takes the action to be 

I= \S 

52 In general, to define the second derivative of a function h on a Riemannian manifold M, we need to 
use the affine connection of M; the only natural second derivative is D 2 h/Du a Du b , where D/Du a is a 
covariant derivative. But at a critical point, D 2 h/Du a Du b reduces to the more naive d 2 h/du a du b , a fact 
that we incorporate in some formulas below. 

53 We write Q and Q (rather than Q and Q ) for the supercharges of the quantum mechanical model, since 
this will be more convenient in discussing the generalization to two-dimensional LG theories. 

54 When working with complex superalgebras we let * denote the complex anti-linear involution which 
acts on odd variables according to the rule ( 6162 )* = O 2 OI. Our notation is such that 0 — ( 6 )*, and so on. 
Hence X z is a real superfield when F l is real. We are using the same letter Q for an operator on fields and 
for an odd vector field on a supermanifold, so the supersymmetry transformation rule is [i Q,X l ] = QX l . 
Unfortunately, our conventions differ from those in [50] by an exchange oi ^ ^ ip. 


dtd 2 e 


-g ab (X k )DX a DX b - h(X c 


(10.5) 
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This action describes a supersymmetric cr-model in which the target space is M. Perturba¬ 
tion theory is a good approximation if A is small, but A can be eliminated from the formulas 
by rescaling g^ and h (and to avoid clutter we do so in what follows). After integrating 
over 9 and 0, the action becomes 55 

1 = / dt Q 9abU a u b + + ^9abF a F b - F a d a h + +••■)» 

( 10 . 6 ) 

where the covariant derivative D/Dt is defined using the pullback of the Levi-Civita con¬ 
nection of M, and we omit four-fermi terms. One can eliminate the auxiliary field F a via 
its equation of motion 

F a = g ab d b h, (10.7) 

and for the ordinary potential energy, one finds 

V{u k )= l -\Vh\ 2 = l -g ab d a hd b h. (10.8) 

A classical ground state is therefore a critical point of h. Since we have assumed that h is 
a Morse function, there is a finite set V of such critical points. 

The fermion mass term that arises in expanding around a critical point can be read 
off from the action: 

(10.9) 

(The bracket appearixng here is an ordinary commutator, not a graded commutator, and 
accounts for an important normal ordering convention to preserve supersymmetry.) Since 
we assume that h is a Morse function, the fermion mass matrix = d 2 h/du a du b is 
nondegenerate at each critical point. In Morse theory the number of negative eigenvalues 
of the Hessian at a critical point p is called the Morse index. We denote it by n p . Thus 
the number of negative eigenvalues of the mass matrix is n p . Similarly the bosonic mass 
squared matrix that arises in expanding around p is positive-definite. So in expanding 
around a given critical point, all bosonic and fermionic modes are massive. Hence, from 
the standpoint of perturbation theory, there is precisely one minimum energy state & p 
for every critical point p G V. In perturbation theory, this state has zero energy and is 
annihilated by the supercharges Q and Q. Indeed, the supersymmetry algebra 

{Q,Q} = 2H, Q 2 = Q 2 = 0, (10.10) 

implies that eigenstates of H with nonzero eigenvalue come in pairs, and therefore the 
fact that in expanding around the critical point p one finds only a unique ground state 
implies that in perturbation theory, <& p is annihilated by Q, Q , and i7, so it is a 
supersymmetric state of zero energy. (Beyond perturbation theory, as we discuss in section 
10.4, nonperturbative effects can modify this statement.) 

The states in the cr-model are not functions on M, but differential forms on M. To 
see this, we observe that a state of smallest fermion number must be annihilated by the ^ 

55 Here / d 2 0d0 = / dOdO 00 = +1. 
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operators, but may have an arbitrary dependence on the bosonic variables u a . So letting 
\Q) denote a state annihilated by all xp a and independent of the u a , a state of minimum 
possible fermion number is f(u) |fi), where f(u) is an arbitrary function on M. A state 
whose fermion number is greater by n is then J2 ai a n faia 2 ...a n ( u )xp ai xp a2 ... xp an \ fi), where 
in the language of differential geometry, ^2 ai an fa 1 a 2 ...a n ( u )du ai dxi a2 ... d u an is called an 
n-form on M. Thus quantum states in the cr-model correspond to differential forms on 
M and, up to an additive constant (which is the fermion number we assign to the state 
|f 2 )), the fermion number of a state is the degree of the corresponding differential form. 
In differential geometry, it is customary to define the degree of a differential form on a 
d-manifold to vary from 0 to d. However, the theory (10.5) has a symmetry xp xp 
(“charge conjugation,” which in differential geometry is called the Hodge star operator on 
differential forms). J 7 is odd under this symmetry at the classical level, and to maintain 
this property quantum mechanically, we subtract an overall constant — d/2 and say that 
an n-form corresponds to a state of fermion number T = —d /2 + n. 

To determine the fermion number of the low energy state <$> p associated to a given 
critical point p, we need to determine which modes of xp and xp annihilate All we 
need to know is that for a real number m and a single pair of fermion modes xp, xp, the 
operator Hq — y^,^] has (i) an eigenstate |^) annihilated by xp with Hq — — y and (ii) 
an eigenstate |t) annihilated by xp with Hq — +y. For m > 0, the ground state of Hq is 
annihilated by if; but for m < 0 , it is annihilated by xp. So the number of modes of xp that 
annihilate the ground state of the fermion mass operator iTy of eqn. (10.9) is equal to the 
number of negative eigenvalues of the matrix d 2 h/dxi a dxi b , or in other words, the Morse 
index of the critical point p. So if p has Morse index n p , then is an n^-form. 

Thus if n + and n_ are the number of positive and negative eigenvalues of the fermion 
mass matrix in expanding around a given critical point p (so d = + n_ and the Morse 

index of p is n p = n_), then the fermion number of <$> p is 

fp =-\( n +~ n ~) ■ (10.11) 

A standard argument using the supersymmetry algebra (10.10) shows that the space 
of supersymmetric states - states annihilated by Q, Q, and H - can be naturally identified 
with the cohomology of Q (the kernel of Q divided by its image). Here Q is an operator 
mapping n- forms to n + 1-forms and obeying Q 2 = 0. In differential geometry, there is a 
standard operator with this property, the exterior derivative d. In differential geometry, it is 
usual written d = du a d u a , which in our language would be xp a d u a. Hence {d, xp a } = g ah d u b. 
Recalling that in canonical quantization, u a maps to —i g ah d u b, eqn. (10.4) tells us that 
{Q,xp a } — g ab (d u b + d 5 / 1 ). So Q does not coincide with xp a d u a = d; rather, 

Q = xp a (d u a + d a h) — e~ h de h . (10.12) 

Thus Q does not coincide with the exterior derivative d, but rather is conjugate to it. 

This means that the cohomology of Q is naturally isomorphic to the cohomology of d, 
which is usually called the de Rham cohomology of M : the cohomology of Q is obtained 
from that of d by multiplying by the operator e~ h . In particular, the number of states of 
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precisely zero energy with fermion number — d/2 + n is the corresponding Betti number 
b n (defined as the rank of the de Rham cohomology for n-forms) and does not depend 
on the choice of h. By contrast, the number of zero energy states found in perturbation 
theory for given n is the number of critical points of h of Morse index n and definitely does 
depend on h. (For example, if M is the circle 0 < cp < 2tt, the Morse function h = cos kip 
has 2k critical points, half with index 0 and half with index 1.) So there will have to be 
nonperturbative effects that in general eliminate some of the vacuum degeneracy. 

Since Q is the adjoint of Q, it follows from (10.12) that 

Q = ^ a {-d u a + d a h ) = e^d^e - ^, (10.13) 

where d^ is the adjoint of d in the standard L 2 metric on differential forms. The Hamiltonian 
H — {Q, Q}/2 definitely does depend upon /i, though the number of its zero energy states 
for each value of T does not. 


10.2 The Fermion Number Anomaly 


The next topic we must understand is the fermion number anomaly. For this computation, 
we transform to Euclidean signature via t — —it. The (linearized) Dirac equation for i/j 
and ^ becomes 

Lip = 0 = (10.14) 

with 


(LiPT 

(L^) a 


Dip a 
~Dr ' 
DPp a 

~~Dt 


„ab 


9 


D 2 h 
Du b Du c 
ab D 2 h 




Du b Du c 




(10.15) 


We consider expanding around a path £ C M that starts at one critical point q in the far 
past and ends at another critical point p in the far future. 

Let n q and n p be the Morse indices of these critical points. We want to compute a 
vacuum-to-vacuum amplitude, that is, a transition between the initial state of T — 
—d/2 + n q , and the final state of fermion number T — —d/2 + n p . The fermion numbers 
of the initial and final states differ by n p — n q , so the amplitude must vanish unless one 
inserts operators that carry a net fermion number n p — n q . 

As usual, the mechanism for this is that the index 56 of the operator L, which is defined 
as the number of zero-modes of L minus the number of zero-modes of its adjoint Z^, is 
equal to n p — n q . Let us verify directly that this is true. Since the index is invariant under 
smooth deformations (which preserve the mass gap at infinity), it suffices to consider the 
case that the Levi-Civita connection of M is trivial along £ and that the fermion mass 
matrix is diagonal along £. Thus it suffices to consider the case of a single pair of fermions 

56 There is a slight clash in the standard terminology here; the “index” of an operator should not be 
confused with the “Morse index” of a critical point of a function. 
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ip, ip with 


Lip(r) — w{r)ip(r) 

dr 

L*ip(r) = _ ^(t)'*/^) (10.16) 

dr 

where in the one-component case, we abbreviate D 2 h/Du 2 as w. We assume that the 
function w is nonzero for r —>> ±oo. The equations Lip = 0 and = 0 imply respectively 

ip(r) = Cexp (/ dr / ie(r / )^ 

ip(r) = C r exp J dr / ie(r / )^ , (10.17) 

with constants C,C’ . If re has the same sign for r >> 0 as for r << 0 , then neither 
solution is square integrable. If w is positive for r << 0 and negative for r >> 0, then 
ip has a normalizable zero-mode but not ip; if w is negative for r << 0 and positive for 
r » 0, then ip has a normalizable zero-mode but not ip. In all cases, the index of the 
lxl operator L for a single pair ip, ip is the contribution of this pair to n p — n q . Summing 
over all pairs, the index of L equals n p — n q , as expected. 

The index l(L) of the operator L always determines the difference between the number 
of ip and ^ zero-modes, but in fact generically one of these numbers vanishes and the other 
equals \l(L)\. For example, if l(L) > 0, generically there are no ip zero-modes, and the space 
of ip zero-modes has dimension t{L); if l(L) < 0, generically there are no ip zero-modes 
and the space of ip zero-modes has dimension The explicit calculation in the last 

paragraph shows that these statements are always true in the lxl case; in fact, they hold 
generically. Informally, i(L) is a regularized difference between the number of variables and 
the number of conditions in the equation Lip = 0. So for example if l(L) > 0, the equation 
Lip = 0 is analogous to a finite-dimensional linear problem with l(L) more variables than 
equations and generically has a space of solutions precisely of dimension t(L). 


10.3 Instantons And The Flow Equation 


In general, a Morse function on M has too many critical points to match the de Rham coho¬ 
mology of M, so there must be nonperturbative effects that shift some of the perturbatively 
supersymmetric states away from zero energy. For this to happen, the supercharges Q 
and Q, instead of annihilating the must have nonzero matrix elements (<§> p \Q\<f> q ) or 
(4>p|Q|<I>g), for distinct critical points p and q. 

So we have to analyze tunneling events that involve transitions between two critical 
points q and p. As a preliminary, we evaluate the action for a trajectory u{r) that starts at 
q for t —y —oo and ends at p for r —» +oo. For such a trajectory, in Euclidean signature, 
and with the auxiliary fields eliminated via (10.7), the bosonic part of the action (10.6) is 


r 1 f°° , ( du a du b a6n , . 

I= 2j_„ dT (“d7d7 +9 W) 

i ro o /d?/ a \ /dn b \ 

= 2 J dr g a b (-^7 ± g ac d c hj (— ± g be d e hj =F (h(p) - h(q)), (10.18) 
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after integrating by parts. The action is therefore minimized by a trajectory that obeys 


or 


- o, 


^ + <,°%h = 0 , 


h(p ) > h(q), 


h(p) < h(q). 


(10.19) 


( 10 . 20 ) 


(For a given sign of h(p) — h(q ), only one of these equations may have a solution, since the 
left hand side of eqn. (10.18) is non-negative. If h(q ) = /i(p), with q ^ p, neither equation 
has a solution.) These equations are called gradient flow equations; we can write them 


d u 
dr 


= zb V/l, 


( 10 . 21 ) 


where the “flow” vector du/dr has components d T u a , and the “gradient” vector V/i has 
components g^d^h. 

The gradient flow equations have another interpretation. The Lorentz signature super- 
symmetry transformations (10.4) can be transformed to Euclidean signature via t = —ir, 
so that iu a — idu a /dt is replaced by —d^ a /dr. After also eliminating the auxiliary fields, 
the supersymmetry transformations in Euclidean signature read 


Arj.a 

{Q,^ a } = --7 +gabdbh 
(Q,r} = ^+g ab d b h. 


( 10 . 22 ) 


The condition for a trajectory to be Q-invariant is that {Q, ^ a } vanishes for that trajectory. 
So Q-invariant trajectories obey 

" aba - u (10.23) 


dU “ h 


and we call these ascending gradient lines since the flow (for increasing r) is in the direction 
of steepest ascent for h. And Q-invariant trajectories are similarly descending gradient flow 
lines, obeying 


du a 

dr 


= -g ab d b h. 


(10.24) 


Now let us discuss the moduli space M qp of ascending gradient flow lines from q in 
the past to p in the future. The tangent space of M qp at the point corresponding to a 
given solution of the ascending flow equation (10.23) is the space of solutions of the linear 
equation found by linearizing the ascending flow equation around the given solution. The 
linearization of the ascending flow equation is simply the equation = 0, where L is the 
fermion kinetic operator defined in eqn. (10.16). As explained in section 10.2, the index 
of L is l(L) — n p — n q , and generically, when this number is nonnegative, it equals the 
dimension of the kernel of L or in other words of the tangent space of M qp . Generically 
(that is, for a generic metric g^ on M and a generic Morse function /i), M qp is a smooth 
(not necessarily connected) manifold of dimension n p — n q , assuming that this number is 
positive. For this reason, one calls n p — n q the expected dimension of M qp . If the expected 
dimension is negative, generically M qp is empty. 
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To understand what happens when n q — n p , we first need the following general com¬ 
ment. As long as p ^ g, an ascending flow from q to p cannot be invariant under time 
translations, so there is always a free action of the group M of time translations on M qp . So 
for p / g, we can define a reduced moduli space M qp ^ e d as the quotient M qp /W. M qp is a 
fiber bundle over M qP}re d with fibers M. The expected dimension of Alfred is n p — n q — 1. 
So if n p — n q and p / g, the expected dimension of M qp ^ e d is — 1- This means that 
generically M qP:Te d is empty, in which case A4 qp is likewise empty. If instead p = q, the 
only ascending or descending flow from q to p is the trivial flow in which u a {r ) does not 
depend on r. (This is an easy consequence of the fact that the right hand side of (10.18) 
vanishes for such a flow.) So A4 PP is always a point. 

One last comment along these lines is that even if A4 qp has a positive expected dimen¬ 
sion, it is empty if h(p) < h(q). This follows easily from (10.18), whose right hand side 
would be non-positive for an ascending flow from q to p. 

We conclude with a more elementary way to determine the dimension of M qp . Near 
a nondegenerate critical point m G M, we can find Riemann normal coordinates u a such 
that the metric tensor is just ^ a (d?/ a ) 2 + 0(u 2 ), and 

h = ho + 1 ^2f a u 2 a , (10.25) 

a 

where the f a are all nonzero and the number of negative f a equals the Morse index at m. 
The flows (10.23) near m look like 


u a ( T ) = ^^c a e^ aT , (10.26) 

a 

so the flows that depart from m for r —» — oo (or approach m for r ^ +oo) are those 
in which c a — 0 for f a < 0 (or f a > 0). The space of all gradient flows has dimension d 
(since a flow is determined by its value at a specified time). After imposing n q conditions 
to ensure that a flow starts at q and d — n p conditions to ensure that a flow ends at p, we 
find that the expected dimension of the space of flows from q to p is n p — n q . 

10.4 Lifting The Vacuum Degeneracy 

Now we want to see how instantons can lift the vacuum degeneracy that is present at tree 
level. We consider the matrix element of the supercharge Q between perturbative vacuum 
states 4> g and & p : 

($p|Q|$ 9 ). (10.27) 

For this matrix element to be nonzero, the fermion number of \& p ) must exceed that of 
|& q ) by 1. In other words, the Morse index of p exceeds that of q by 1. To compute the 
matrix element, we perform a path integral over trajectories that begin at q at r = — oo 
and end at p at r = +oo. Since Q is a conserved quantity (or since & p and <$> q both have 
zero energy in the approximation that is the input to this computation), the time at which 
Q is inserted does not matter. 
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The action for trajectories from q to p is Q-exact modulo an additive constant that 
depends only on the values of the superpotential at the critical points p and q: 

I = {Q,V} + j(h(p)-h(q )) (10.28) 

This statement is a supersymmetric extension of eqn. (10.18). In eqn. (10.28), V is 
proportional to 1/A. By rescaling V, one goes to arbitrarily weak coupling while only 
changing / by Q-exact terms. So the path integral with insertion of arbitrary Q-exact 
operators, such as Q itself, can be computed in the weak coupling limit. 

Since Q is a symmetry of the action and obeys Q 2 = 0, the path integral with insertion 
of arbitrary Q-invariant operators - such as Q itself - localizes on Q-invariant fields. As we 
deduced from eqn. (10.22), a Q-invariant field is a solution of the ascending gradient flow 
equation. These are the appropriate instantons in our problem, and the desired matrix 
element can be computed as a sum of instanton contributions. Since the Morse indices 
of p and q differ by 1, the moduli space A4 of solutions of the gradient flow equation is 
1-dimensional and the reduced moduli space A4 re d is a finite set of points. The desired 
matrix element can be computed by summing over those points. 

There is, however, a subtlety in the computation. To see why, it helps to restore the 
loop counting parameter A in the original action (10.5). When we do this, Q, Q, and H 
are all proportional to 1/A if expressed in terms of classical variables i/, it,-0, and i/;. For 
example 

1 f d?./^ \ 

Q =x\ 9ah l^~ dah ) r - (10 ' 29) 

The supersymmetry algebra {Q, 2} = 2 H is obeyed (with no factor of A) since the canonical 
commutators are proportional to A. 

In computing a transition from <$> q to <$> p with an insertion of Q (or any other Q- 
invariant operator), there will be a factor of exp (—(h(p) — h(q)/X ) that comes from the 
value of the classical action for the instanton trajectory. We will use the phrase “reduced 
matrix element” to refer to a matrix element for a transition from & q to & p with this 
elementary factor of exp (—(h(p) — h(q ))/A removed. 

Though Q is of order 1/A, its reduced matrix element is of order 1 and comes from a 
1-loop computation around the classical instanton trajectory. There are two ways to see 
this. First, if we try to do a leading order calculation in the instanton field, we immediately 
get 0, since the instanton is a solution of the gradient flow equation g a b^r — d a h — 0, and 
Q is proportional to the left hand side of this equation. So the reduced matrix element 
must come from a 1-loop calculation. Second, an elegant calculation explained in section 
10.5.1 of [50]) shows directly that the reduced matrix is of order A 0 . 

This is shown not by doing the 1-loop computation 57 but by an interesting shortcut 
that avoids the need for such a calculation. Instead of computing the reduced matrix 
element of Q, we pick any function / that has different values at the critical points p and 
q and compute the reduced matrix element of the commutator [Q, /]. (For example, we 

57 It turns out that a direct calculation is actually quite tricky. 
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could take f = h, and this is the choice actually made in [50].) This contains the same 
information, for the following reason. When we compute the matrix element of an equal 
time commutator 

($p|(Q/ - fQ)\$q), (10-30) 

we can as usual assume that the operator that is inserted on the left is inserted at a slightly 
greater time than the one that is inserted on the right. But as Q is a conserved quantity, 
the time at which it is inserted does not matter and we can take this to be much greater 
or much less than the time at which / is inserted. So 


(® P \[QJ}\$q) = <*pI(G(t)/(t') -/(r)Q(r')|$ g ), (10.31) 


where we can take r — r' to be very large. (Only the difference r — r' matters, since the 
initial and final states have zero energy.) When we evaluate the right hand side of (10.31) 
by integrating over instanton moduli space, the instanton must occur at a time close to 
the time at which Q is inserted. This means that / is inserted in the initial or final state 
or <h g . To lowest order in A, we set / to f(q ) or f(p) in the initial or final state. (In a 
moment, it will be clear that higher order terms are not relevant.) So 


($p|Q|$,) = /(g )-/ ( p) (^l[ Q »^]l^)- (10-32) 

What we have gained from this is that [Q, /] = daf'ip 0 ' is independent of A, so the right 
hand side of (10.32) can be evaluated classically. 

The actual calculation is explained in [50]. We insert [Q,/] at, say, r — 0. The 
instanton trajectory is u a (r ) = u^(r — v), where v is a collective coordinate over which we 
must integrate. The corresponding classical fermion zero-mode is ^(r) = d v u^(r — v). 
At the classical level in an instanton field, we simply set [Q, /](0) = d a f^ a \ T =o to its value 
with u a (r) set equal to the classical trajectory u^(r — v ) and ^ set equal to both 
evaluated at r = 0. Thus [Q, /](0) = d v u% l (—v)d a f(u(—v)) — d v f(u{—v)). This must be 
integrated over v and multiplied by the ratio of fermion and boson determinants. By time 
translation symmetry, these determinants do not depend on v, so we can integrate over 
v first, giving dv d v f(u{—v)) — f(q ) — f(p)- Inserting this in (10.32) the factor of 

f(q) — f(p ) cancels, and we find that the contribution of a given instanton to the reduced 
matrix element is simply the ratio of fermion and boson determinants. The boson and 
fermion determinant are equal up to sign because of a pairing of nonzero eigenvalues by 
supersymmetry, so their ratio gives a factor of ±1. In more detail, the ratio of determinants 
is 


det'(L) 

(det'(LtL)) 1 / 2 ’ 


(10.33) 


where det / is a determinant in the space orthogonal to the zero-modes. The numerator 
in (10.33) is real, since L is a real operator, but is not necessarily positive. The denom¬ 
inator is positive since L^L is non-negative and is positive-definite once the zero-mode is 
removed. The cancellation of numerator and denominator up to sign occurs because for a 
real operator L, det'(L) = det^L^) so det'(L^L) = det^L^) det'(L) = (det^L)) 2 . 
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Actually, as usual, the path integral on M is not a number but a transition amplitude 
between initial and final states. This is clear in eqn. (10.34), where reversing the sign of 
the initial or final state <$> q or 4> p would certainly reverse the sign of the matrix element 
m qp . In the mathematical theory, one says that the regularized fermion path integral is 
not a number but a section of a real determinant line bundle that can be trivialized by 
choosing the signs of the initial and final states. We give an introduction to this point of 
view in Appendix F, but here we give a less technical explanation. 

Restoring the factor of exp (—(h(p) — h(q))/ A), Q acts on the states of approximately 
zero energy by 

Q$ q = Y ex P(“(%) “ h(q))/\)m qp $> p , (10.34) 

p\n p =n q + l 

where the sum runs over all critical points p of Morse index n q + 1. The matrix element 
m qp vanishes if there are no flows from q to p and receives a contribution of +1 or —1 
for each ascending flow line from q to p. We will describe this loosely by saying that m qp 
is computed by “counting” the instanton trajectories from q to p. We always understand 
that “counting” means “counting with signs.” 

Alternatively, denoting as M a matrix that multiplies $ q by exp(—/i(g)/A), we find 
that Q = M~ X QM acts by 

Q$q = Y m qp%’ (10.35) 

P \n p =n q +1 

Thus matrix elements of Q are reduced matrix elements of Q. Of course, the cohomology 
of Q is naturally isomorphic to that of Q, but eqn. (10.35) has the advantage of making 
it manifest that the cohomology is defined over Z. We call the complex with basis and 
differential Q the MSW (Morse-Smale-Witten) complex. 

Now let us see what we can say about the sign of the fermion path integral, based only 
on very general ideas. It is simplest to assume first that the target space M is simply- 
connected. The fermion kinetic operator L makes sense for expanding around an arbitrary 
path from q to p, not necessarily a classical solution, and likewise it makes sense to discuss 
the sign of the measure in the fermion path integral for an arbitrary path. For a particular 
path, there is no natural way to pick the sign of the fermion measure, but it makes sense 
to ask that the sign of the fermion measure should vary continuously as we vary the path. 
For simply-connected X, any two paths from q to p are homotopic, and therefore the sign 
of the fermion measure for any such path is uniquely determined up to an overall choice 
of sign that depends only on the choice of q and p and not on a particular path between 
them. 

From this, it seems that the reduced matrix element m qp in (10.35) or (10.34) is well- 
defined up to an overall sign that is the same for all trajectories from q to p, say up 
to multiplication by (—i)/(m) where f(p,q) equals 0 or 1 for each pair p, q. However, 
there is one more ingredient to consider and this is cluster decomposition. Let p, g, and 
r be three critical points. Consider a path from q to r that consists of a path that first 
travels from q to p and then, after a long time, travels from p to r. (Such a trajectory is 
called a broken path and plays a further role that we will explain in section 10.6.) Cluster 
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decomposition - that is, the condition that the fermion measure should factorize naturally 
in this situation - gives the constraint (—i)/(m)(_ ij/hvp) = ( —1 This implies that 

(_1 y(p,q) = (_l ^ a (p)+ a (q) f or S ome function a on the set of V of critical points. But a factor 
of ( —1 ) a (p)+ a (<?) in the reduced matrix element can be eliminated by multiplying the state 
<h s , for any critical point s, by ( — l) a ( s ). In short, for simply-connected M, the fermion 
measure in all sectors is uniquely determined up to signs that reflect the choices of sign in 
the initial and final state wavefunctions. 

In case M is not simply-connected, the principles we have used do not necessarily give 
a unique answer because in general the answer is not unique. The signs of the fermion 
measure in the different sectors might not be uniquely determined (even after allowing 
for the freedom to change the external states) because one is free to twist the theory by 
considering differential forms on M valued in a flat real line bundle, rather than ordinary 
differential forms. This will change the signs of the various transition amplitudes. (If one 
wishes to weight the different sectors of the path integral by arbitrary complex phases, as 
opposed to arbitrary minus signs as assumed above, one would find that the construction is 
unique up to the possibility of considering differential forms on M valued in a flat complex 
line bundle.) 

The attentive reader might notice one subtlety that was ignored in the above discussion. 
If M is simply-connected, we can interpolate between any two paths from q to p. However, 
if 7T2(M) / 0, there are different homotopy types of such interpolations. If different ways 
to interpolate between one path and another would give different signs for the fermion 
measure, we would say that the theory has a global anomaly and is inconsistent. This does 
not happen in the class of supersymmetric quantum mechanical models considered here 
(basically because the theory of differential forms can be defined on any manifold M), but 
it does happen in other classes of supersymmetric quantum mechanical models. 

In the simple remarks just made, we have explained, just from general principles, that 
the path integral for trajectories from q to p is well-defined as a transition amplitude from 
<f> q to <$> p . But we have not given a recipe to compute the overall sign of this transition 
amplitude. The reader interested in this should consult Appendix F. 


10.5 Some Practice 

To help orient the reader and as background for section 10.6, we will here give some simple 
examples involving flow lines and Morse theory. In our first example, we take the target 
space of the cr-model to be N = S 1 with a Morse function h that has only two critical 
points - a maximum p and a minimum q. Accordingly, the supersymmetric quantum 
mechanics with this target space and Morse function has precisely two states whose energy 
vanishes in perturbation theory - a state Q> q that corresponds to a 0-form and a state 
that corresponds to a 1-form. Since the cohomology of S 1 has rank 2, the states & p 
and <$> q must survive in the exact quantum theory as supersymmetric states of precisely 
zero energy. Since h has the minimum number of critical points needed to reproduce the 
cohomology of M, it is called a perfect Morse function. Because Q increases the fermion 
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Figure 122: Some example of flow lines in Morse theory, (a) A circle N = S 1 is embedded in 
M 2 in such a way that the “height” function is a perfect Morse function h, with only the minimum 
possible set of critical points - a maximum p and a minimum q. (b) A two-sphere M = S 2 is 
embedded in M 3 in such a way that the height function is not a perfect Morse function. It has two 
local maxima r and r', a saddle point p, and a minimum q. The arrows on the flow lines show the 
directions along which h increases. 


number by 1, its only possibly non-zero matrix element is 

Q$ q = m qp $ p , (10.36) 

where m qp is a sum over ascending flow lines from q to p, weighted by the sign of the 
fermion determinant. However, since and must remain at precisely zero energy, we 
expect m qp = 0. Concretely, as sketched in Figure 122(a), there are two steepest descent 
or ascent trajectories from p to p, labeled l and (! in the figure. 

Each of them, if properly parametrized by the Euclidean time r, gives a solution of 
the equation for ascending gradient flow from q to p. Each of these trajectories contributes 
±1 to m qp . The expected result Q$ q = 0 arises because the two trajectories contribute 
with opposite signs: whatever orientation we pick at p, the orientation of time translations 
along one of the two trajectories will agree with it, along the other trajectory will disagree 
with it. (Again, see Appendix F for a technical description of the signs.) 

For a slightly more elaborate example, we consider M — S' 2 , but now with a decidedly 
non-perfect Morse function that has two local maxima r and r', a saddle point p, and a 
minimum q (Figure 122(b)). The MSW complex now has rank 4, generated by the 2-forms 
4> r and 4> r /, the 1-form and the 0-form <$> q . A priori , the possible matrix elements of 
Q are 


QQ q — m qp (& p 

Q® p = m pr <f> r + m pr /& r . (10.37) 

As shown in Figure 122(b), there are two flow lines l and (! from q to p. However, they 
cancel just as in the previous example. There is, however, just a single flow line l or H! 
from p to r or r', so no cancellation is possible. We can pick the signs of the states so that 
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rripr = m pr > = 1 and then we have 


Q$ q = 0 

= 4> r + (10.38) 

The cohomology of S' 2 is therefore of rank 2, generated by a 0-form and a 2-form that 
we can take to be 4> r or 4> r /. 

The result (10.38) makes it clear that in this example Q 2 = 0. Considerations of 
fermion number force Q 2 to annihilate all the basis vectors except 4> g , but Q 2 & q — 0 since 
2 $, = 0 . 


10.6 Why Q 2 = 0 

We now want to explain in terms of Morse theory and gradient flow lines why Q 2 = 0 
in general (See [53] for a fairly accessible rigorous explanation.) The explanation gives 
important motivation for many of the constructions in the present paper. 

Consider in general a target space M with Morse function h. Let q be a critical point 
of Morse index n. The general form of Q& q from eqn. (10.35) is 

Q&q — m qpi^pn (10.39) 

Pi\n Pi =n+l 


where the sum runs over critical points pi of index n + 1 and m qPi is the usual sum of 
contributions ±1 from ascending flows from q to p^. And similarly the general form of 


Q 2 $q IS 


Q. &q— 'y ' y ' m qpi m Pir a *&r a i (10.40) 

r a \n ra =n+2 pi\n Pi =n+l 


where r a ranges over the critical points of index n + 2. So the statement that Q 2 & q = 0 
amounts to the statement that for each cq 


m qp l m p l r 0i — 0. (10.41) 


The only possibly dangerous case is the case that there is, for some i, an ascending 
gradient trajectory from q to pi and also an ascending gradient trajectory from pi to r a . 
(Otherwise, either m qPi or m Piroi vanishes for all i.) So let us assume this to be the case. 
Rather as in Figure 122(b), let £ be an ascending trajectory from q to pi and let £ be 
an ascending trajectory from pi to r a . (We assume that as usual these flows depend on 
no moduli except those associated to time translations.) We can make an approximate 
ascending gradient flow trajectory from q to r a as follows. Start at q at r — — oo. After 
lingering near q until time ti, flow from q to pi along the trajectory £. Linger near pi until 
some much later time 72 , and then flow to r a along the trajectory £. For T 2 — t\ >> 0, 
this gives a very good approximate solution of the flow equation, depending on the two 
parameters T 2 and t\. 
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Index theory and the theory of differential equations can be used to show that these 
approximate solutions can be corrected to give a family of exact solutions of the flow 
equations, also depending on 2 parameters. 58 

Since n r(x — n q — 2 by hypothesis, 2 is the expected dimension of the moduli space 
A4qr a of ascending flows from q to r a . What we have found is a component A4 qra of A4 gra 
that has this expected dimension. (, Ai qra is not necessarily connected; in general, Ai qra is 
one of its connected components.) 

As usual, the group R of time translations acts on Ai qra ] the quotient is a 1-manifold 
Ai*r a red - For generic metric gij on M and Morse function /i, the 2-manifold A4 qra and 
the 1-manifold M* raied are smooth manifolds without boundary. This follows again from 
general considerations about index theory and differential equations. 

A smooth 1-manifold without boundary is either a circle or a copy of R. However, 
A4*r a red is not compact, since it has an “end” corresponding to T 2 — t\ — » oo. Therefore, 
Ai*r a red must be a copy of R. And since R has two ends, A4* ra red must have a second 
end, in addition to the one that we know about. 

The end of M* ^ that we know about is sometimes called a broken trajectory or a 
broken flow line. It corresponds to the limit of a gradient flow line from q to r a that breaks 
up into a widely separated pair consisting of a flow from q to another critical critical point 
Pi followed by a flow from pi to r a , where the Morse index increases by 1 at each step. 

It again follows from very general considerations that any end of any component of 
M qV(X ^ e & corresponds to a broken trajectory from g to r a . So in addition to the broken 
trajectory from q to r a that appears at the end of Ai* ra red that we know about, A4* ra red 
must have a second end that corresponds to a second broken trajectory from q to r a . 

The sum on the left hand side of eqn. (10.41) can be regarded as a sum over contri¬ 
butions from broken trajectories. The contribution of each broken trajectory is ±1. The 
mechanism by which the sum always vanishes is that broken trajectories appear in pairs, 
corresponding to the two ends of a 1-dimensional reduced moduli space such as Ai* red . 
Careful attention to signs show that they do indeed provide canceling contributions. (See 
Appendix F.) 

To conclude, we should elaborate on the claim that an end of a 1-dimensional reduced 
moduli space must correspond to a broken trajectory. Roughly speaking, an end of a 
moduli space of solutions of a differential equation corresponds in general to an ultraviolet 
effect (something blows up at short distances or times), a large field effect (some fields go to 
infinity), or an infrared effect (something happens at large distances or times). An example 
of an ultraviolet effect is the shrinking of an instanton to zero size in four-dimensional 
gauge theory. This has no analog in our problem, because at short times the gradient flow 
equation reduces to du a /dr — 0 (the term g ab dbh in the equation is subleading at small 
times), and the solutions of this equation do not show any ultraviolet singularity. If M is 

58 Schematically, if we linearize the problem of correcting the approximate solution uo to an exact solution 
we find an inhomogeneous linear problem 

L8u — —Luo (10.42) 

The obstruction to inverting L on the space of normalizable fluctuations is controlled by the kernel of L\ 
which is generically empty. 
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compact, we do not have to worry about u a becoming large; if M is not compact (as will 
actually be the case in our main application), it is necessary to analyze this possibility. 
Finally, as we are considering a massive theory, the only interesting effect that is possible 
at long times is a broken trajectory. In a massive theory in Euclidean signature, long times 
do not come into play unless the trajectory becomes broken. 

A final comment is that actually, this subject is one area in which rigorous mathemat¬ 
ical theorems are illuminating for physics. From a physicist’s point of view, perturbation 
theory gives an approximation to the space of supersymmetric ground states of supersym¬ 
metric quantum mechanics, and the inclusion of instantons gives a better approximation. 
Does inclusion of instantons give the exact answer, or could there be nonperturbative cor¬ 
rections that near the classical limit are even smaller than instantons? One answer to this 
question is that the rigorous theorems, described in [53], show that inclusion of instantons 
gives the exact answer for the space of supersymmetric states. 

10.7 Why The Cohomology Does Not Depend On The Superpotential 

In equation (10.12), we showed that the supercharge Q is conjugate to the de Rham exterior 
derivative d. This implies that the cohomology of Q is canonically isomorphic to the de 
Rham cohomology, which is defined without any choice of metric g or superpotential h. 
Hence, the cohomology of Q does not depend on the choice of g or h. 

However, this sort of proof is not available when we get to quantum field theory with 
spacetime dimension > 1. We will give another explanation here that does generalize. 
This explanation relies on counting of gradient flow trajectories. (For a much more precise 
account, see Section 4 of [53].) 

Before beginning the technical explanation, let us explain the physical framework that 
should make one expect such an explanation to exist. According to eqn. (10.28), the 
Euclidean action of supersymmetric quantum mechanics is {Q, V} plus a surface term, 
where 



(10.43) 


The definition of V makes sense if g and h have an explicit r-dependence, rather than 


being functions of u a only, and in this more general situation, we can generalize (10.28) to 
the supersymmetric action 



(10.44) 


The fact that it is possible to give h and g an explicit time-dependence while maintaining 
Q-invariance can be regarded as an explanation of the technical construction that we will 
describe in the rest of this section. This technical construction has numerous analogs that 
are important in the rest of this paper, notably in section 15 where we explain the relation 
between the Fukaya-Seidel category and the web-based construction of the abstract part 
of this paper. 

Here is the technical explanation. To compare the cohomology of Q computed using 
one metric and superpotential g and h to that computed using another pair g',h', we 
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proceed as follows. Let C be the set of critical points of h and C the set of critical points of 
h!. In the classical limit, the system based on g, h has a supersymmetric state <t> p for each 
p E C, furnishing a basis of the space V of approximately supersymmetric states (the MSW 
complex). Similarly, the system based on g ', h' has an approximately supersymmetric state 

for each p' E C', furnishing a basis of the analogous space V' . As in eqn. (10.35), 
by counting gradient flow trajectories for the Morse function h with metric g, we define a 
normalized differential Q acting on V, and similarly by counting trajectories for g',h we 
define a normalized differential Q! acting on V r . We write Ti and T~L' for the cohomology of 
Q and Q', respectively. We want to define a degree-preserving linear map U : V V' that 
will establish an isomorphism between 7 i, and T-L '. 

A degree d linear transformation U : V —^ V r will induce a map U : T~L —> H 7 if it is a 
“chain map,” meaning that 

Q!u = (-1 ) d UQ. (10.45) 

This ensures that if ^ E V represents a cohomology class of Q, meaning that Qvp — 0, then 
U'lp represents a cohomology class of Q', since Q'U^ = ZYQ0 = 0. Moreover the class of 
ZT0 only depends on the class of -0, since if we replace ^ by ^ + Qy, then is replaced 
by U -0 + + (—1)^2'(ZYy). We define Z7 : H T~C by saying that if a class in 

T~L is represented by a state then U maps this state to the class of Ufa). To show that 
such a U : T~L T~i r is an isomorphism, we will want a map U r : V' V in the opposite 
direction, obeying the analog of (10.45) and inducing an inverse on cohomology. 

To construct Z7, we first pick an interpolation from the pair g,h to the pair g ', h'. We do 
this by letting g and h depend on a real-valued “time” coordinate r, such that (p(r), /i(r)) 
approach (p, /i) for r —>> —oo and approach ((/, /i') for r —>* +oo. We can assume that g(r) 
and /i(r) are nearly (or even exactly) independent of r except near some time to- Now we 
consider the gradient flow equation with a time-dependent metric and superpotential: 


_ a ab (:j . r) 9h(u-,T) 
dr 9 1 ’ j du b 


(10.46) 


The boundary conditions are that u(r) p E C for r — oo and u{r) -E p r E C for 
r Too. The index determining the expected dimension of the space of solutions of 
this equation is simply the difference between the Morse indices n p and n p / of p and p'. 
(We know that this is the answer if g — g' and h — h r , and the index does not change 
under continuous evolution of g',h', and p'.) So the index is 0 if p and p' have the same 
Morse index. For a generic interpolation, the moduli spaces have dimensions equal to their 
expected dimensions; we consider an interpolation that is generic in this sense. So the 
index zero condition means that the moduli space consists of finitely many points. (Since g 
and h are time-dependent, there is no time translation symmetry to force the existence of 
a modulus.) These points correspond to solutions in which u a (r) is almost constant except 
near some time r = tq. We let u pp r be the “number” of such solutions (as usual weighting 
each solution with the sign of the fermion determinant), and define U : V —> V r by 


1A*A> P ^ ^ u pp f& p r. 

p'\n p ,=n p 


(10.47) 
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The condition that n p / — n p means that U preserves the grading of V and V'. We will need 
to know that U defined by (10.47) is nonzero, and in fact satisfies (10.45). This will be 
justified at the end of this section. 

The left and right hand sides of the equation Q'U = (—1 ) d UQ both increase the 
degree (or grading) by 1. So to prove this identity, we have to look at moduli spaces of 
time-dependent gradient flows with n p / = n p + 1. The reasoning we need is very similar 
to the proof that Q 2 — 0 in section 10.6. Let Ai be a component of the moduli space of 
solutions of the time-dependent gradient flow equation, interpolating from p in the past 
to p' in the future. Ai is a one-manifold without boundary, and so is either a copy of S' 1 , 
with no ends at all, or a copy of R, with two ends. In the following, only the case that Ai 
is a copy of R is relevant. 

Just as in section 10.6, an end of AJ is a broken path, in which a solution breaks up 
into two pieces localized at widely different times. The building blocks of a broken path in 
the present context are of the following types: 

(A) One ingredient is familiar from section 10.6. In the far past or the far future, 
where the equation (10.46) has no explicit time-dependence, we may have a solution of the 
time-independent gradient flow equation that interpolates between two critical points of h 
or two critical points of h' with Morse index differing by 1. Let us say that such a solution 
is of type (A_) if the transition occurs in the past and of type (A+) if it occurs in the 
future. 

(B) The new ingredient in the present context is a solution that interpolates from a 
critical point of h to a critical point of h!, near the time to- 

Ends of Ai correspond to broken paths of two possible types: 

(i) One type consists of a trajectory of type (A_) in the far past, interpolating between 
two critical points of h, followed by a trajectory of type (B) at r = To, interpolating from 
a critical point of h to one of h! . 

(ii) The other type consists of a trajectory of type (B) at r = to, interpolating from 
a critical point of h to one of h!, followed by a trajectory of type (A+) interpolating to 
another critical point of h !. 

Conversely, every broken path of either of these types arises at one end of one com¬ 
ponent of Ai, and this component has a second end that is either of the same type or 
of opposite type. This is true for reasons similar to what we explained in showing that 

Q 2 = 0. 

A broken path of type (i) contributes ±1 (depending on the sign of the fermion de¬ 
terminant) to a matrix element of UQ, and a broken path of type (ii) contributes ±1 to 
the matrix element of Q'U between the same initial and final states. If Ai has two ends 
that are both of type (i) or both of type (ii), then the corresponding contributions to UQ 
or to Q'U cancel. On the other hand, if Ai has one end of each type, then these ends 
make equal contributions to UQ and to Q'U. Both statements follow from the observation 
that the sign of a contribution is equivalent to a choice of orientation of the corresponding 
component of Ai, and all contributions are oriented canonically towards the future. After 
summing these statements over all components of Ai, we arrive at the desired identity 
(10.45). 
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Figure 123: Some possibilities for a component of the moduli space M of solutions to (10.49) 
that exist for some s in the case where n p = n p >. (Some additional possibilities are omitted). 
The picture is only schematic: while the value of s at which a solution exists is precisely defined, 
the corresponding value of tq which characterizes the solution is not really well-defined. What is 
well-defined is only whether a sequence of solutions goes to To = ± 00 . A component of A4 might 
be compact and without boundary, as in (a). Otherwise, it has two boundaries and/or ends. Each 
boundary or end contributes to one of the four terms in equation (10.48). and the two boundaries 
and/or ends of M make compensating contributions to this identity. In (d), (e), and (f), the vertical 
dotted lines represent values of s at which there is an exceptional gradient flow solution contributing 
to the matrix E. These are flows that reduce the Morse index by 1. 


One question about this is whether the map U : V -A V r (and hence possibly the 
induced map U on cohomology) depends on the specific choice of a generic time-dependent 
interpolation from g,h to g',h' (we call an interpolation generic if the moduli spaces have 
their expected dimensions). In general, the counting (with signs) of the solutions of an 
elliptic differential equation is invariant under continuous variations of the parameters in 
the equation, as long as solutions cannot go to infinity. If we could assume in the present 
context that solutions cannot go to infinity, then the numbers u pp > would be independent of 
the choice of a generic interpolation and U would likewise not depend on the interpolation. 

This is actually not so in general. If Uo and U\ are the maps determined by two different 
generic interpolations, then in general the relationship between them is not = U\ but 
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rather 


(10.48) 


U\—U{) — Q'E — EQ, 

where E is a linear transformation E : V V' that reduces the degree by 1. This is enough 
to ensure that the induced maps on cohomology are equal, U\ =Uq. The correction terms 
on the right hand side of eqn. (10.48) should be expected, for the following reason. The 
action of our system is Q-exact up to a surface term (eqn. (10.44)), and when we change 
the interpolation from g, h to g ', h' (without changing g or h at r = Too) we change the 
action by a Q-exact term. After integration by parts, this results in contributions in which 
Q acts on initial and final states, and the transition amplitude changes by Q'E — EQ for 
some E (as usual the shift from Q to Q and Q' results from absorbing the surface terms in 
the action in the normalization of the initial and final states). 

Technically, E can be found as follows. Given two generic interpolations from g, h to 
g ', /?/, we first select an interpolation between the two interpolations. This means that we 
choose a metric g(u\r,s) and superpotential h{u\r,s) that depends not only on the time 
but on another parameter s, with 0 < s < 1 , such that the restriction to s — 0 or to s — 1 
gives the two interpolations that we want to compare. Now we look for solutions of the 
gradient flow equation in r at a fixed value of s 


d u a 
dr 


g ab (u-,r, s ) 


dh(u\ r, s) 
du b 


(10.49) 


flowing from a critical point p in the past to a critical point p' in the future in such a way 
that the Morse index is reduced by 1: n p > — n p — 1. For fixed s, the expected dimension 
of the moduli space is —1, meaning that for generic s there are no solutions (and there are 
in fact no solutions at s = 0 or s = 1 since we have assumed g(u ; r, s ) and h(u; r, s ) to be 
generic at s = 0,1). However, by allowing s to vary - or in other words including s as an 
additional variable - we increase the expected dimension by 1. The expected dimension 
of the moduli space of solutions flowing from p to p' at some unspecified value of s is 0, 
and we define an integer e pp > as the “number” of such solutions, weighted by the sign of an 
appropriate fermion determinant. (We address the sign issues here briefly in Appendix F.) 

The matrix E is defined by 


E<Fp ^ ^ e pp r Q p r . 

p'\n p ,=n p -l 


(10.50) 


Let also Uq : V —> V' and U\ : V V' be the maps defined via eqn. (10.49) at s = 0 and 
5 = 1. We claim that ZYo, ZYi, and E satisfy (10.48). 

As usual, to justify the claim we analyze the moduli spaces of solutions of the gradient 
flow equation. We consider a matrix element of eqn. (10.48) from & p to 4y, where 
n p — n p f. The moduli space of gradient flows from p to p r at some unspecified value of s is 
1-dimensional. Some illustrative possibilities for what a component A4 of this moduli space 
might look like are indicated in Figure 123. As usual (Figure 123(a)), A4 might be compact 
and without boundary, but such a component does not contribute to the discussion. If A4 
is not of this type, then it has two boundaries or ends that may be either at s = 0, s = 1, 
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r — — oo, or r — +oc. Boundaries or ends of M of the four possible types contribute to 
the four terms in eqn. (10.48), and the two ends of A4 make canceling contributions in this 
identity. 


We already know that an endpoint of A4 at s = 0 or s = 1 contributes to Uo or U\. 
What remains is to explain why A4 can have an end at to = =boo and why such ends 
correspond to matrix elements of Q 'E or E Q. For example, suppose that Q 'E has a matrix 
element from & p to , where n p / — n p . This means that E has a matrix element from & p 
to 4>^/, where q' is a critical point of h' with n q > — n p — 1, and Q' has a matrix element 
from to . The matrix element of E comes from a gradient flow from p to q' (for the 
time-dependent superpotential h(u\r, s)) that exists at some value s = so (this solution is 
localized near some time r = to). The matrix element of Q' comes from a flow from q' to p' 
(for the time-independent superpotential h') that exists at generic s (and any t). We can 
try to convert the “broken path” p —)► q' —»• p r into an exact gradient flow that interpolates 
from p to q' near time To and then from q' to p' at some much later time t\. For very large 
t\ — To, we can certainly make a very good approximate solution like this. However, in 
contrast to examples that were considered before, general considerations of index theory 
do not predict that this approximate solution can be corrected to an exact solution at the 
same value of s. The reason is that the initial flow from p to q' has virtual dimension 
— 1, meaning that the linearization of the gradient flow equation near this trajectory is not 
surjective; the gradient flow equation that this soluton satisfies has one more equation than 
unknown and a generic perturbation of the equation causes the solution not to exist. A 
generic perturbation can be made by either changing s or including the second flow near 
time t\ >> To- However, the fact that the index is —1 means that the space of potential 
obstructions to deforming a solution is 1-dimensional, so we can compensate for existence 
of the second flow at very large t\ by perturbing s slightly away from so. For ti —» oo (so 
that the perturbation by the second flow goes to zero), we must take s —>> so (so that the 
perturbation by s goes to 0). This is why a matrix element of Q' E or E Q corresponds to 
an infinite end of the moduli space, as indicated in Figure 123(d,e,f). 


Now that we know that the map induced on cohomology by a generic interpolation 
from g,h to g',h' does not depend on the interpolation, it is straightforward to show that 
this map is invertible. Just as before, we pick a time-dependent interpolation from g',h' 
back to g, h and use the counting of trajectories to define a map U' : V' V in the 
opposite direction. We can compute the product map U'U : V V by considering an 
interpolation from g,h to itself in which we first interpolate from g, h to g',h' near some 
time To and then interpolate back to g, h near some much later time r\. Thus the product 
U'U is computed by counting the trajectories for some interpolation from g, h to itself. 
As we have just explained, the map U'U will in general depend on the interpolation, but 
the induced map U'U on cohomology will not. So we can compute it for the trivial, time- 
independent interpolation from g, h to itself. The map on cohomology associated to the 
trivial interpolation is certainly the identity, so it follows that in general U'U = 1. 
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11. Landau-Ginzburg Theory As Supersymmetric Quantum Mechanics 

Now we turn to our real topic - massive theories in two dimensions. Our purpose is to give 
a concrete realization of the abstract algebraic structures described in Sections §2 - §8 in 
the context of massive Landau-Ginzburg theories. 

Our analysis will proceed roughly in the opposite order as in the abstract context. As 
discussed in the introduction 1, our starting point is the complex of ground states for a 
two-dimensional theory compactified on a strip with supersymmetric boundary conditions. 
In a limit where the segment is made very long, we expect to be able to reconstruct this 
complex in terms of a web representation and interior and boundary amplitudes which 
encode properties of the same theory on the plane and on the left and right half-planes. 
The advantage of working with LG theories is that we can formulate our questions in 
the language of Supersymmetric Quantum Mechanics and Morse theory. As a result, 
the complex of ground states on the strip, the web representation data, the interior and 
boundary amplitudes will all be defined in terms of counting problems for solutions of 
certain differential equations on the strip, plane and half planes. 

In this section we review the basic data required to define a massive LG theory, some 
supersymmetric boundary conditions, the relation to Supersymmetric Quantum Mechanics 
and Morse theory and the corresponding differential equations. We also explain the relation 
between the supersymmetric boundary conditions discussed in this paper and the Fukaya- 
Seidel category or more precisely the Fukaya category of the superpotential. 

11.1 Landau-Ginzburg Theory 

Let us recall the basic data needed to formulate a 1 + 1 dimensional LG theory with 
AT = (2,2) supersymmetry. We require a Kahler manifold X, together with a holomorphic 
superpotential W : X -A C. X has a Kahler form c j, making it a symplectic manifold, 
and a corresponding Kahler metric. A vacuum state corresponds to a critical point of W, 
and at such a critical point, the fermion mass matrix is the matrix of second derivatives 
of W , also called the Hessian matrix. So an LG theory is massive precisely if the Hessian 
matrix is nondegenerate at every critical point of W . In this case, we say that W is a 
Morse function in the holomorphic sense. (Using the Cauchy-Riemann equations, this is 
equivalent to the condition that any nontrivial real linear combination of Re W and Im W is 
a Morse function in the ordinary real sense.) Since we assume that the theory is massive in 
every vacuum, and in addition the soliton states that interpolate between different vacua 
will also be massive, there is a characteristic length scale £w beyond which the theory 
should always be, in some sense, close to a vacuum configuration. As usual, we write V for 
the set of vacua or equivalently the set of critical points of W . 

There are many familiar ways to formulate the standard 1 + 1-dimensional Landau- 
Ginzburg model associated to the above data. A slightly less familiar approach will be 
convenient for us. We will formulate the LG model as a special case of the supersymmet¬ 
ric quantum mechanics construction of section 10, but now with an infinite-dimensional 
target space. 59 This construction will make manifest not all four supersymmetries of the 

59 The ability to do this uses (2, 2) supersymmetry in an essential way. A two-dimensional cr-model 
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(2, 2) model, but only a subalgebra consisting of two supercharges whose anticommutators 
generate time translations but not spatial translations. Such a subalgebra is not uniquely 
determined. It will be important to have an unbroken U(1)r symmetry that acts on this 
superalgebra. This will be an axial U(l) charge normalized so that the negative-chirality 
supercharge Q- and the positive chirality supercharge Q + both have axial £7(1)^-charge 
+ 1 while the positive-chirality supercharge Q+ and the negative-chirality supercharge Q_ 
have axial £/(l)#-charge —1. We will refer to this axial U(1)r charge as “fermion number.” 

As already explained in section 1, a subalgebra satisying these conditions depends on 
the choice of a complex number £ of modulus 1. The subalgebra that we make manifest 
via the quantum mechanical construction is generated by 

Q c :=Q--C 1 Q+, Qc:=Q--CQ+. (H.l) 


The nonzero anticommutators are 


{Q C ,Qc} = 2'H-2Re(C 1 Z), (11.2) 

where 7 -L is the Hamiltonian of the quantum field theory and Z is the central charge. We 
will call this a small subalgebra of the supersymmetry algebra. 

To present the two-dimensional LG model as an abstract quantum mechanical model, 
we formulate it on a two-manifold of the form R x D, where R is parametrized by the 
“time,” and D is a 1-manifold that represents “space.” It could be D — R, or the half-lines 
D = [x£, oo) or D = (— oc,x r \ or the interval D = [x£,x r \. 

The target space of the supersymmetric quantum mechanics model is going to be the 
space of all X-valued fields on D , or in other words 


A = Maps (D^X). 

X inherits a natural metric from the Kahler metric of X : 

dl 2 = ^ gjjdci) 1 ® d(j) J + complex conjugate^ 

where (j) 1 are local holomorphic coordinates on X. Thus X has metric: 

\S(j)\ 2 = ^ J dx (gjjdcj) 1 5(/) J + complex conjugate^ . 
Our motivating example is X = C n with a flat Kahler metric 


J2 drl)K 


b K + d 6 K 


lK 


(11.3) 


(11.4) 


(11.5) 


( 11 . 6 ) 


K ' 

In this case, the Kahler form cj = | d^) K Ad(/) K is exact, uo = dA with A = Re(^ <fi K d(j) K ). 
The following construction applies whenever uo is exact. When this is not the case, some 


with (1,1) supersymmetry actually cannot be viewed as an infinite-dimensional version of the construction 
reviewed in section 10. For example, such a cr-model in general does not have an additively conserved 
fermion number. 
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slight modifications are needed since the superpotential h that we introduce momentarily 
is not single-valued. In this case one should replace X by a suitable cover on which h is 
single-valued. 

To put the cr-model in the supersymmetric quantum mechanics framework of section 
10, ah we need is to define the superpotential h. We take this to be 

h := ~lj D dXRe ~ ^~ 1W ^ ' ( 1L7 ) 


for the case that X = C n with u = | dcj) 1 /\&(j7. In general, one replaces Re(^ 0 7 d (j) 1 ) 
with any 1-form A such that uo = dA. Parametrizing X by an arbitrary set of real coordi¬ 
nates ?i a , we write A = A a d u a and then 

<ii8) 

(If one transforms A to A + da for some function aonl, h is modified by boundary terms 
that we will discuss in section 11.2.) 

The construction reviewed in section 10, applied to any Riemannian manifold (in this 
case X), with any super potential (in this case h), gives a quantum mechanical model 
with two supercharges Qq and Q £ of fermion number T — 1 and —1, respectively. The 
supersymmetry algebra of the quantum mechanical model includes time translations, but 
of course it does not include spatial translations, which are not defined in the general 
quantum mechanical framework. From eqn. (10.6), the kinetic energy of the quantum 
mechanical model is T — which in the present context becomes 


= L dxl 2 


dcf) 1 d(f> J 


(11.9) 


The potential energy of the quantum mechanical system, again from (10.6), is V = 
\g ab d a hdbh. In the present case, this becomes 


v =lL dx 


deft 1 

dx 


iC ndW 
2 y d4> J 


or, after integration by parts, 

dtfdj) 7 , 1 n dWdW 


V 


= L dx l 


9ij 


dx dx 4^ def) 1 8(j) J 


^ l + 2 


-i d r D 


MC WO 


d t D 


( 11 . 10 ) 


( 11 . 11 ) 


Here d r D and d^D are the left and right boundaries of D , which for the moment we assume 
to be at x —>> ±oo. (In case D has boundaries at finite points x^ and/or x r , the same formula 
holds after imposing some further conditions that we discuss in section 11.2.) 

Still assuming that D = R, and assuming a reasonable behavior at infinity as discussed 
in section 11.2), the boundary terms in (11.11) are just constants that depend on the 
boundary conditions. These constants are responsible for the central charge term in the 
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small supersymmetry algebra (11.2). Apart from this constant term, the potential energy 
V of the cr-model is independent of (". Moreover, the sum T + V is simply the bosonic part 
of the Hamiltonian of the standard LG model with superpotential W. When one adds in 
the fermionic terms in the Hamiltonian of the quantum mechanical model, one simply gets 
the full supersymmetric LG Hamiltonian. 

What we have achieved via this construction of the LG model is to make manifest 
an arbitrary ("-dependent small subalgebra of the supersymmetry algebra. This is useful 
because we are primarily interested in branes and supersymmetric states that are invariant 
under such a small subalgebra but not under the full J\f = 2 supersymmetry algebra. 

As an immediate application, let us discuss the states that are annihilated by Q £ and 
Qq. From the general quantum mechanical discussion of section 10, we know that such 
states 60 correspond in the classical limit to critical points of h. A simple computation 
shows that stationary points of h must satisfy 


d 

dx 



iC dW 

w 


( 11 . 12 ) 


We call this equation the Q-soliton equation. Not coincidentally, the potential energy is 
written in eqn. (11.10) as the integral of the square of the left hand side of this equation. 
For D — R, with the fields required to approach specified vacua z, j, E V at the two ends of 
D , a solution of this equation gives the classical approximation to an ij BPS soliton [15]. 

Another view of the ("-soliton equation is as follows. We can think of /i, as defined in 
eqn. (11.8), as the action of a classical mechanical system in which the symplectic form 
is uj — dA and the Hamiltonian is H — — |Re(C _1 VF). 61 So the ("-soliton equation is a 
Hamiltonian flow equation 


d u b dH „ 
Wab~ - 1 " ~— r — 0 . 


(11.13) 


dx du a 

Since the Hamiltonian is a conserved quantity in a Hamiltonian flow, an immediate con¬ 
sequence is that H — — ^Re(C _1 VF) is independent of x in a solution of the ("-soliton 
equation. On a Kahler manifold, Hamiltonian flow for a Hamiltonian that is the real part 
of a holomorphic function is the same as gradient flow with respect to the imaginary part 
of the same holomorphic function. So it is also possible to write the ("-soliton equation as 
a gradient flow equation: 


du a 


^=g ab Tfrlml )• 


dx 


du b 


1 


—ii 


(11.14) 


(Concretely, the equivalence of these two forms of the ("-soliton equation is proved using the 
Cauchy-Riemann equation for the holomorphic function (" -1 VF.) Hence Im((" _1 VF) is an 
increasing function of x for any flow. Combining these statements, it follows, for example, 


60 States annihilated by the full supersymmetry algebra with four supercharges, as opposed to the small 
subalgebra generated by Q £ and Q^, are the supersymmetric vacua of the theory and correspond, of course, 
to critical points of W. 

61 This H is distinct from the Hamiltonian 7i in equation (11.2). Note too that one often splits the real 
coordinates u a into canonically conjugate pairs pi and q l , with uj = JT d q 1 A d pi and A = — ^2 i Pidq l . This 
might make h = f (pidq 1 — Hdx ) look more familiar. 
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that an ij soliton (interpolating from fa at r 
a particular value of 

iC = Kji ■= 


= —oo to 4>j at r 

Wj - Wi 

Wj - mi 


+oo) can only exist for 


(11.15) 


We recall that the central charge in this sector is Zji — Wj — Wi. 

In general, a solution of the ^-soliton equation gives only a classical approximation to 
a quantum BPS state in the ij sector. To get the exact spectrum of quantum BPS states, 
one needs to modify the classical approximation by instanton corrections. We defer the 
details to section 12, and for now merely remark that the framework to compute instanton 
corrections is simply the standard framework for instanton corrections in supersymmetric 
quantum mechanics, as described in section 10. Thus, one needs to count (with signs) 
the solutions of the instanton equation of the supersymmetric quantum mechanics. The 
general instanton equation (10.23) of supersymmetric quantum mechanics, specialized to 
the case that the target space is Kahler, is 


d( P J = O TJ Sh 

dr 9 67^' 


(11.16) 


For the case that the target space is X and with our choice of h, this becomes 


3_ ,d_ 

dx + dr 


Kjjdw 


= 2 9 


d(j) J ? 


(11.17) 


or alternatively 

_ iC gdW 

ds 4 9 dcj? 1 


(11.18) 


where s = x + ir. We call this the £-instanton equation , and we call its solutions £- 
instantons. 


Remark: It is sometimes useful to have a clear idea about how the discrete spacetime 
symmetries P and PT are implemented in Landau-Ginzburg theory. PT corresponds to 
a rotation by tv in Euclidean space and is therefore a symmetry of the theory. Under PT 
the bosonic fields transform as 0(rr,r) —> </>(—x, — r), and the fermion fields transform as 
—> =f£ 0±. This is not a symmetry of the ^-instanton equation but rather transforms it 
by £ —>> —Parity, on the other hand, is in general not a symmetry of the Landau-Ginzburg 
theory. Under parity we must have </>(x, r) —>> </>(—x, r), while the fermionic fields transform 
as —>> In general, this transformation will map one Landau-Ginzburg model to 

another. A sufficient criterion for parity invariance is W{cfj) — (VE(</>))*. In particular, if 
VP is a polynomial it should have real coefficients. 

11.2 Boundary Conditions 
11.2.1 Generalities 

The nature of the boundary conditions we impose on (11.12) depends on the domain D. 
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At an infinite end of D, to keep the energy of the LG model finite, the fields must 
approach one of the critical points i G V. So if D extends to — oo, then we require 

lim (f> = fa (11.19) 

x^—oo 

where pi is some critical point of W. Similarly, if D extends to +oo then we require 

lim p = <pj (11.20) 

where again pj is a critical point of W. 62 

Let us now consider boundaries of D at finite distance. We want to describe bound¬ 
ary conditions that preserve the small supersymmetry algebra. Up to a certain point, the 
abstract quantum mechanical construction of the LG model tells us how to do that. For¬ 
mally, with an arbitrary target space and an arbitrary real superpotential, we can make a 
quantum mechanical model with 2 supersymmetries. So from that point of view, we can 
take the target space to be A = Maps*(£), X ) where the notation Maps* means that at the 
boundary of D, we place a restriction of our choice on the map from D to X. For example, 
if D — [x£, x r \ is a compact interval (the analog if D = M + has only one boundary point is 
obvious), we can pick submanifolds E/g, U r C X and require that X£ maps to Ug and x r to 
U r . Similarly, from a formal point of view, we can add any boundary terms that we want 
to the bulk superpotential h defined in (11.7). In the spirit of LG models, we will take the 
boundary terms to be functions of the fields p 1 only and not their derivatives. So we pick 
arbitrary real-valued functions ki on Un and k r on U r and add the corresponding boundary 
terms to h to get: 

h := — i J dz ( 2 A a ^- - Re (C _1 W)) - h{u(x t )) + k r (u(x r )). (11.21) 

There is no natural choice of A; we are always free to transform A -A A + da for any 0-form 
a. But in (11.21), it is clear that such a redefinition of A can be absorbed in ki -A k^ + a^, 
k r -A k r + a r . So, since we allow any k^ k r , a shift of A by an exact form does not matter. 

The general quantum mechanical construction gives us an action with target Maps*(,D, X) 
and snperpotential h] the action is invariant under two supercharges Qq for any choices 
of Ui, U r , ki and k r . However, here we have to be careful because not every action function 
constructed from infinitely many variables can be quantized in a sensible way. For example, 
if we simply drop the ^ term in (11.21), we would lose the corresponding \d x p\ 2 term in 
the Hamiltonian (or in the potential energy of eqn. (11.11)). The theory would then be 
“ultra-local,” with no energetic cost in fluctuations of short wavelength, and we would not 
expect to be able to quantize it sensibly. 

62 The integral (11.7) defining h is infinite if Re(C _1 lT(0)) is nonzero at an infinite end of D. However, in 
each sector defined by the choices of critical points at infinity, h can be naturally defined up to an overall 
constant; the variation of h (under a local variation of <f>(x)) and more generally the differences in the values 
of h for different fields in the same sector are finite and well-defined. Actually, for D = R, in a sector that 
contains BPS solitons, we can do better. In such a sector, Re(C -1 fT(0)) has the same value for 0 = pi or 
(fij, and the problem in defining h can be eliminated by subtracting a constant from W to ensure that this 
value is 0. If D has only one infinite end, one can do the same for each choice of vacuum at infinity. 
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A more subtle variant of this problem arises in the present context unless Ui and U r 
are middle-dimensional in X. Quantization will only be possible if the choices of Ui and U r 
lead to elliptic boundary conditions on the Dirac equation of the two-dimensional cr-model. 
A simple elliptic boundary condition on the Dirac equation on a two-manifold £ requires 
that one-half of the fermion components vanish on the boundary of £. In the present 
context, in the abstract quantum mechanical model of section 10, the fermions take 
values in (the pullback to the worldline of) the tangent space of the target space M. In the 
present context, with M — X — Maps*(D,X), this means that the restrictions of '^,'0 to 
the boundaries of D take values in (the pullbacks of) the tangent bundles of Ui, U r . Thus 
the condition that the boundary values of the fermions take values in a middle-dimensional 
subspace means that Ui, U r must be middle-dimensional. If we do not obey this condition, 
we can write down a supersymmetric action, but we cannot quantize it in a supersymmetric 
fashion. 

Actually, Ui and U r are subject to a much stronger constraint, which we can discover 
from the condition for a critical point of h. Asking for h to be stationary under variations 
of or u a that vanish at the boundary of D will give the ^-soliton equation that we have 
already discussed. But there are also boundary terms to consider in the variation of h. 
These terms are 

sSk) = ■ ■ ■ + s(x - xt) ( A “ (x) - 0) - s(x - Xr) ( A “ (x) - H) ■ <1122) 

In general, in supersymmetric quantum mechanics, h is certainly not stationary at a generic 
point in field space. But in the particular case of the infinite-dimensional target space 
Maps*(D,X), to get a sensible model, we do need to work in a function space in which 
the delta function terms in the variation of h vanish. Otherwise, when we compute the 
potential energy - d/i| 2 , we will find terms proportional to 5(0). 

In the present context, the only way to eliminate the delta function terms in the 
variation of h is to constrain suitably Ui, U r , ki, and k r . Writing A| jj for the restriction of 
A to U C X, the conditions we need are 

A| u £ = \\u r = d k r . (11.23) 

In particular, A restricted to Ui or U r is exact, and therefore uo = dA vanishes when 
restricted to Un or U r . Since Ui and U r are middle-dimensional, this means that Ui and 
U r are “Lagrangian submanifolds” of X. To emphasize that they are Lagrangian, we will 
henceforth denote them as C£ and C r rather than Ui and U r . Moreover, eqn. (11.23) imply 
that (up to inessential additive constants) ki and k r are uniquely determined by A. 

The condition on Up and U r that we have found is simply independent of W, so it must 
agree with what happens at W = 0. Indeed, at W — 0, a brane invariant under the small 
supersymmetry algebra is usually called an A-brane, and the usual A-branes are supported 
on Lagrangian submanifolds. ( does not enter in standard discussions of A-branes; the 
reason for this is that if W = 0, there is an extra J7(l) i?-symmetry that can be used to 
rotate away Q The A-model at W = 0 in general may have “coisotropic” branes [55] as well 
as the usual Lagrangian branes, but we will not try to generalize them in the presence of a 
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superpotential. The fact that the usual Lagrangian A-branes at W = 0 can be generalized 
so as to preserve the small supersymmetry algebra also for W ^ 0 has been shown before 
in a somewhat different way (see section 7.1 of [44]). 

Just as it is not strictly necessary to assume that cu is globally exact and therefore 
that A is globally-defined, similarly it is not strictly necessary to assume that kn and k r are 
globally-defined. Only their derivatives appear in the Lagrangian, and one can consider 
the case that kt and k r are defined only up to additive constants. In this case, one must 
develop the theory with a multivalued superpotential h or else replace Maps *(D,X) by a 
cover on which h is single-valued. However, the theory has particularly simple properties if 
one assumes that A, ki, and k r are all single-valued, and this assumption is rather natural in 
the context of LG models. Therefore, in this paper we will usually make that assumption. 

Under this assumption, eqn. (11.23) says that A| c £ and A|^ r are globally exact. On 
a symplectic manifold X with exact symplectic form uo = dA, one says that a Lagrangian 
submanifold C C X is exact if A|^ is exact. One implication of exactness in the standard 
A-model at W = 0 is as follows. In general, a (closed) Lagrangian submanifold C C X 
determines a classical boundary condition in the A-model, but because of disc instanton 
effects, this classical boundary condition might not really correspond to a supersymmetric 
A-brane. In fact, disc instanton effects can cause Q to be nonzero in the presence of such 
a brane, as we explain in section 13.5. A disc instanton is a holomorphic map ^ : H —> X, 
where H is a disc, such that ^(dH) C C. Disc instantons do not exist if cj and C are 
exact, that is if uo — dA and A|^ = dk with A and k globally defined, for then the area of a 
hypothetical disc instanton would have to vanish: 

[ ^(u) = [ ^*(A) = [ ^*(d k) = [ d^*(fc) = 0. (11.24) 

JH JdH JdH JdH 

So in the usual A-model, an exact Lagrangian submanifold always does correspond to a 
supersymmetric brane. The same is true in the presence of a superpotential, since as we 
will explain in section 13.5, the disc instantons that are important here are “small” ones 
(localized near a particular boundary point) that are not affected by a superpotential. 

We conclude this introductory discussion with some general remarks.. The (2,2) su¬ 
persymmetric sigma model with Kahler target X and no superpotential has two classical 
^-symmetries. £7(1) Axial rotates with a phase and Q+,Q_ with the opposite 

phase, while £7(1)vector rotates Q+ with a phase and Q_, Q + with the opposite phase. 

The topological A-model is obtained by topological twisting using the current generat¬ 
ing £7(1) vector- A-branes are the branes in this topological field theory. When we turn 
on a generic 63 superpotential W, the £7(1) Axial is unbroken classically but the £7(l)vector 
symmetry is broken classically and we cannot twist to make a topological A-model. 

Nevertheless, as we have seen, it is still possible to define branes that correspond rather 
closely to the usual A-branes at W = 0. We will just call them A-branes. Moreover, as 
we will learn in section 11.3, it is also possible with W ^ 0 to define tree-level amplitudes 

63 In the presence of a quasihomogeneous superpotential, meaning that there is an action on X of a group 
U(l)x under which W has “charge 1,” there is still an i?-symmetry that acts on the supersymmetries as 
£7(1)Vector- It is a diagonal combination of L(l)vector with U{l)x- 
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with many of the properties of standard A-model amplitudes (though not the usual cyclic 
symmetry). We will refer to the model that can be constructed with W 7 ^ 0 as the A-model 
with superpotential. This theory is not a topological field theory, but shares many features 
of a topological field theory. In what follows, many statements are equally applicable to 
either a standard A-model (with a compact target space, or with branes required to be 
compact, or some other condition placed on branes for reasons explained in section 11.2.3) 
or to the A-model with superpotential W ^ 0. When we refer loosely to the A-model, we 
are making statements that apply equally to the different cases. 

At W — 0, the standard definition of a Lagrangian A-brane involves specifying not 
just the support C of the brane, but also a flat unitary Chan-Paton vector bundle 64 over 
C. This part of the brane story is not affected by introducing W, and does not interact 
in a very interesting way with what we will describe below. In principle we should always 
denote a brane by 53 to distinguish it from its support C. Nevertheless, we will sometimes 
trust to the reader’s indulgence and simply refer to a brane by C. 

11.2.2 Hamiltonian Symplectomorphisms 

In the conventional topological A-model - with a compact target space, for example - 
the brane determined by a Lagrangian submanifold C is supposed to be invariant under 
deformations of C that are induced by Hamiltonian symplectomorphisms of X, provided 
the Hamiltonian symplectomorphisms are isotopic to the identity. The group of Hamilto¬ 
nian symplectomorphisms is the group generated by Hamiltonian flows with single-valued 
Hamiltonian functions H. To a function iL, we associate the Hamiltonian vector field 

V§ = uj ab d b H. (11.25) 

The group of Hamiltonian symplectomorphisms is the group generated by these vector 
fields. 

To determine the infinitesimal motion of a Lagrangian submanifold C generated by a 
given Hamiltonian function iL, we only care about the corresponding Hamiltonian vector 
field Vh modulo vectors that are tangent to £, since a vector field tangent to C generates a 
reparametrization of £, rather than a motion of C in X. To determine Vh modulo vector 
fields tangent to £, we only need to know the first derivatives of H along C (rather than 
its derivatives in the normal direction). So if we are given a function H that is defined just 
on C (and not on all of X), this suffices to determine a motion of C in X to first order, 
though of course only to first order. 

In the mathematical literature on the topological A-model, going all the way back to 
the work of A. Floer in the mid-1980’s, invariance of A-branes under Hamiltonian symplec¬ 
tomorphisms is one of the most central properties. Yet this fact is relatively little-known 
among physicists. The reason that the statement is not more familiar to string theorists is 
the following. In a class of Lagrangian submanifolds that are equivalent under Hamiltonian 

64 This description is a little over-simplified, as one knows from the K-theory interpretation of D-branes. 
The Chan-Paton bundle on a brane is not quite a flat unitary vector bundle but is twisted by a gerbe of 
order 2 associated to W 2 (C). 
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diffeomorphisms that are isotopic to the identity, there is at most one special Lagrangian 
representative, and this is the representative that is important in most physical applica¬ 
tions of the A-model. If there is no special Lagrangian representative in the given class, 
then the branes in question are “unstable,” analogous to unstable holomorphic bundles on 
the 5-model side, and cannot be used in a superconformal construction. 

Actually, invariance of the A-model under Hamiltonian symplectomorphisms of branes 
is mirror dual to invariance of the 5-model under complex gauge transformations of the 
Chan-Paton gauge field of a brane. One expects to be able to make Hamiltonian sym¬ 
plectomorphisms independently for each A-brane, just as in the 5-model, one can make 
separate complex gauge transformations for each 5-brane. 

Here is a more detailed explanation. First we consider the 5-model, and then we will 
consider the A-model in parallel. In a cr-model, a brane 23 is described by a submanifold 
Y C X that is equipped with a Chan-Paton vector bundle E Y that is endowed with 
a unitary connection A. A unitary gauge transformation of A just changes the worldsheet 
action by a total derivative, so it is trivially a symmetry. However, the 5-model is actually 
invariant under complex gauge transformations of A, not just unitary ones. The way that 
this happens is that the change in the action when A is changed by a gauge transformation 
with an imaginary generator is Q-exact. This is a special case of the fact that a 5-term 
in the action is always Q-exact. For simplicity, in both the A-model and the 5-model, we 
will consider only branes of rank 1; for the 5-model, this means that A is a 5(1) gauge 
field. The boundary 5-terms of lowest dimension take the form 

[ dtd 2 6k(u a ), (11.26) 

Jot, 

where X is parametrized locally by some functions u a and A; is a real-valued function on 
the support C of a brane 23. The integral runs over the portion of dE that is labeled by 
a particular brane. After performing the 6 integrals, in the case of the 5-model, one can 
recognize (11.26) as the change in the action under an infinitesimal gauge transformation 
of A with imaginary gauge parameter ik. 

To imitate this in the A-model, we proceed in exactly the same way, using the same 
5-term (11.26). But this is actually not anything new. We already allowed for such a 
boundary 5-term in eqn. (11.21), where we included in the Morse function h a boundary 
contribution involving an a priori arbitrary function k on jC. (In writing this equation, 
we allowed for the possibility of separate Lagrangian submanifolds Ca and C r at the two 
ends, with separate functions kn and k r .) The contribution of the Morse function to the 
action is the 5-term J dtd 2 6h, so the dependence of a brane on this interaction is Q £- 
exact. However, we learned in the subsequent analysis that actually k cannot be specified 
independently of the choice of C. Having specified once and for all a one-form A with 
dA = a;, the restriction of A to C must be related to k by eqn. (11.23): 

A|£ = dk. (11.27) 

This means that, up to an additive constant, k cannot be varied independently of C. If 
we change C to first order by a Hamiltonian vector field V, then the change in A|^ is iyo;, 
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where i y is the contraction operation (in coordinates, i yuj — V a uo ab du b ). Thus eqn. (11.27) 
tells us that if we want to change k by an amount 6 k, then we also need to move C by the 
Hamiltonian vector field 

V a = v ab d b (Sk). (11.28) 

For a more complete picture, suppose first that we are given a Hamiltonian function 
H that is defined throughout X. We consider making a change of variables in the theory 
with Su a = Vjj. In first order, this moves each Lagrangian submanifold C by the restriction 
to C of Vh- To decide if this is an invariance of the A-model, we must see what happens 
to the Morse function h. This is a sum of three terms 

hi = - f X a du a 
JD 

h‘2 = I dTRe(C -1 W0 

JD 2 

h 3 = —ki{ui) + k r {u r ). (11.29) 

None of these terms is separately invariant under 5u a = Vg. For example, h^ changes by 
a bulk integral 

Sh 2 = f dzh^RetC 1 ^)}, (H-30) 

JD 2 

where {/, g} is the Poisson bracket of two functions / and g. Because this is purely a bulk 
integral with no delta function terms at the end, the corresponding contribution f dtd 2 6 6 h 2 
is a harmless D- term. By contrast, the change in h\ is only a boundary term: 

6 h ± = [ 6 u a uj ab du b = [ u ac d c H u ab du b = - [ dH =-H(x r ) + H(x e ). (11.31) 

JD JD JD 

A change in the Morse function by boundary terms will make 5(0) contributions to the 
potential energy \dh \ 2 of the cr-model. So these terms must be canceled by the variation of 
/ 13 . To do this, we compensate for the change of variables 6 u a = V§ by allowing variations 
in k r and kf 

Sh 3 = -Skiiui) + 6 h r (u r ). (11.32) 

To cancel the boundary terms in Sh, we simply choose Sk r and 6 k£ to equal H(x r ) and 
H(xi), respectively, as was already explained in the last paragraph. 

The result just described is not general enough, since modulo D-terms, we are sup¬ 
posed to be able to make separate Hamiltonian symplectomorphisms at the two ends of an 
open string. Suppose that we want to transform C£ by a Hamiltonian function H# and C r 
by another Hamiltonian function H r . We pick some more general function H(u a ;x ) that 
depends explicitly on the point x along a string, chosen to coincide with He in a neigh¬ 
borhood of x = X£ and with H r in a neighborhood of x = x r . The important boundary 
terms in the preceeding analysis are unaffected. The only change in the analysis is that 6 hi 
becomes more complicated, with an additional bulk contribution that involves the explicit 
^-dependence of H(u a ;x ) and contributes a harmless D- term. 

There are still a few loose ends to tie up. First, in addition to the term |d/i| 2 , the 
cr-model action contains another D- term, the kinetic energy of the cr-model. This is not 
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Figure 124: A disc with its boundary divided in three segments i = 1,2,3, labeled by different 
branes. 

invariant under a generic Hamiltonian symplectomorphism. However, since it is a D- term, 
its variation is also a D- term, and moreover a harmless one, like d/i 2 , with no boundary 
contributions. That is so simply because the kinetic energy has time derivatives only, and 
no spatial derivatives, so there is no way for it to generate a boundary term. 

Second, the A-model action also has a topological term that is not Q^-exact: 

J' = f $*(w)= [ uj ab du a Adu b . (11.33) 

In discussing this term, we can assume an arbitrary E, not necessarily a strip in the plane. 
V is a topological invariant - and hence in particular is Q^-invariant - if <F(<9E) is contained 
in a Lagrangian submanifold C. What happens under a Hamiltonian symplectomorphism 
8u a = Vjj that changes the map $ and also changes Cl The change in I f is 

51' = [ d(5u a u ab du b ) = [ V%uu ab du b = - [ AH. (11.34) 

Jx JdY, JdY, 

This vanishes if all of dE is mapped to the same Lagrangian submanifold with the same 
H (since H is single-valued). More generally, SE may be a union of segments 5^E whose 
left and right endpoints we call pi and p%+\ (Figure 124. We assume that the ftE are 
mapped to different Lagrangian submanifolds which we want to deform using different 
Hamiltonian function Hi. The generalization of eqn. (11.34) is 

SI' = - V [ d Hi = V(^fe) - H^ i(p<)). (11.35) 

7 Jo# 

At each intersection point a vertex operator is inserted for an external string state, and 
the contribution Hi(pi) — H{-i(pi) to the action can be absorbed in the normalization of 
this vertex operator. 

Finally, in our discussion of the Morse function and kinetic energy of the cr-model, 
we considered only a time-independent situation in which E is a strip in the plane. This 
makes it possible to consider A-branes and strings that preserve two supersymmetries, 
namely Q^ and its adjoint Q^. In that context, we have shown that varying C£ and C r by 
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Figure 125: A pair of Lagrangian submanifolds Cg, C r embedded in the u — v plane. Cg and 
C r intersect at the one point indicated, u is plotted horizontally and we assume that Cg, C r are 
embedded in the half-plane u > 0. 

independent Hamiltonian symplectomorphisms is equivalent to adding to the action a D- 
term - a term that is both Q^-exact and Q^-exact. In a more general situation in which X 
is not simply a strip (for example, in the study of tree-level amplitudes described in section 
11.3), there is no time-translation invariance and one cannot maintain both Q^ and Q^ 
symmetry. Instead of writing the response to Hamiltonian symplectomorphisms of branes 
as Jj,dtdxd6d6 F (where F was described in the above construction), we have to write it 
simply as d 2 x f d OF, where in the time-independent case F = f d OF. In general, we 
would pick an F that everywhere near the boundary of X looks like the functional the F 
that we used in analyzing the problem on a strip. In this way, we would establish the 
desired invariance. 

11.2.3 Branes With Noncompact Target Spaces 

In the A-model with a compact symplectic manifold X as target, one defines an A-brane 
supported on any (closed) Lagrangian submanifold £, subject to some mild restrictions that 
are not pertinent at the moment. 65 However, a compact X is not relevant for the present 
paper, since if X is compact, it is not possible to introduce a nonconstant holomorphic 
superpotential W. 

Once X is not compact, one usually wants to impose some sort of condition on the 
behavior of a Lagrangian submanifold at infinity. The most basic reason is that otherwise 
the space of supersymmetric states in quantization on a strip with boundary conditions 
set at the ends by a pair of Lagrangian submanifolds Cg, C r will not have the expected 
behavior. To see what will go wrong in general, consider the case that X — M 2 with the 
standard symplectic form uo = du A dv , and with Cg and C r as depicted in Figure 125. We 
assume that the i^-axis runs horizontally in the figure, and that Cg and C r are embedded 
in the half-plane u > 0. Let us consider this system first in the ordinary A-model without 
a superpotential. The classical approximation to a supersymmetric state of the (Cg,C r ) 
system is given by an intersection point of the Lagrangian submanifolds Cg and C r . In the 

65 One restriction is associated to the A-theory interpretation of A-branes (the normal bundle to £ in A 
must admit a Spin c structure [24]. Another restriction, described in section 13.5, involves disc instantons. 
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example shown in the figure, there is precisely one such intersection point. Since the MSW 
complex is thus of rank 1, its differential necessarily vanishes and the space of quantum 
supersymmetric states of the (Ci,C r ) system is one-dimensional. 

Now let us introduce a superpotential and quantize the theory on a strip of width 
w — x r — X£. The classical approximation to a supersymmetric state of the C r ) system 

is given, just as in the usual A- model, by a time-independent supersymmetric state, but 
now the condition for supersymmetry is the £-soliton equation. So supersymmetric states, 
in the classical approximation, correspond to solutions of the ^-soliton equation that start 
somewhere on Cg at x = X£ and end somewhere on C r at x — x r . (For more on this, 
see section 13.) In this discussion, we consider only solutions that are independent of the 
usual time coordinate r and it is convenient to refer to the usual spatial coordinate x as 
“time.” Let Cf parametrize the points that can be reached by starting somewhere on Ci 
and evolving for time w via the £-soliton equation. Then Cf is a Lagrangian submanifold 
that is very close to Ci if w is small. (Cf is Lagrangian because the £-soliton equation 
describes Hamiltonian flow with the Hamiltionian — ^Re (£ _1 VF).) £-soliton solutions that 
flow from Ci to C r in “time” w are simply intersections of Cf with C r . For small enough w, 
the difference between Ci and Cf is unimportant and the classical supersymmetric states 
with W ^ 0 correspond naturally to those with W — 0. 

However, with everything being noncompact, intersection points of Cf and C r can 
flow to infinity at finite w. This will actually happen in the example of the figure if we 
take C -1 kF = i0 2 (where 0 = u + iv with real u,v and we take the Kahler metric of the 
0-plane to be d£ 2 = d u 2 + dv 2 ). So Im(C _1 VF) = ( u 2 — v 2 ) and the ^-soliton equation is 
d x u = u, d x v = —v. In particular, Cf is obtained from Ci by (u, v ) —» ( e w u , e~ w v). In the 
figure (in which u is plotted horizontally), we can assume that Ci and C r are contained 
in a strip uq < u < u\ with uo > 0. Then for large enough w, Cf is entirely to the 
right of the strip and has no intersections with C r . Thus in this example, for large enough 
w, supersymmetry is broken, even though for small w it is unbroken (with precisely one 
supersymmetric ground state). For some purposes this might be an interesting example of 
supersymmetry breaking. However in the present context it is a problem. What has gone 
wrong is that the intersection of CJ with C r goes to infinity at a finite value of w. 

A related problem arises even in the absence of a superpotential if we consider the 
fact that the A-model is supposed to be invariant under Hamiltonian symplectomorphisms 
applied separately to each brane, as we described in section 11.2.2. This fails if we consider 
branes and Hamiltonian symplectomorphisms with no restriction on their behavior at in¬ 
finity For instance, in our example, we can eliminate the intersection point of Ci with C r 
by transforming Ci via a Hamiltonian symplectomorphism (iq v) —> {u + c, v) for a large 
constant c (the single-valued Hamiltonian that generates this symplectomorphism is simply 
v). So the space of supersymmetric states of the (£g,£ r ) system is not invariant under 
Hamiltonian symplectomorphisms applied separately to Ci or C r . 

11.2.4 VF-Dominated Branes 

To avoid both of these problems, we will place some conditions on Ci and £ r , to prevent 
their intersections from going to infinity. In the present section, we describe a class of branes 
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for which intersections are bounded and for which the machinery of the present paper 
applies naturally. In defining this class of branes, we will make use of the superpotential 
W. However, for Lagrangian submanifolds C£ and C r obeying the conditions that we will 
state momentarily, the space of supersymmetric (£g, C r ) states makes sense in the ordinary 
A-model without a superpotential, and is unchanged when one turns on the superpotential 
W. 

We simply require that Im(C -1 W) goes to +oo at infinity along and to —oo at 
infinity along C r . We will refer to left- and right- branes obeying this condition as W- 
dominated branes. (The reversal of sign between C£ and £ r , which might look peculiar at 
first sight, is natural in our formalism because a n rotation of the plane, which exchanges 
the left and right boundaries, reverses the sign of £ and hence of Im(C -1 W).) 

One might think that this condition is required for bounding the surface terms in eqn. 
(11.11). But actually, that is not necessary; the potential V is positive-definite in any case 
since it can be written as in eqn. (11.10). 

The real virtue of the W-dominated branes is that the growth condition on Im(£ -1 1T) 
prevents the intersections of left- and right- branes from going to infinity. As one varies 
Ci and/or C r to make an intersection point p go to infinity, Im(C -1 W) would have to go 
to +oo (since p E Ct) and to —oo (since p E C r ). So intersection points do not go to 
infinity 66 and the space of (£g,£ r ) strings is well-defined in the ordinary A-model without 
a superpotential. (In other words, the space of (Ci,C r ) strings is well-defined even if we 
only use W for guidance in deciding what C£ and C r to allow and do not actually turn on 
IT as a contribution to the Lagrangian.) 

Also, if Im(C -1 lT) diverges at infinity on then the same is true on C™ for any 
w > 0, since the £-soliton equation is ascending gradient flow for Im(£ -1 1T). So intersection 
points of £f with C r do not go to infinity with increasing w. This means that intersection 
points cannot flow in from or out to infinity when w is turned on, so that, at the level of 
cohomology, the space of supersymmetric (£^,£ r ) strings is unchanged when W is turned 
on and is independent of w. 

A further virtue of W-dominated branes is that the spaces of supersymmetric states 
are finite-dimensional spaces. We will phrase our argument here for the standard A-model 
without a superpotential; including a superpotential simply replaces C£ with jCf in what 
follows. In quantization of the (£^,£ r ) system, if Ct and C r intersect in a discrete set of 
points Tthen in the classical approximation, there is one supersymmetric state 
<$> a for each a E T(>Q, C r ). The theory has a much simpler flavor if the sets T(£^, C r ) are 
always finite, and more generally the intersections CiP\£ r are always compact. Otherwise, 
one has to deal with infinite-dimensional spaces of supersymmetric states, in the classical 
approximation and perhaps in the exact theory. A simple example of what one would like 
to avoid is provided by again taking X to be the u — v plane, with symplectic form duAdv, 
and taking for C£ and C r the u -axis and the curve v — sin^. Here the intersection C£ fl C r 
consists of infinitely many points. It is easy to construct wilder examples involving spirals 

66 We consider a family of branes parametrized by a compact parameter space. In that situation, the 
upper and lower bounds on Im(£ -1 VP) hold uniformly. The same comment is relevant at several points 
below. 
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in the plane. For ^-dominated branes, compactness of the intersection Cn H C r is insured 
since Im(£ -1 VF) goes to +oo at infinity on C£ and to —oo at infinity on C r . In this case, 
the subset A C on which Im(£ -1 VF) is less than its upper bound on C r is compact. 67 
The intersection C£ D C r is a closed and therefore compact subspace of A and consequently 
the space of supersymmetric states of the C r ) system will always be finite-dimensional. 

In our example of §11.2.3 with Im(C _1 VF) = ( u 2 — v 2 ), the brane C r of Figure 125 
has the desired property, since ( u 2 — v 2 ) goes to — oo at infinity along £ r , but C£ does not 
obey the appropriate condition at infinity. To ensure that (u 2 — v 2 ) goes to Too at infinity 
along we could rotate Cn by ±7r/2. In this case, the pathologies noted in Section of 
§11.2.3 would disappear. Once we restrict the class of branes so that Im(C _1 VF) goes to 
Too or — oo at infinity on Cn or £ r , we must also restrict the class of gauge transformations 
to include only those Hamiltonian symplectomorphisms that preserve these conditions. In 
particular, a 7t/2 rotation, although symplectic, is not an allowed gauge transformation. 

In this section, we have explained one natural answer to the question, “For what kind 
of branes C^C r is the space of supersymmetric {C^^C r ) states well-defined?” However, 
this question has at least one more interesting answer, which we return to in section 11.2.6 
after introducing the concept of a thimble. 

11.2.5 Thimbles 

Generically, for every critical point </>^, there is a canonical example of a left-brane L^ and 
also of a right-brane satisfying the conditions of section 11.2.4. To construct L^, we 
consider the ^-soliton equation on the half-line (— oo,0] with the boundary condition that 
the solution approaches a critical point fa at x — — oo. Regarding the ^-soliton equation 
as a gradient flow equation, the flows of this type are parametrized by the constants C{ 
in eqn. (10.26) with fa > 0, so the dimension of L\ is the Morse index y of the function 
Im(£ -1 l/F) at its critical point, and L\ is a copy of RT Like the real or imaginary part 
of any holomorphic function that has a nondegenerate critical point, this function has 
middle-dimensional Morse index, so in particular y = dimcX. By mapping an ascending 
flow on (—oo,0] that starts at fa to its value at x = 0 (here we include the trivial flow 
line that sits at <£>i at all times), we can interpret the space of such flows as a middle¬ 
dimensional submanifold L. C I. Since the ^-soliton equation is translationally-invariant, 
the value 0(^o) of an ascending flow from at any point xq with — oo < xo < oo is on the 
submanifold L^. So Lj can be viewed as the union of all ascending flow lines that start 
at the critical point <pi in the far past. If all flow lines that start at (fa in the past flow to 
infinity in the future, then L\ is a closed submanifold of X, and in this case we call it a 
Lefschetz thimble. 

There is an important circumstance in which this can fail. Suppose that £ = Qi for 
some j. Then an ij soliton may exist. Such a soliton is a flow line that starts arbitrarily 
close to & in the past and flows arbitrarily close to <j)j in the future, but never reaches it. 
So in this case, the point (fij is contained in the closure of L\ but not in L\ itself. (One 

67 We consider a family of branes parametrized by a compact parameter space. In that situation, the 
upper and lower bounds on Im(C -1 IF) hold uniformly and all intersections occur in a fixed compact set 
A C X that is independent of the parameters. 
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could of course replace l!\ with its closure, but this does not work well; for example, for 
dimcX > 1, the closure is generically not a manifold, and for dimcX = 1 it may be a 
manifold with boundary. The fundamental reason that there is no good definition of a 
Lefschetz thimble at £ = Qi is really that in crossing such a value, the topology of the 
Lefschetz thimble can jump.) 

As long as ( does not equal any of the Qj, we do not meet this problem and L\ 
is a closed submanifold of X. We have already seen that L\ is middle-dimensional and 
topologically M y . To show that L\ is Lagrangian, we use the fact that the ^-soliton equation 
is Hamiltonian flow (eqn. (11.13)). Using the identification of L\ with the value x/ a (0) of a 
flow at time x — 0, and writing the symplectic form of X as uj a bdu a du b , the restriction of 
this form to l!\ is cj\ l c — <^ a frdiA a (0)dx/(0). But Hamiltonian flow preserves the symplectic 

z 

form, so we can equally write uj\ l c = uo a } ) du a {x)du b {x) for any x. Taking x — oo, 

"z 

this vanishes for flows that start at fa, so c<;| L c = 0 and is Lagrangian. Since is 

topologically R y , any closed form on L\ is exact, and L\ is exact Lagrangian. Finally, 
because L\ was defined by ascending gradient flow from fa, Im(C _1 VF) is bounded below 
along by its value at fa. If the Kahler metric of X is complete, Im(C _1 VF) goes to 
infinity at infinity along L\. (Completeness of the metric and the fact that each ascending 
flow from fa goes to infinity in X implies that each ascending flow line has infinite length; 
this plus the ascending flow equation implies that Im(C _1 VF) goes to infinity along each 
such line.) The corresponding right-brane which we call a right Lefschetz thimble, 
is defined in precisely the same way, with similar properties. It parametrizes ascending 
gradient flows on the half-line [0, oo) that approach cj)j for x oo, and can be identified 
with the value of such a flow at x = 0. Clearly Im(C _1 VF) is bounded above along by 
its value at fa. 

As a simple example we return to £ _1 VF = i</> 2 so Im(£ _1 l/F) = ( u 2 — v 2 ). There is a 
single critical point at </> = 0. The left-Lefshetz thimble is the x/-axis and the right-Lefshetz 
thimble is the x;-axis. 

11.2.6 Another Useful Class Of Branes: Class T' K 

In any Hamiltonian flow, the Hamiltonian is a conserved quantity. So in particular, the 
Hamiltonian H — — ^Re(C -1 VF) is a conserved quantity for the ^-soliton equation. More¬ 
over, Im(C -1 IU) is an increasing function of x along any non-constant solution of this 
equation. Putting these facts together, the values of W along the left thimble L\ lie on a 
ray that begins at the point W(fa) and extends in the direction in the complex W -plane 
(Figure 126). (The following discussion could be presented in terms of right thimbles rather 
than left thimbles, but this would add nothing as it would be equivalent to replacing £ by 

-o 

The images in the W -plane of all the left thimbles Lj, j E V, form a collection of 
parallel rays, starting at the critical values W(fa). Assuming that V is a finite set, the 
images of these thimbles are all contained in a semi-infinite strip of finite width in 
the W- plane. (This is sketched in Figure 127, except that, for reasons that will soon be 
apparent, in the figure £ is replaced by a complex number ax of modulus 1, not necessarily 
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Figure 126: A ray in the complex W- plane, starting at W(<pi) and running in the i( direction, 
equal to (.) is defined by 

|Re(C _1 VF)| < c 

Im(C _1 VF) > c', (11.36) 

for some constants c, cf. We say that a Lagrangian submanifold C - or a brane supported 
on C - is of class if W restricted to C is valued in T<p Branes of class T £ (or obeying 
an equivalent condition) are considered in the mathematical theory of the Fukaya-Seidel 
category [81]; see section 11.3. This is a mathematical theory related to what in physical 
terms is the A-model with a superpotential W. In addition to some reasoning that is 
described below, the construction of the Fukaya-Seidel category is motivated by mirror 
symmetry. 

Let C and £ be Lagrangian submanifolds of class In the A-model without a 
superpotential, the space of supersymmetric (£, £) states is not well-defined, because the 
strip is not compact and intersections of C and £ can go off to infinity (if, for example, 
a Hamiltonian symplectomorphism is applied to C or £). What happens if we turn on 
a superpotential W ? By itself, this does not help. In studying supersymmetric (£, £) 
states on a strip of width w > 0, the effect of turning on the superpotential is that instead 
of looking at intersections C fl we have to look at intersections C w H £ , where C w is 
obtained from C by ascending gradient flow with respect to Im(£ -1 l/F). The image under 
W of C w is contained in the strip itself, so C w is again of class and the intersections 
C w fl £ are not well-behaved. 

However, a simple variant of this idea does work. We pick a complex number k, of 
modulus 1, but not equal to ±£. Then instead of branes of class T^, we consider branes of 
class T k . These branes are characterized by the condition (11.36), but with £ replaced by 
k (as is actually shown in Figure 127). Omitting the points divides the unit circle into 
two connected components, and it is convenient to make a choice that k lies to the “left” 
of £ (meaning that n > Arg(£ -1 ft) > 0). 

The classical approximation to a supersymmetric (£, £) state on a strip of width w is 
now given by a solution of the £-soliton equation, starting somewhere on C at the left end 
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Figure 127: The rays in the complex VF-plane that start at critical points and all run in the ik 
direction fit into the semi-infinite strip T K , which is shown as a shaded region. 

of the strip and ending somewhere on C' at the right end. Differently put, the classical 
approximation to such a supersymmetric state is an intersection point of C w with where 
C w is obtained from C by evolving for a “time” w via the £-soliton equation. 

This evolution is in the direction of increasing Im(£ -1 VF) (with Re(C _1 VF) fixed). 
Because of our hypothesis that k ^ d=£, this evolution tends to move the image of C w out 
of the strip T K . As we will see momentarily, under reasonable conditions on the growth of 
W at infinity, the intersection C w H C! is bounded, so the space of supersymmetric (£, £) 
states is well-defined. 

To show the boundedness, we proceed as follows. Let X K be the portion of the target 
space X of the cr-model in which W takes values in T K . And let X™ be the subset of X that 
X K flows to under £-soliton flow for “time” w. The key point is now to show that under 
suitable conditions, X™ D X K is compact for all w > 0. For if C and Cl are any (closed) 
Lagrangian submanifolds of class T K , then the intersection C w H Cl is a closed subset of 
X™ D X K , and so is compact if X™ n X K is compact. As usual, the compactness of C w H Cl 
will ensure that the space of supersymmetric states of the (£, C r ) system is well-defined. 
See Figure 128. 

To understand the compactness of X™ H X K without any excessive clutter, let us take 
£ = 1 and k — i. So the ^-instanton equation is Hamiltonian flow for the Hamiltonian 
H — — ^Re(C -1 VF) —^R eW. The “time”-dependence of Re(^ _1 VF) ImW along the 
flow is 

-^Re(K _1 W) = Aim W = {H,lmW} = -l{ReW,ImW} = -hdW\ 2 . (11.37) 

Here { , } is the Poisson bracket computed using the symplectic form of the target space A, 
and we have evaluated this Poisson bracket using the Cauchy-Riemann equations obeyed 
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Figure 128: Illustrating the regions X K , X™ and their intersection. Here we choose a single 
chiral superfield </> with W = i (j) 2 and ( = 1. The region X K for k = i, c = 5, and d = —5 
is illustrated in the upper left figure. The region is noncompact, with northeast and southwest 
boundaries asymptoting to the line v = u. Under the flow u —>> e w u , v e~ w v the region evolves 
(for e 2w = 3) to the blue region shown in the upper right figure. Again this region is noncompact. 
The intersection, shown below in purple is compact for all w > 0 and decompactifies as w —)> 0. 


by the holomorphic function W. (In general we have ^Re(ft l W) = \dW\ 2 .) 

Usually, we are interested in models in which |dVU| 2 goes to infinity at infinity along 
X, and hence also along X K . (For example, in the most standard Landau-Ginzburg model, 
X = C n for some n and W is a polynomial that is sufficiently generic so that |dVF| 2 
grows polynomially at infinity.) In this case, eqn. (11.37) implies that the rate at which 
Re(ft _1 VF) increases under £-soliton flow increases near infinity in X K . This means that 
£-soliton flow for any positive “time” w maps a neighborhood of infinity in X K strictly 
outside of X K (this neighborhood depends on w), and hence X™ n X K is indeed compact 
for all w > 0. 

In general, we might not want to assume that |dVF| 2 goes to infinity at infinity along 
X, but it is always reasonable to assume that |dVF| 2 is bounded above 0 near infinity. 
(Otherwise, W has a critical point at infinity and one should not expect to get a good 
description based only on the set V of finite critical points.) With |dVF| 2 bounded above 0, 
the same reasoning as before shows that if w is sufficiently large, then X ™ HX^ is compact. 

Putting these statements together, under reasonable conditions, the space of super- 
symmetric (£,£') states is well-defined for any L,C! of class T K . In the above, we took 
k = z£, but the same reasoning applies as long as k ^ ±£. Saying that the space of (£, C r ) 
strings is well-defined means that it invariant under Hamiltonian symplectomorphisms of 
X,. (applied separately to C and £'), invariant under changes in the Kahler metric of X 
(as long as this is not changed too drastically at infinity) and invariant under changes in k, 
(as long as one keeps away from k — d=£). 
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11.3 The Fukaya-Seidel Category 

Having come this far, it is not too hard to understand how to go farther and define open¬ 
string tree amplitudes for branes of class T K . (By contrast, one cannot do this for W- 
dominated branes, as we will soon explain.) 

These open-string tree amplitudes - when specialized to the case of just one string in 
the future, as discussed below - give what would be called mathematically an A 0 c algebra 
if one considers just one brane of class T^, or an A 0 c category if one considers all of them. 
The Hqo category that we obtain is presumably the Fukaya-Seidel category [81, 82, 83, 80], 
or its close cousin, the Fukaya category of the superpotential. (These are expected 68 to 
have the same derived categories of branes.) 

It seems that, mathematically, it is understood that the Fukaya-Seidel category should 
have a definition along the lines of what we sketch below, but this has not yet appeared 
in the literature because of analytical details. The existing literature is thus based on 
alternative approaches that circumvent some analytical difficulties but will be less trans¬ 
parent to a quantum field theorist. Also, some of the details of the setup we use here 
seem fairly natural from a quantum field theory point of view, but a rigorous approach 
might use somewhat different definitions because purely from the standpoint of partial 
differential equations, one can make some more general choices and this freedom might be 
useful. For example, instead of branes of class T^, one could consider branes whose image 
in the W- plane is the union of a semi-infinite ray and a compact set. Similarly, instead 
of using the global ^-instanton equation, one can consider a more general equation that 
looks like the ^-instanton equation near the infinite ends of the worldsheet. Despite some 
detailed differences in approach, we expect the open-string amplitudes that we define to 
have essentially the same content as the Fukaya-Seidel category. 

To define open-string amplitudes, it is important to spell out a consequence of the 
restriction k ^ d=£. Concretely, to compute the space of supersymmetric (£, C r ) strings, we 
quantize the cr-model on a strip S in the x — r plane that is defined by X£ < x < x r with 
x r —xn — w. This is a strip that runs in the r direction. We construct an MSW complex 
as usual with a basis given by solutions of the ^-soliton equation and a differential found 
by counting solutions of the ^-instanton equation. The reason that we specified that the 
strip S runs in the r direction is that, unlike the equation for a pseudoholomorphic curve 
that is usually considered in the A-model, the ^-instanton equation is not invariant under 
rotation of the x — r plane. If we rotate S in the x — r plane, so that S is at an angle $ to 
the r-axis, this would be equivalent to replacing ( by (e. Since the only restriction on ( 
is ( ^ ±tt, we may rotate S by an angle $ as long as £e^ d=/s. For example, if ft = z£, 
we may take S to be a strip propagating in any direction in the x — r plane except the 
horizontal. This restriction on the slope of S means that S has a well-defined “past” (an 
end with r —» — oo) and “future” (an end with r -T +oo). 

The procedure for defining the open-string amplitudes in this situation is standard, 
except for a few key details. Let us recall that in the usual A-model without a superpotential 

68 For example, see the end of section 2 of [80], where the Fukaya cateory of the superpotential is called 
F(n) and the Fukaya-Seidel category is called A. This and other matters described in the next paragraph 
were explained to us by N. Sheridan. 
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(or in physical string theory), to compute a tree-level amplitude with q open strings, one 
takes the string worldsheet to be a disc H with q marked points on its boundary. The 
regions on the boundary between the marked points are labeled by branes and the marked 
points are labeled by vertex operators. Modulo conformal transformations, H depends on 
q — 3 real moduli. To compute the usual A-model amplitudes, we count (with signs) all 
pseudomolomorphic maps from H to the target space X, obeying conditions determined 
by the choices of branes and vertex operators. In the counting, we do not specify a priori 
the conformal structure of H and we include pseudoholomorphic curves with any values of 
their moduli. 

To define open-string amplitudes in the present context, roughly speaking, we do the 
same thing, with the equation for a pseudoholomorphic map replaced by the ^-instanton 
equation. There are some changes because the ^-instanton equation is not conformally- 
invariant or even rotation-invariant. We take If to be a region in the complex plane, 
where we know how to define the £-instanton equation. 69 Without conformal invariance, 
there is no direct equivalence between states and vertex operators, so we represent the 
external strings by semi-infinite strips of specified widths. These strips are not allowed 
to be horizontal, because then in the case of branes of class T^, the external string states 
would not be well-defined, as was just explained. So in contrast to physical string theory 
(or the usual A- model), there is a well-defined distinction between string states that come 
in from the “past” (r -+ — oo) and those that go out to the future (r -+ +oo). There are 
well-defined amplitudes with any number n of strings coming in from the past and any 
number m going out to the future. However, in the context of the Fukaya-Seidel category 
or the Fukaya category of the superpotential, it is usual to consider only the case m — 1. 
(This case leads to amplitudes that can be put in a convenient algebraic framework - an A 
algebra - and whose counterparts under mirror symmetry are relatively well-understood.) 

For brevity, we will consider only the case m — 1. The total number of external string 
states is therefore q — n + 1, and the number of real moduli is q — 3 = n — 2. To define 
the n 1 amplitude, we need a family of regions H in the x — r plane that depend on the 
usual n — 2 real moduli of a disc with n+1 marked points on its boundary. These regions 
are far from being uniquely determined. One convenient choice is the parametrization of 
the moduli space of a disc with n + 1 punctures that in ordinary string theory is used 
in light cone gauge (for the case that all incoming particles have equal p+). The strings 
coming from the past all have equal width w and the string going out to the future has 
width nw ; as usual in light cone gauge, the moduli are the differences between the values 
of r at which two strings join. This is depicted in Figure 129(a). If one prefers, one can 
use the less singular worldsheets of Figure 129(b). 

As long as all branes considered are of class T^, the counting of ^-instanton solutions 
to define string amplitudes in this situation is well-defined, basically because the properties 
of the branes that make the external string states well-defined also ensure that solutions 
of the ^-instanton equation cannot go to infinity. The resulting tree amplitudes have all 

69 It is possible but not necessary for our purposes here to generalize this slightly - H could be a Riemann 
surface with boundary with strip-like ends with a not necessarily holomorphic trivialization of its canonical 
line bundle and some conditions on how the trivialization behaves at infinity and along the boundary. 
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Figure 129: (a) An open-string worldsheet H in a form familiar in light-cone gauge, n open 
strings all of width w come in from the past (r = — oo) and a single one of width nw goes out to 
the future (r = Too). There are n — 1 values of r at which two open strings combine to one. The 
linearly independent differences between these critical values of r are the n — 2 real moduli of this 
worldsheet. (b) The picture in (a) can be slightly modified in this fashion - if one wishes - so that 
H becomes smooth. The moduli are still the differences between the critical values of r. 


the usual properties except cyclic symmetry. Lack of cyclic symmetry means that these 
amplitudes cannot be derived in a natural way from a Q-invariant effective action (except 
possibly by introducing separate fields to represent incoming and outgoing strings) but 
can be interpreted as constructing a nonlinear Q operator (which acts on a Fock space of 
open strings). Mathematically, lack of cyclic symmetry means that one gets an A^ algebra 
without a trace. 

This construction would not work for VF-dominated branes. VF-dominated branes 
lead to well-defined spaces of BPS states, but not to tree amplitudes. The reason is that in 
trying to define a tree amplitude for VF-dominated branes, there is no natural way to decide 
if we should use a left-brane (with Im(C _1 VF) +oo at infinity) or a right-brane (with 
Im(C _1 VF) — oo at infinity) on the intermediate boundaries in Figure 129(b). Moreover, 
neither choice leads to a well-controlled counting. 

On the other hand, for branes of class T K , the definition of n -A 1 amplitudes by 
counting of ^-instantons works fine for any hi G U(l) — {±C}- If K an( I d are i n the same 
connected component of U( 1) — {±C}> the categories associated to hi and hi' are naturally 
equivalent to each other via rotation. Thus, using branes of class T ' K (with the same hi on 
all connected components of all boundaries), by counting ^-instantons in Figure 129 we can 
define two A ^ categories *Bt± K . In Section §15 below we will argue that the two categories 
are Aoo-equivalent to the two categories of branes constructed in the abstract part 
of this paper using left- and right- thimbles of class and positive or negative half-plane 
webs. 
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We should stress that even for branes of class T K , while we can define tree-level am¬ 
plitudes in parallel with standard tree-level A-model amplitudes, we cannot define analogs 
of higher genus A-model amplitudes. This is basically because with W ^ 0, the standard 
A-model twisting is not available. In the future, to avoid repeating ourselves many times, 
we will use the phrase “A-model” to refer to either a standard A-model with W — 0, or a 
partial A-model with W ^ 0 in which one considers only tree amplitudes. 

12. MSW Complex On The Real Line: Solitons And Instantons 

Up to this point, our preliminary discussion of BPS solitons has been purely classical. We 
now want to study these BPS solitons at the quantum level. Everything about this problem 
will closely parallel the general quantum mechanical analysis of section 10, except that we 
have to take into account certain zero-modes associated to broken bosonic and fermionic 
symmetries; these do not have a close analog in the generic quantum mechanical case. 

Let Sij denote the set of classical ij solitons, that is solutions of the ("-soliton equation 
that interpolate from fa at x — —oo to <pj at x = ±oo. From eqn. (11.15), we know that 
such solutions exist only for £ = so in what follows we choose that value of £. The 
group M of translations of the x-axis acts freely on the space of classical ij solitons, and 
generically an ij soliton has no bosonic zero-mode except the one associated to translation 
invariance. We will assume that we are in this situation. A classical ij soliton always has 
a pair of fermionic zero-modes, one of fermion number T and one of fermion number 
— 1, generated by the 2 supercharges that are not in the small subalgebra. When the zero¬ 
mode associated to translation symmetry is the only bosonic zero-mode, the 2 zero-modes 
associated to broken supersymmetries are the only fermionic ones. 

In this situation, the quantization of a classical ij soliton solution, in perturbation 
theory, is relatively straightforward. The non-zero bosonic and fermionic modes are simply 
placed in their ground state. The only subtlety here is that one must determine the fermion 
number /o of the ground state of the nonzero modes of the fermions. We consider this 
question presently. The quantization of the bosonic and fermionic zero-modes is slightly 
subtle but is well-known. If we write a for the translational zero-mode of the soliton, then 
a wavefunction e ipa for this mode describes a soliton in a state of arbitrary momentum p. 
A quantum BPS state invariant under the small supersymmetry algebra generated by Q^ 
and arises for p — 0. (A soliton in a momentum eigenstate with p ^ 0 is invariant under 
a boosted version of this algebra.) The fermion zero-modes are a pair of operators xo, Xo °f 
J 7 = ±1 generating a two-dimensional Clifford algebra; the representation of this algebra 
gives a pair of states of fermion number T — ±1/2. So overall, the quantized soliton in 
perturbation theory can have any momentum and has fermion number /o ± 1/2. 

12.1 The Fermion Number 

The fermion number /o of the Fock vacuum (of non-zero fermion modes) is formally the 
fermion number of the filled Fermi sea. This of course diverges and needs to be regularized. 
The physically natural approach is to define first the renormalized, conserved, Lorentz- 
covariant fermion number current (for example, via a process of point-splitting and normal- 
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ordering) and then compute the matrix element in the soliton state, in perturbation theory, 
of the integral of the fermion charge density. The point-splitting and normal ordering deal 
with ultraviolet divergences in the definition of /o- And even if D has infinite ends (for 
instance D — M), there is no infrared problem in defining the integrated fermion number 
because, by virtue of Lorentz invariance, the expectation value of the fermion charge density 
vanishes in the massive vacua at x -A ±oo. (It turns out that there is a subtlety at finite 
distance boundaries of D rather than at ends at infinite distance; see section 13.3.) 

An alternative procedure is more convenient for some purposes. In its standard form 
that we describe first, this procedure deals with ultraviolet divergences but not infrared 
ones, so it applies for the case that space is a compact 1-manifold D — [x£,x r \ (with 
boundary conditions as in section 11.2). In what follows, by a “fermion state,” we mean 
an energy level of the single-particle Dirac equation that governs the fermions of T — 1. 
(We need not discuss separately the single-particle T = — 1 modes; they are canonically 
conjugate to the T — 1 modes, and the Fock vacuum can be completely characterized by 
saying which T — 1 modes annihilate it.) From /o, which formally is the number of filled 
states of negative energy, formally we subtract a constant, namely 1/2 the total number 
of fermion states. Subtracting this constant can be thought of as measuring the fermion 
number of the soliton relative to the fermion number of the vacuum. Still formally, with 
this subtraction, /o is 1/2 of the number of J- — 1 fermion modes of negative energy 
(the ones that are filled in the Fock vacuum) minus 1/2 the number of T — 1 states of 
positive energy (the ones that are unfilled). This result, whose quantum mechanical analog 
is eqn. (10.11), still needs to be regulated. We weight a mode of energy E by a factor of 
exp(— s\E\), for small positive £, and take e -A 0 at the end of the calculation. Thus if T is 
the set of all non-zero energy fermion modes of T — 1 , we define /o as 

/o = lim T exp(—£ | -E) |)sign (E t ). (12.1) 

Z £—ffi z ' 
ie T 

This formula is the general formula (10.11) of supersymmetric quantum mechanics for the 
fermion number of a state associated to a critical point, except that in infinite dimensions 
we require a regulator, such as exp(—£|£j), and in the finite-dimensional problem with a 
nondegenerate Morse function, there is no need to discuss fermion zero-modes. The 77 - 
invariant of the single-particle Dirac Hamiltonian V (this is the operator whose eigenvalues 
are the E{\ see eqn. (12.5)), is usually defined as the “limit” 70 

r?(X>) = lim ^ l^l^sign^), ( 12 . 2 ) 

ieT 

but the precise choice of regulator does not matter; one can here replace \E\~ £ = exp(—£ log |£j) 
with exp(— s\E\), as in ( 12 . 1 ). So 



70 Unlike the sum in (12.1), the one in (12.2) is not absolutely convergent. So we should specify that the 
meaning of the “limit” in this equation is that the sum over states on the right hand side of eqn. (12.2) 
converges for sufficiently large Re £ and defines an analytic function of £ that has an analytic continuation to 
e = 0 where it is non-singular. Also, 77 is sometimes defined to include a contribution from the zero-modes, 
but here it will be more convenient to omit them. 
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Including the contributions of the zero-modes, the soliton has two states of fermion number 
/o d= 1/2. In other words, the two states, which we will call and (where 

p E Sij labels a particular classical ij soliton), have fermion numbers / and / + 1 , with 


_ 1 = rj{p) + 1 = rjjp + g) 

/ 7 ° 2 2 2 


(12.4) 


This is the proper formula for / on a compact manifold without boundary. In our appli¬ 
cation, D always has boundaries and/or infinite ends. In the presence of an infinite end, 
an infrared regularization of 77 is required, as in eqn. (12.7) below. In the presence of a 
boundary, the formula for / requires a boundary correction that is explained in section 
13.3. 


A shortcut to find the appropriate Dirac operator V whose 77 -invariant enters this 
formula is to use the general formalism of supersymmetric quantum mechanics, as reviewed 
in section 10. In general, the Hamiltonian operator acting on the fermions (which in 
the quantum mechanical context is the fermion mass matrix d 2 h/du l du J ) is the operator 
that arises in linearizing the equation ( dh/du 1 — 0) for a critical point. In our present 
context, the equation for a critical point is the ("-soliton equation and its linearization is 
the condition 


a_ 

dx 


Sep 1 


2 d(f) J d<j) K 


(12.5) 


together with the complex conjugate of this equation. Writing the left hand side of (12.5) as 
a linear operator acting on the pair — T and including the complex conjugate equation, 

\H J ) 

we arrive at a formula for the appropriate Dirac operator: 


V = a 3 i— + 
dx 



C u d 2 W 
2 ^ d(j) J d(j) K 


( 12 . 6 ) 


Here the Hessians of W and W are evaluated on the soliton configuration and cr 3 is short 
for 

f^K 0 \ 

\ 0 -*W' 

The standard definition of the 77 -invariant that we have given above assumes that V 
has a discrete spectrum, so it applies for quantization onD= [x£,x r \ (where, however, it 
does not quite give the complete answer for the fermion number, as we explain in section 
13.3) but not otherwise. In the case of a BPS soliton with D — R, because there is a 
mass gap at infinity, V has a discrete spectrum near zero energy, but it has a continuous 
spectrum above some threshold. One needs to generalize slightly the definition of the 77 - 
invariant in this situation (for a rigorous treatment, see [76]). The contribution of the 
discrete spectrum does not need any change (there are only finitely many states in the 
discrete spectrum, and their contribution to the 77 -invariant is actually simply the number 
of positive energy normalizable eigenstates of V minus the number of negative energy 
normalizable eigenstates of V). The contribution of the continuous spectrum needs to be 
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defined more precisely. If P is the orthogonal projector onto the continuous spectrum of 
D, the contribution of the continuous spectrum to the 77 -invariant is 

/ oo 2 d 

dx Y(x,s\Psign(V)eM-cm\x,s)- (12.7) 

- Gf 

As usual, |rr) is a state with delta-function support at a point x E M, and s parametrizes 
the additional labels carried by such a state . 71 The definition of the operator sign(D) 
is potentially troublesome because of zero-modes of D, but the zero-modes are in the 
discrete spectrum and so are annihilated by P, and hence there is no problem in defin¬ 
ing the product Psign(D). The fact that is being generalized in the formula (12.7) is 
that if M is an operator of finite rank or more generally of “trace class” (represented 
by an x-space kernel that we also call M), then TrM = JY dx J^ s (x, s|M|x, s). The 
contribution of the continuous spectrum to the 77 -invariant is supposed to be, naively, 
lim £ ^o Tr Psign(P) exp(— s\V\), but this trace is only conditionally-convergent (the opera¬ 
tor whose trace we are trying to take is not trace class) and is not well-defined. The formula 
(12.7) is a well-defined, regularized version of this trace. It is well-defined because the in¬ 
tegrand s|Psign(P) exp(—£|X>|)|x, s) vanishes exponentially for x —>> ±00. This is 

so for the same reason that there is no infrared problem in the approach to defining /o via 
point-splitting and normal-ordering: the fermion number density vanishes in the vacua at 
±00. 

12.2 Properties Of The 77 -Invariant 

What can we say about the invariant 77 (P)? There is no simple formula for 77 (V) for a 
particular ij soliton solution, but there is a useful general statement comparing the values 
of 7j(V) for different ij solitons. (Since we have not yet analyzed boundary contributions to 
the fermion number, the following analysis applies strictly for the case D — M, but similar 
statements hold for other cases. See section 13.3.) 

Suppose that p,p' G Sij are two different ij soliton solutions, interpolating between 
the same vacua at both ends. They have two different Dirac operators V p and V p ' and 
so two different 77 -invariants r](V p ) and rj(T> p ') and two different fermion numbers f p and 
f p '. These can differ, but their difference f p> — f p is always an integer. The proof can be 
expressed in either mathematical or physical language. To express the proof in physical 
language first, we observe that the bosonic fields of the LG model do not carry fermion 
number and hence P is conserved in the propagation of the fermion fields in an arbitrary 
time-dependent background constructed from the bosons. So in particular (here we assume 
that X is simply-connected), we can construct a time-dependent background that interpo¬ 
lates from the soliton solution p in the far past to the soliton solution p' in the far future; 
moreover, we can do this with fields that are time-independent at spatial infinity. So time 
evolution gives an ^-conserving mapping from the fermion Hilbert space T~L P constructed in 

71 The operator V acts on a fermi field valued in the tensor product of a two-dimensional Clifford module 
with the pullback of the complex tangent bundle of the target space X , which has rank d — dime X. So s 
runs over an orthonormal basis of a 2 d-dimensional vector space. 
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the past by expanding around soliton p to the corresponding Hilbert space TiP' constructed 
in the future by expanding around p'. All states in T-L p have T — f p mod Z, since the 
modes of the fermion field, which act irreducibly in PL P , carry J 7 = ±1. Likewise all states 
in T-L p ' have T — f p ' mod Z. So the existence of an ^-conserving map between these two 
Hilbert spaces implies that f p = f p ' mod Z. 

For a more mathematical version of this argument, observe first that in general, chang¬ 
ing only finitely many eigenvalues of an operator V does not change 77 (D) mod 2, since 
for e 0, each eigenvalue contributes ±1 to 77 (D). In varying finitely many eigenvalues, 
77 (D) only changes when an eigenvalue changes sign, in which case it jumps by ± 2 . The 
same is true if one varies infinitely many eigenvalues provided that the change in the n th 
eigenvalue vanishes rapidly enough for n —>► 00. We are in this situation if we change D by 
varying the x-dependent matrix d 2 Wjdcj) 1 d<fi J in an arbitrary fashion (replacing it with an 
arbitrary mjj(x ), not necessarily derived from an LG field), keeping fixed its behavior for 
x —» ±00. Since we do not change D at spatial infinity, we do not change the energies of 
states at large \x\\ since we do not change the term a 3 id/dx in D that dominates at high 
energies, we do not change the eigenvalues of high energy. So in such a variation, only a 
finite number of eigenvalues change substantially, and 77 (D) only changes when an eigen¬ 
value passes through 0. When that happens, 77 (D) jumps by ±2, so that / = —{l/2)p{V) 
is constant mod 1. Note that in this argument (as opposed to the physical argument), we 
do not need to assume that X is simply-connected; we can interpolate between the Dirac 
operators V p and V p ' whether or not we can interpolate between the solitons p and p f . 

Clearly, there is a topological invariant, namely the value of —^p{V) mod Z, which 
only depends on the matrices mjj = d 2 W/ dcj) 1 d(j) J at x — ±00. How can one compute this 
topological invariant? One way to compute the value of — \p(T>) mod Z is to deform to the 
case that mjj(x) varies adiabatically as a function of x, between its given limiting values 
at x = ±00. The adiabatic condition is that if \m\ is the smallest eigenvalue of ra/j, then 
\m\~ 2 dmjj/dx is everywhere small. Under this condition, 77 (D) can be computed as the 
integral over x of a universal local expression constructed from m and its first derivative. 
A straightforward computation using perturbation theory then yields the formula 



^arg det 


d 2 W 


arg det 


d 2 W \ 


mod Z. 


( 12 . 8 ) 


This agrees with the formulae stated in [23, 14, 15]. Incidentally, in the case of solitons on 
the real line, one might wonder if one can write an exact formula for /, not just a mod Z 
formula, as the integrated “winding number” of the matrix of second derivatives of W : 

? 1 d d 2 W 

(12 ' 9) 

This formula actually does not make sense, since in general det d 2 W/dtp 1 d<fi J can have 
zeroes; moreover, as one varies the Kahler metric of X, a £-instanton trajectory can cross 
such a zero, whereupon the right hand side of (12.9) would jump, contradicting fermion 
number conservation if eqn. (12.9) were valid. 
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The continuous variation between the soliton solutions p and p' can also be used, in 
principle, to compute the integer f p ' — f p . This integer is the “spectral flow,” the net 
number of eigenvalues of V that pass through 0 in the downward direction, in interpolating 
from p to p'. This spectral flow is a regularized version of the difference in the Morse index 
of the soliton p' and the soliton p. 

A standard argument in index theory says that the spectral flow of a Dirac operator in 
d dimensions gives the index of a Dirac operator in d+1 dimensions. We actually explained 
this argument for d = 0 in section 10.2, and this particular argument is independent of 
d. The argument uses the fact that the d + 1-dimensional Dirac equation can be written 
L -0 = 0, where L = d T + D; here V is a d-dimensional self-adjoint Dirac operator (for 
d — 0, as in section 10.2, V is simply a finite rank matrix). The index is the number of 
normalizable solutions of the equation L ^ = 0 minus the number of normalizable solutions 
of the adjoint equation Lty — 0, where L I = — d T + V. By reducing to the case that the 
eigenvalues of V vary adiabatically with r and performing the analysis of eqn. (10.17) for 
each eigenvalue, one finds that the index of L is the spectral flow of V (defined as the 
net number of eigenvalues of V that pass from positive to negative between r — — oo and 
t — Too). In the context of Morse theory, the d T 1-dimensional Dirac operator L is the 
linearization of the gradient flow equation. In two-dimensional LG theory, the gradient flow 
equation is the (’-instanton equation (eqn. (11.18)) and the analog of L is the linearization 
of this equation. As is the case in supersymmetric quantum mechanics in general, L is the 
kinetic operator for the fermions of J- — 1 (and its adjoint is the corresponding operator for 
the fermions of J- — — 1). In a process involving an instanton transition from the soliton 
p in its ground state of lower fermion number to a soliton p r in the analogous state, the 
fermion number T changes by f p ' — f p \ everything is consistent because this number is the 
index of L, and therefore equals the fermion number of the operator insertions that must 
be made to get a nonzero amplitude for this transition. 

12.3 Quantum BPS States 

The basic framework to study BPS states in the full quantum theory is the same as in 
section 10. We construct a complex which additively is given by the semiclassical spectrum 
of BPS solitons, and on this complex, we use instantons to define a differential Q £ (a 
normalized version of Q £ with the values of h for the classical soliton solutions removed). 
The cohomology of this differential gives the exact quantum spectrum of BPS solitons. 

So additively, the complex describing ij solitons is 

Mii = © pe5l , (z*£.(p) © zT/T)) (12.10) 

where Sij is the set of intersection points of a left thimble of type i with a right thimble of 
type j. The grading of the complex is given by the fermion number T. This grading is not 
really a Z-grading, since the values of T differ from integers as explained in (12.8), but it 
is shifted from a Z-grading by an overall constant that depends only on i and j. 

Just as in section 10, the differential on the complex (12.10) arises from counting 
instantons interpolating between states whose fermion number differs by Tl. In other words 
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we consider solutions of the ("-instanton equation with £ = and boundary conditions 

lim (f)(x,r) = 4>i Im x ^ +00 c(>(x,t) = fa (12.11) 

x^—oo 

together with 

lim cf)(x, t) = (x) lim <f>(x, r) = ^(x) (12.12) 

where (x) and £>^ 2 ( x ) are two ij ("-solitons. In section 12.4, we give an example showing 
that in general there are ("-instantons obeying these boundary conditions and contributing 
to the differential So not all BPS solitons give rise to true BPS states. 

In the general quantum mechanical analysis of section 10, there were only two super- 
symmetries, one of which was a symmetry of the instanton. The instanton therefore had 
just 1 fermion zero-mode, and this mode was responsible for the fact that the instanton am¬ 
plitude increases T by 1. In the present situation, the underlying two-dimensional model 
altogether has four supersymmetries, only two of which (the ones in the small subalgebra) 
are symmetries of the initial and final states. As a result, the initial and final states both 
represent a rank 2 Clifford algebra of broken supersymmetries. This is responsible for the 
doubling of the spectrum: a classical soliton corresponds to two quantum states of fermion 
numbers /, / + 1. The instanton still preserves only one supersymmetry, so now there 
are three fermion zero-modes, of which one is normalizable. The two zero-modes that are 
generated by supersymmetries that are not in the small subalgebra are localized in space 
but not in time, so they are not normalizable (and do not contribute to the index of the 
operator L). They go over in the far future or past to the fermion zero-modes of the indi¬ 
vidual solitons. The fact that the zero-modes of the individual solitons can be extended to 
time-dependent zero-modes in the instanton background means that the instanton ampli¬ 
tudes commute with the action of the Clifford algebra on the initial and final states. The 
third fermion zero-mode in the field of the instanton is normalizable and is the analog of 
the single zero-mode of the quantum mechanical analysis. It is localized in space and time 
and ensures that ("-instantons contribute to the matrix element of the differential Qc; only 
in the case f p2 — f Pl — 1. 

The fact that the instanton amplitude commutes with the Clifford algebra means that 
we can write the complex a little more economically: 

Mij = W ® M -. (12.13) 

Here W = Z © Z is an irreducible module for the Clifford algebra generated by two basis 
vectors | — \), \ + \) with F = —\, +|, respectively, and MC is a reduced complex. Indeed, 
we can write ^-(p) = | — \) <g> m{°(p ) and ^{^(p) = | + \) 0 m{°(p ) where / 0 = / + 
Thus, 

= ®pes ij %rn{°(jp). (12.14) 

In Section §14.5 below, we show that in matching to the web-based formalism we should 
take what there was called Rij to be the complex generated by the states of upper fermion 
number: 

Rij = ®pes ij ^{ j + \p) (12.15) 
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The instanton-generated differential Q £ acts on the reduced complexes ML and Rij. 

Once we get rid of the doubling of the spectrum in this way, the analogy with the 
general quantum mechanical analysis of section 10 is much closer. As in that analysis, 
each instanton solution that interpolates from a soliton p\ in the past to a soliton p 2 in the 
future - and has no moduli except the minimum possible number - contributes ±1 to the 
relevant matrix element of the normalized differential Q £ acting on the reduced complex. 
The sign of this contribution is given by the sign of the fermion determinant. The problem 
of defining this sign - and how it should be interpreted 72 - is very similar in the present 
context to what it was in the general quantum mechanical discussion. If 712 (X) is trivial 
then any two fields obeying the boundary conditions (12.11), (12.12) are homotopic, so 
the fermion determinant is uniquely determined up to an overall sign. Moreover, cluster 
decomposition can be used to determine all the signs except for signs that can be absorbed 
in the definitions of the initial and final soliton states. More generally, if 71 * 2 (X) ^ 0, then 
the general analysis of the signs of the fermion determinants leads to the possibility of 
discrete theta-angles, similarly to what happens in section 10 when 7 Ti(M) / 0. 

Now, let us consider an ij soliton at rest with vacuum i on the left and vacuum j on the 
right. If we turn the picture upside-down, rotating by an angle n in Euclidean signature, 
an ij soliton becomes a ji soliton. The n rotation, which is the Euclidean version of a CPT 
transformation, also reverses the sign of the fermion number current. So if a multiplet of 
ij solitons have fermion numbers T — /, / + 1, then the rotation gives a pair of ji solitons 
of fermion numbers T — — /, —/ — 1. A static picture of an ij soliton sitting at rest can be 
viewed as a pairing between an ij soliton coming in from r = — 00 and a ji soliton coming 
in from r = + 00 . The path integral gives a non-degenerate and X-conserving pairing 

M ij <g>M ^ -» Z. (12.16) 

Since the full complexes admit this X-conserving pairing, the state T;^ +1 must 
pair with the state and the state Tb must pair with the state 4 /--j . Therefore, the 

pairing on W is off-diagonal, pairing | — with | + ^) to give (without loss of generality) 
+ 1. Since the pairing on the Clifford algebra has fermion number 0 and the total pairing 
has fermion number 0, the induced pairing on the reduced states rriij and rriji has fermion 
number 0. That is, the induced pairing on the states of lower fermion number in each 
doublet, 

K' : MC®MC^Z, (12.17) 

pairs with mj/°(p) and hence K' has fermion number 0. 

When we explain the relation of the Landau-Ginzburg theory to the formalism of 
Section §4 in Section §14.5 below it will turn out that we should not identify the reduced 
complex of solitons ML with what in the web treatment was called Rij. Rather, Rij will 

72 The most powerful mathematical framework is provided by the theory of real determinant line bundles, 
as we discuss in the quantum mechanical case in Appendix F. Here we content ourselves with the following 
simple remarks showing that as in the general quantum mechanical case, the theory is uniquely determined 
- up to physically-understood choices - if it works. 
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actually be identified with the complex of soliton states of “upper” fermion number as in 
equation (12.15). The pairing K' induces a similar pairing 

K : Rij 0 Rji Z. (12.18) 

To define K we simply drop the factor | + \) in both 4/^ +1 (p) = | + ^) 0 m^°(p) and 
— | + \) 0 and use the pairing K' on mjj(p) and mj/°(p). Thus, K is a 

nondegenerate pairing of fermion number —1 + 0 = — 1, in harmony with the definition of 
a web representation in Section §4. It is symmetric by CPT invariance. 


* X 

<t>=fa 


Figure 130: In a massive theory, when viewed from long distance, or in the limit that the mass 
goes to infinity, the soliton solution is well approximated by a discontinuous solution, discontinuous 
at some point x = xq. 

Remarks 

1. A soliton solution <pij(x) is very near <pi or <pj for “most” of the values of x and only 
shoots from vacuum i to j in a very short interval Ax set by the inverse mass scale 
£w of the theory. Thus, “in the infrared limit” where we take the mass scale large the 
solution can be thought of as a discontinuous function with vacuum i at x < xo and 
j at x > xo. See Figure 130. Similarly, the instantons can be viewed as stationary 
soliton worldlines with a small dot inserted as in Figure 131. This is the beginning 
of the connection to the (extended) webs of previous sections. 

2. We will show below that the counting of solitons and instantons leads to web repre¬ 
sentations. So, starting with the data defining a LG field theory, we can deduce a 
mathematical structure that is defined over the integers, and this is how it was pre¬ 
sented in the first half of the paper. On the other hand, the field theory is defined in 
terms of complex amplitudes and vector spaces, and hence does not give an entirely 
natural explanation of why the mathematical structures, such as equation 12.16, are 
in fact defined over Z. (It is natural for topological field theory path integrals to have 
integral values, but we are not discussing topological field theory here.) 
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Figure 131: Left: An instanton configuration contributing to the differential on the MSW complex. 
The black regions indicate the locus where the field </>(x, r) varies vary significantly from the vacuum 
configurations or </>j. The length scale here is £w, set by the superpotential. Right: Viewed from 
a large distance compared to the length scale £w the instanton looks like a straight line x = xo, 
where the vacuum changes discontinuously from vacuum to <fij. The nontrivial r-dependence of 
the instanton configuration, interpolating from a soliton pi to another soliton P 2 has been contracted 
to a single vertex located at r = To- This illustrates the origin of the 2-valent vertices of extended 
webs in the context of LG theory. 


3. We can now introduce the Witten index, which in this context is known as the BPS 
index f±ij. This is just the Euler character of the complex M^- of (12.10) appropriately 
interpreted to take into account the fact that we are working with a slightly degenerate 
Morse function. We should compute [14] 

Wi :=T \ Mi .Fe™ F = - £ (12.19) 

peL^nRjnXwg 

where Xw 0 is the preimage under W of a regular value Wo of the superpotential. 
Here £ = and Wo lies on the interior of the line segment between the critical 
values Wi and Wj. As we have shown in equation (12.8) the fermion number of a 
classical soliton 0?- has the form f(p) = fj — fi + riij(p) where riij(p) is an integer. 
According to [14, 15, 48] the integer riij(p ), reduced mod 2, is the contribution of p 
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to the oriented intersection number of the Lefshetz thimbles, and hence 

Hij = n R J (-1 y {p) ( 12 . 20 ) 

P eL ( i nR c j nx Wo 

where t(p) is the oriented intersection number. 

12.4 Non-Triviality Of The Differential 

Some of the literature on BPS states in two-dimensional LG models studies special cases 
which might give one the impression that BPS solitons always lead to BPS states. In 
this section we show that, in general, the differential Q £ acting on the space of classical 
("-solitons is non-trivial. 

The strategy will be to adapt a simple fact in ordinary Morse theory. We consider a 
family of Morse functions in one variable u that near u — 0 look like 

v? 

he(u ) = y - eu 7 (12.21) 

where e is a real parameter. The equation for a critical point is u 2 = e. It has no real root 
for e < 0 but has a pair of real roots u± = ±y/e for e > 0. For e < 0, there are no classical 
vacuum states near u — 0, but for e > 0, there are two of them. However, extra quantum 
vacua cannot appear as e is varied, so there must be an instanton effect that lifts the two 
approximately supersymmetric states that appear for e > 0. Indeed, the portion of the 
u- axis between u+ and U- is a gradient flow line that connects the two critical points, and 
the contribution of this gradient flow line to the differential removes from the cohomology 
the states supported at u+ and u _. 

Notice that at e = 0, where the two critical points appear or disappear, h £ is not a 
Morse function, since its unique critical point at u — 0 is degenerate - the second derivative 
of ho(u) vanishes at u = 0. Consider in any number of variables a critical point that is 
degenerate in this way - it is cubic in one variable u and quadratic in any number of 
additional variables: 

Q S t 

'XIj ^ ^ 

h(u,v 1 ,...,v s ,w 1 ,...,w t ) = — + Y v i ~ ^ w ]- ( 12 . 22 ) 

i =1 3 =1 

Under a generic perturbation, which will include a term linear in u , such a critical point 
will either disappear or split into a pair of nondegenerate critical points, depending on the 
sign of the perturbation. If the sign the perturbation is such as to generate two new critical 
points, there can be no exact quantum supersymmetric state associated to them, since with 
the opposite perturbation, these critical points would be absent even classically. So there 
will always be a gradient flow line removing this pair of approximate ground states from 
the supersymmetric spectrum. 

The C-soliton equation on the real line is a problem of roughly this nature, with the 
role of the Morse function played by the functional 

h -= &***(&'£*'■ < 12 - 23 > 
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in the case that gjj is constant, h is a function of infinitely many variables, and also 
we should factor out by translations of x to think of h precisely as a Morse function. 
We will find a situation in which, near a certain critical point (and omitting the mode 
corresponding to spatial translations), h will look like (12.22), but with infinitely many p’s 
and w' s. By varying one parameter that will correspond to e, we will be able to make a 
pair of ^-solitons appear or disappear. When these two classical solitons appear, for the 
same reasons explained above, there will have to be a ^-instanton interpolating between 
them and ensuring that the corresponding quantum states are not exactly supersymmetric. 

The parameter playing the role of e can actually be either a parameter appearing in 
the Kahler metric of the target space X or a parameter in the superpotential. For X = C, 
varying the Kahler metric of X will never cause a £-soliton to appear or disappear, 73 but it 
is not difficult to give an example for X = C 2 . We parametrize C 2 with complex variables 
y, Z. To begin with, we take the Kahler metric to be 

df = \dY\ 2 + \dZ\ 2 . (12.24) 

Later, we will make a perturbation of this Kahler metric. 

We start with a 1-variable superpotential Wo(Y), and for brevity we choose = i, 
so that the £-soliton equation is ascending gradient flow for Re Wo and a solution will have 
a fixed value of ImWo- We pick Wo so that a non-trivial ij £-soliton Yq(x) does exist, 
for some i,j G V. After adding a constant to Wo, we can assume that in this £-soliton, 
Wo (To 0*0) everywhere real and moreover that Wq(Yq(x)) is negative for x —» — oo and 
positive for x —» +oo. 

In complex dimension 1, the operator L obtained by linearizing around a £-soliton 
has no zero-mode except the one associated to spatial translations. (This is related to 
the remark in footnote 73.) To mimic the situation described in eqn. (12.22), we need a 
^-soliton that is “degenerate,” meaning that the linearized operator L has a zero-mode not 
associated to translation symmetry. To achieve this, we include a second superfield Z in 
the discussion, generalizing the superpotential to 

Wi(y, z) = w 0 (y)(i + z 2 ). (12.25) 

We have picked Wi so that dzW\ — 0 at Z — 0, ensuring that (with the Kahler metric 
(12.24)) the C-soliton equation has the solution Y — Yo(x), Z — 0. Now let us expand 
around this solution. The choice of Wi ensures that the fluctuations in Y and Z obey 
separate equations. Y has the one zero-mode associated to spatial translations, and the 
linearized equation for Z is 

l ry 

— = W 0 (Xo(x))Z. (12.26) 


73 For X = C and i,j G V, ij ^-solitons are in 1-1 correspondence with paths in X from i to j with 
Re(C -1 VF) constant. Such a path, if properly parametrized, becomes a £-soliton. The Kahler metric of X 
enters only in determining the proper parametrization. 
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Setting Z — z\ + \Z 2 with z±, Z 2 real and recalling that Wq(Yq(x)) is real, we get the 
solutions 

zi(x) = exp (/ dx' Wo(Yq(x')) 

z 2 (x) = exp A j dx' WoO^O^))^ • (12.27) 

Here, given our assumptions about Wo(Yo(x)), z\(x) blows up exponentially at x = =boo, 
but Z 2 (x) vanishes exponentially and thus we have found a ^-soliton with a zero-mode that 
is not associated to translation symmetry. 

Now introduce a small parameter u and consider a family of approximate £-solitons 
with 

(Y,Z) = ( Y 0 (x),uz 2 (x)) + O(u 2 ). (12.28) 

This obeys the ^-soliton equation to order u, but can we choose the 0(u 2 ) terms to obey 
the equation in order u 2 l The case of interest is that this is not possible; that will be so if 
and only if (after integrating out all the non-zero modes), the function h of eqn. (12.23), 
when expanded in powers of ix, has a term of order u 3 . (The fact that (Y, Z) defined in 
eqn. (12.28) is a £-soliton up to order u 2 means that h has no term linear or quadratic in 
u.) The model as we have defined it so far has a symmetry Z —» — Z which ensures that 
h is an even function of u and hence that there is no u 3 term. However, we can easily 
modify the model (without affecting the fact that h has no term linear or quadratic in u) 
so that h acquires a u 3 term. We simply add to the superpotential a term cubic in Z. The 
superpotential thus becomes 

Wi(y, Z) = Wb(y)(l + Z 2 ) + A(Y)Z 3 , (12.29) 

for a generic function A{Y). 

At this point, the solution (Y, Z) = (To,0) of the £-soliton equation is a degenerate 
critical point of the functional h that can be modeled as in (12.22) (with infinitely many 
'u’s and w’s and an additional zero-mode - due to translation invariance - that does not 
have a simple finite-dimensional analog). To complete the story, we want to show that a 
perturbation of the Kahler metric or a further perturbation of the superpotential can add to 
h a term linear in u. By varying the sign of this term, we can then make a pair of classical 
^-solitons appear and disappear. For the sign of the perturbation for which the pair of 
classical solutions exists, there will have to be a £-instanton interpolating between the 
two ^-solitons and removing the corresponding quantum states from the supersymmetric 
spectrum. 

A further perturbation of the superpotential that will have the desired effect is simply 
a term sB(Y)Z , with a generic function B(Y) and a sufficiently small s. Thus the full 
superpotential becomes 

w = Wo(y)(l + Z 2 ) + A(Y)Z 3 + eB(Y)Z. (12.30) 

Alternatively, we can induce the desired linear term in h by a small perturbation of the 
Kahler metric (12.24) that breaks the symmetry Z —> —Z of this metric. We can choose a 
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simple perturbation that preserves the flatness of the metric: 

di 2 ~^d£ 2 + e (dYdZ + dZdY). (12.31) 

For a generic superpotential W\{Y, Z ) as constructed above, this perturbation adds to h a 
term eu and ensures that all of the desired conditions are satisfied. 

13. MSW Complex On The Half-Line And The Interval 

Now we will consider the analogous questions when the LG model is formulated on a 
two-manifold that is either a half-plane or a strip, in other words it is R x D where M 
parametrizes time and D is a half-line [2^,00) or (— 00, x r ] or a compact interval [xi,x r \. 
An important difference from the discussion of BPS solitons on the real line is that in the 
discussion of ij solitons, we set (" to the unique value (^ at which such solitons may exist. 
By contrast, when we quantize the LG model on a strip or a half-plane, we pick a generic 
value of (" at which there are no ij solitons for any i, j. 74 Wall-crossing phenomena can 
occur when (" crosses the special values at which ij solitons do exist, and it is simplest to 
work away from these walls. 

In quantization on either a half-line or an interval, we need a boundary condition at 
each finite end of D. Any such boundary condition will explicitly break the J\f = (2, 2) 
supersymmetry of the bulk LG model to a subalgebra with at most two supercharges, 
and we want this to be the small supersymmetry algebra generated by Q^ and its adjoint. 
Since the spatial translations and supersymmetries that are not in the small subalgebra are 
explicitly broken by the boundary conditions, they do not lead to any zero-modes. This 
makes the analogy with the generic quantum mechanical analysis of section 10 much more 
straightforward. Generically, for each choice of boundary condition, the ("-soliton equation 
has only a finite set of solutions, none of which admit any bosonic or fermionic moduli. 
Each such solution corresponds to a single approximately supersymmetric state of some 
fermion number / (whose definition is analyzed in section 13.3). As usual, we make a 
complex with a basis corresponding to the solutions of the ("-soliton equation, and on this 
complex we define a differential Q £ whose matrix elements are found by counting (with 
signs that come from the sign of the fermion determinant) the ("-instantons that interpolate 
between two given ("-solitons. 

We now make a few more detailed remarks about the cases of a half-line or a strip. 

13.1 The Half-Line 

If we do not impose a boundary condition at x = 0, then the space of ("-solitons on the 
half-line [0, 00 ) that approach <pj at infinity is the exact Lagrangian submanifold that 
was described at the end of section 11.2. is naturally embedded in X by identifying a 
C-soliton with the value 0 7 (O). To quantize the LG model on [0, 00 ), we require a boundary 
condition at x = 0 stating that </> 7 (0) must lie in a specified Lagrangian submanifold C. 

74 Using equation (11.15) and Remark 9 of Section §2.1 this statement is equivalent to the criterion, used 
in the abstract part of the paper, that no difference of vacuum weights Zij is parallel to the boundary dl~i. 
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("-solitons on [ 0 , oo) that obey this condition at x = 0 and also approach <fij at x — oo are 
simply in one-one correspondence with the intersection points C D Bfj. 

As usual, to find the quantum BPS states, we construct a complex M £j that additively 
has a basis corresponding to the intersection points just mentioned, with a differential Q^ 
that can be found by counting ("-instantons. The instantons are schematically illustrated 
in Figure 132. 

To study BPS states on the half-line (—oo,0], again with boundary conditions set by 
£, we proceed in just the same way. The ("-solitons that obey the boundary conditions 
are the intersections L\ D £, where as in section 11 . 2 , is defined by ascending gradient 
flows on (—oo, 0] that start at fa at x — — oo. This gives a basis for a complex M^£, whose 
normalized differential Qq is found by counting ("-instanton solutions. 

In general, a Lagrangian submanifold C may intersect (or L^) in many points. 
Moreover, if C is varied by an exact symplectomorphism of X (and thus without changing 
it as an A-brane), the number of these intersection points may vary. Since the number of 
exactly supersymmetric states on the half-line does not change if C is varied in this way, 
but the dimension of the complex can jump, the differential Qc; is certainly nonzero in 
general and ("-instantons are important. However, it is difficult to give explicit examples. 

We will describe an important example in which it is straightforward to identify the 
intersections C D Rj. We simply take C to be one of the Lagrangian submanifolds L\. So 
L n R j = L\ n consists of points in X that are boundary values of flows on (—oo,0] 
that start at fa and also are boundary values of flows on [0,oo) that end at c/)j. Gluing 
these flows together, we get an ij soliton, but by our hypothesis there are no such solitons 
for i 7 ^ j. So n is empty for i ^ j. On the other hand, the only solution of the 
("-soliton equation interpolating from a vacuum i to itself is the trivial constant solution 
(in a non-trivial solution, the function Im ((~ 1 W) is strictly increasing), so L\ Fli?^ consists 
of a single point, the critical point fa. With only a single approximately supersymmetric 
state, there is no possibility of an instanton transition. 

Of course, the analysis of l!\ D C is the same if C = R^. So 



0 if j ^ i 
Z if j — z, 


(13.1) 


in each case with trivial differential. 

Remark: When comparing with the abstract discussion of Section §4.2 we should 
identify the Chan-Paton factors for a brane defined by a Lagrangian subvariety C with 

£j := M X Si := (13.2) 


for left- and right- boundaries, respectively. 


13.2 The Strip 

In quantization on the closed interval D = [x£,x r \, with boundary conditions set at the 
ends by two Lagrangian submanifolds >Q,£ r , a classical ground state is a solution of the 
("-soliton equation with faxg) G fax r ) G C r . For the case that the strip is very long 
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Figure 132: An instanton in the complex MThe solitons corresponding to Pi,P 2 £ £ D R j 
are exponentially close to the vacuum (f)j except for a small region, shown in turquoise, of width 
£w In addition, the instanton transitions from one soliton to another in a time interval of length 
£w, indicated by the green square. At large distances the green square becomes the 0-valent vertex 
used in extended half-plane webs. 

compared to the longest Compton wavelength of any massive particle in the theory, we 
can give a simple counting of such solutions. At long distances from the boundaries, the 
theory will be close to one of the vacuum states, which correspond to the critical points <^, 
i G V. Given this, near the left boundary, the ^-soliton solution will approximate one of 
the half-line solutions that contribute basis vectors of M/^; and near the right boundary, 
it will approximate one of the half-line solutions that contribute basis vectors of M^£ r . 
Conversely, if the strip is wide, then generalities of index theory and elliptic operators 
imply that every pair of left- and right- half-line solutions arises in this way from a solution 
on the strip. 75 So additively, the complex M Ce,£ r °f the two-sided problem has a simple 
description: 

M c^c r — ® M^ r (13.3) 

At the end of section 13.3, we explain why the grading of Mby fermion number is 
related to those of and M^£ r in the way suggested by this decomposition. 

As usual, the normalized differential Q £ on this complex is computed by counting (- 
instanton solutions. Some such instantons are localized at one end of the strip or the other. 
These instantons contribute the differentials of individual factors and M^£ r in the 

sum over i G V in (13.3). If they were the only instantons on the strip, then the cohomology 
of the complex M c £ ,C r would have the same sort of decomposition as the complex itself: 

H*(M C£ ,Cr) ^ M Cl J 0 H*( M^ r ). (13.4) 

75 If the strip is wide, then a simple guing starting with a left- and a right- half-line solution comes 
exponentially close to an exact solution on the strip. Using the assumed nondegeneracy of the solutions and 
the fact that the relevant index vanishes because C £ and C r are both middle-dimenisonal, this approximate 
solution can be corrected to an exact solution in a unique way. 
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As discussed qualitatively in the introductory section 1 , in general the differential for 
the problem on the strip is much more complicated and this simple formula is not correct. 
The differential can receive corrections from instantons that cannot be localized at one end 
of the strip or the other. To a large extent, the goal of this paper is to understand these 
unlocalized contributions to the differential, which prevent an elementary description of the 
space of physical states on the strip. Starting in Section §14, we will seek to understand 
these contributions in the context of LG models. But first we pause for another interlude 
on the fermion number (Section §13.3). 

Although there is no simple statement about the cohomology on the strip, there is a 
simple statement about the Euler characteristic of the cohomology. The Euler character¬ 
istic of the cohomology of a complex does not depend on the differential (the effect of the 
differential is eliminate pairs of states of opposite statistics that anyway make no net con¬ 
tribution to the Euler charactistic), so the supersymmetric index of this problem factorizes 
nicely in the fashion suggested by (13.3). If we define the index 

VCi,i = Tr M c^ T (13.5) 

on the half-line, with a similar definition for /i^£ r an d then, provided the fermion 

numbers are coherently related, it follows from equation (13.3) that these indices nicely 
factorize: 

WiA = ( 13 - 6 ) 


13.3 The Fermion Number Revisited 

Much of our analysis of the fermion number and the 77 -invariant, starting in section 12.1, 
was equally valid whether the spatial manifold D on which we quantize is the real line, a 
half-line, or a compact interval. However, we will now describe some special features that 
occur when D has a boundary (as opposed to an infinite end). In doing so, it is convenient 
to assume that D has only boundaries and no infinite ends - the general case is a mixture 
of the two problems. 

We begin by considering, in the absence of a superpotential, the standard A-model 
of maps (f) : X -A X, where S is a compact Riemann surface without boundary of Euler 
characteristic y(E) an d X is a compact Kahler manifold. In general, fermion number is 
not conserved in this model. The net violation of fermion number is given by the index of 
the two-dimensional Dirac operator coupled to </>*(T 1 , 0 X). After topological twisting 76 the 
resulting Dirac operator L has index: 

c(L) = x(E) dim c V - 2 £ ci(<f>*(K x )), (13.7) 

where Kx is the canonical bundle of X - the bundle of (n,0) forms on X, where n = 
dime X. (In the untwisted cr-model, one would drop the first term on the right-hand side of 
(13.7).) The index (13.7) is the expected real dimension of the moduli space of holomorphic 

76 After this twisting, the relevant Dirac operator is naturally regarded as a d or Dolbeault operator. 
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maps (/) : S X. Equivalently, it is the net fermion number T of operators that must be 
inserted to get a non-zero A-model amplitude. For our purposes, the important term in 
the index formula is the one involving ci((j)*(Kx))- This term depends on </>, so when it 
is nonzero, different A-model amplitudes on the same E violate the fermion number T by 
different amounts and we say that the A-model does not have fermion number symmetry. 
The y(E)dimc(X) term in the index formula, since it is independent of </>, is a sort of 
c-number anomaly, and actually, in our eventual applications, we will have x(2) = 0- (The 
A -model still makes sense - and is much studied - as a topological quantum field theory 
even when it does not conserve an integer-valued fermion number. Because of the factor of 
2 multiplying the ^-dependent term, the A -model always conserves fermion number modulo 
2k for some integer £;, and similarly in the analysis below, even when there is no Z-graded 
MSW complex, there is always a Z 2 &-graded one.) 

What happens if we turn on a superpotential? Then the equation dgcj) 1 — 0 for a 
holomorphic map is deformed to the ^-instanton equation 


d£ = iC udW 

ds 4 9 Q4 > j ' 


(13.8) 


This equation depends on the choice of local complex parameter s on E and does not make 
sense on an arbitrary E. The left hand side of (13.8) is a (0, l)-form and the right hand side 
is a 0 -form; to set these equal implies picking a trivialization of the bundle of ( 0 , l)-forms. 
For E of genus 1, this is given by the globally-defined (0, l)-form ds, but for x(E) ^ 0, 
there is a topological obstruction to the definition. However, whenever the deformation 
from the usual A-model equation to the £-instanton equation is possible, this deformation 
certainly does not affect the index, since the superpotential W is a lower order term in the 
^-instanton equation, or alternatively since the index is an integer and (for compact E) the 
spectrum of L varies smoothly when W is turned on. 

Now let us allow E to have a boundary, labeled by a brane. To define a boundary 
condition on the equation for a holomorphic map, or on the ^-instanton equation, we pick 
a Lagrangian submanifold C C X and require that <j)(d E) C £, as discussed in section 
11.2. In addition we choose local boundary conditions on the fermions which then follow 
from the preservation of Q^-supersymmetry. In this case, the index of the Dirac/Dolbeault 
operator L still makes sense and still determines the expected dimension of the moduli 
space and the net violation of fermion number in amplitudes. Moreover, if E is compact, 
and if it makes sense to turn on a superpotential VF, the index is independent of VF, 
since W contributes a lower order term in the ^-instanton equation and does not affect 
the boundary condition. For similar reasons, when we discuss later the 77 -invariant on a 
one-manifold D with boundary (but no infinite ends), W will be irrelevant and can be set 
to 0. Accordingly, the following discussion of the index theorem when E has a boundary, 
and later of the 77 -invariant when D has a boundary, can be carried out at W — 0 and is 
simply part of the analysis of the usual A-model. By contrast, if E or D has an infinite 
end, then W affects the asymptotic behavior at the end and does affect the index theory 
and the 77 -invariant, as for instance in eqn. ( 12 . 8 ). 
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So setting W — 0, we now consider the formula for the index when X has a boundary. 
The formula (13.7) does not quite make sense without some explanation because to define a 
first Chern class of the line bundle cjf{Kx ) over X, one needs a trivialization of cjf{Kx ) on 
dX. The proper interpretation is as follows. For simplicity, we assume that the Lagrangian 
submanifold C is orientable and pick an orientation. C acquires a Riemannian metric from 
its embedding in the Kahler manifold X, so it has a volume form vol. Setting n — dime X, 
vol is a real-valued n-form on C. On the other hand, a section of Kx is an (n, 0)-form whose 
restriction to C is a complex-valued n-form on C. A real-valued n-form is a special case of 
a complex-valued one, so we can regard vol as a trivialization of Kx\c (the restriction of 
Kx to C). Given a map 0 : X X that maps <9X to £, the trivialization of Kx\c pulls 
back to a trivialization of 0*(iTy) |<9x- We define f E ci(</>*(Kx)) using this trivialization 
of (jf(Kx) on dX. With this interpretation, the index formula (13.7) remains valid. (For 
mathematical background on this and related statements, see [40], especially section 2.1.D, 
and [79], especially section 5.) To emphasize the role of the trivialization, we write the 
index formula as 

l{L) = X (E)dim c X - 2^ Cl (^(K x ))| vol , (13.9) 

where the notation is meant to remind us that the first Chern class is defined using the 
trivalization via vol on the boundary. If one asks “why” the trivialization we have used is 
the right one in the index formula, one answer is that this trivialization is the only one that 
can be described in a universal local way, and the heat kernel proof of the index theorem 
makes clear that there must be a universal local formula. 

Now let us ask under what conditions the A-model has fermion number symmetry, in 
the sense that the index l(L) does not depend on 0. A necessary condition is certainly 
that ci(Kx) = 0. Otherwise, the A-model has no fermion number symmetry even in the 
absence of a boundary. However, even if c\(Kx) = 0, it does not necessarily follow that 
ci (0* {Kx )) |vol vanishes. This involves a condition on £, and the A-model has fermion 
number symmetry only when this condition is obeyed. 

Let us consider an example. We take X to be the complex 0-plane, and we take C to 
be the unit circle in the 0-plane. 77 We take X to be the unit disc in the complex z-plane. 
A degree 0 map from X to X, mapping <9X to £, is a constant map, depending on 1 real 
parameter (the choice of a point in C). A degree 1 map from X to X, mapping dX to £, 
is a fractional linear transformation 0 = (az + b)/(bz + a), depending on 3 real parameters 
(the real and imaginary parts of a, b with the equivalence a, b = Aa, A b for A > 0; one also 
requires \b\ < |a|). More generally, a degree r map is 0 = p(z)/z r p(l/z), where p is a 
degree r polynomial which depends on 2r + 1 parameters (after allowing for an equivalence 
p = Ap, AgI; p(z) must have all its zeroes inside the unit disc). So the index l(L) equals 
2r + 1. Since l(L) depends on 0 in this example, this means that with this choice of £, the 
A-model does not have fermion number symmetry. (In fact, J 7 is conserved only mod 2 in 
this situation, since by changing r one changes l(L) be an arbitrary multiple of 2.) 

77 This particular Lagrangian submanifold does not actually correspond to a quantum Xbrane, because 
of disc instanton effects. But we can still use it to illustrate the index theorem. 
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Now let us try to understand the dimension of the moduli space from the index formula 
(13.9). Since y(E) = dimcX = 1, to get l{V) = 2r + 1, we need fy ci(0*(iLx))| vo i = —r - 
The basic case to understand is r = 1, as the general case will then follow by taking an 
r-fold cover. For r — 1, we can take the map from E to X to be (f> = z, so we identify E 
with the unit disc Y C X and perform the calculation there. In terms of polar coordinates 
4> _ re ia^ volume form of C is vol = da. We want to calculate f y c±(K x)\voh where 
we interpret vol as a trivialization of Kx\c- One way to do the computation is to extend 
vol = do to a meromorphic section T of Kx over Y. Then the difference between the 
number of zeroes and poles of T in Y is f y ci(Kx)\voi- The formula (dz/z)\\ z \ = i = id a 
shows that we can take T = — idz/z, with one pole and no zeroes in the unit disc, so 
J Y ci(Kx)\vo\ = —1, as expected. 

When ci(Kx) = 0, the relevant part of the index formula can be written as follows 
as an integral over dY. Let Q be a holomorphic n-form on X, normalized so that \Q A Q\ 
agrees with the Riemannian volume form of X. Then when restricted to £, the expression 


vol 

"file 


(13.10) 


is a f7(l)-valued function on C. (C is said to be special Lagrangian if this function is 
constant.) If E has several boundary components E s mapping to Lagrangian submanifolds 
C s , then each has its own volume-form vol s and we set e 17 ^ = vol s /D|£ s . The index 
formula is then 

i (L) = X (S)dim c X-2^ <f (13.11) 

where we define cp s := 0*($ s ) and (j) s is the restriction of <f> to d s Y. To get from (13.9) to this 
formula, we observe that if we were to trivialize (j)*{Kx ) via the everywhere nonzero section 
0 *(fl), then fy ci((j)*(Kx)) would vanish. The actual definition involves a trivialization on 
each d s Y via 0*(vol s ), and then fy ci((f>*(Kx)) is a sum of boundary contributions, where 
the contribution of d s Y is made by comparing the two trivializations of </>*(iLx)|< 9 s s- 

Finally this gives a necessary and sufficient condition for the A -model with branes 
defined by Lagrangian submanifolds C s to have conserved fermion number. The condition 
under which the index does not depend on the map </> is that on each C s , it is possible to 
define as a real-valued function, not just an angle-valued function. 

Now we turn to our real interest, which is to analyze the fermion number of physical 
states in quantization of the model. For this, we take E = M x D, where D is a compact 
interval, for instance the interval 78 [0, tt] . We label the two ends of the interval with 
Lagrangian submanifolds and C r . Assuming ci(X) = 0, we want to define the conserved 
fermion number of the A-model. From section 12.1, we certainly expect that the 77 -invariant 
of the one-dimensional Dirac operator will be part of the answer. But since there is a 
boundary correction in the index formula (13.11), it is not surprising that a boundary 
contribution is needed in the definition of a conserved fermion number. 

78 For W — 0, conformal invariance ensures that the width of interval D does not matter. It is convenient 
to take an interval of width 7 r. 
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Rather than developing a general theory, we will continue with the example X = 
C. (The interested reader should be able to generalize the following computation.) We 
parametrize X by a single complex field 0. To start with, we take C r to be a straight line 
in X at an angle — $ r to the Re 0 axis. The equation defining this straight line is 

4> = e 2 ^ r (j). (13.12) 


We similarly take C£ to be a straight line in C at an angle cp£ to the real axis, and so 
described by 

4> = e 2i ^cf). (13.13) 

For compact D , we can set W to 0 without modifying the fermion number. When we 
do this, the Dirac operator (12.6) is simply 



(13.14) 


We recall that this was written in a basis ( ^ |. 

w 

sponding respectively to 50, 50, 79 so V acts on the 


We write 0+, 0_ for fermions corre- 
fermions as 


2>0± = ±i—0 ± . 
ax 


(13.15) 


The boundary conditions (13.12) and (13.13) imply that variations of 0 obey 50 = e 2ri?r 50 
at x = 7r and 50 = e 2l ^50 at x = 0. So the boundary conditions on the fermions are 


0_ 


0 + • 


e 2i $r , 

e 2i ^, 


X — 7T 
X = 0. 


(13.16) 


With these boundary conditions, and the specific form of the Dirac operator V in (13.15), 
we can glue 0 + , 0_ to a single fermi field 


V>(z) 


0 + (x) 0 < X < 7T 

e _ 2i^0_(27r — x) tv < x <2n 


that obeys 


and 


2>0 = i—0 
ax 


(13.17) 


0(x + 27r) = e 2l ^ r ^^0(x). (13.18) 

The eigenvalues of the Dirac operator acting on states with this periodicity condition are 

X n — ti T- , ti G 2^. (13.19) 

7r 


79 These are actually linear combinations of the fields ip± and 0_j_ used in the standard Lagrangian. 
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Since this spectrum is a periodic function of A = w ith period 1, 77 (D) is also a periodic 

function of A with that period. Using the Hurwitz zeta function £(s,<a) = ( n +a) s 

and its analytic continuation to s = 0 , given by (”( 0 , a) = \ — a (and valid for Re(<a) > 0 ) 
one easily shows that for 0 < A < 1, 77 (D) = 1 — 2A. In general this is correct mod 2, 

77 (D) = 1 — 4——— mod2Z, (13.20) 

2?r 

with even integer jumps so that 77 (D) is periodic. 

Let us write for the fermion number of the filled fermi sea. By equation (12.3), this 
is —? 7 (D)/ 2 , which in view of eqn. (13.20) leads to 

f = ~l + 2 ^ L fr l modz - (13 - 21) 

To see why the fermion number needs an additional contribution, let Ci and C r be 
more general Lagrangian submanifolds of X, not necessarily straight lines. Pick a time- 
independent bosonic field of the LG model; this is just a map 0 : [0, n] —)► X with 0(0) G C£ 
and 0 ( 7 r) G C r . Since the fermions are free for the case that X = C, the computation of 
the 77 -invariant is the same as above, with cf£ = t?^( 0(O)) and tp r — 7 ? r ( 0 ( 7 r)) where t 9 is 
defined by (13.10). Another way to say this is that for any choice of 0 : [0 ,tt] —)> X, the 
calculation is the same as above, with C£ and C r replaced by their tangent lines at the 
points 0(0) G C£ and 0( n) G C r . Now give 0 a slow time dependence. The formula for 
f'lp remains the same, but now it is time-dependent, since (p r and cp£ are time-dependent. 
To define a conserved fermion number, we have to add to a boundary correction that 
cancels this time-dependence. As one might guess from the analysis of the index, this is 
only possible if one can define cp£ and cp r as real-valued functions (rather than angle-valued 
functions) and in that case one can take the conserved fermion number to be 

/ = f A _ 2 ^—^ = (13.22) 

J J 2t r 2 /v 7 2 tt v 7 

In view of (13.21), / takes values in — 1/2 + Z. The generalization of this to higher complex 
dimension is — \ dime X + Z. From the point of view of the physical approach described at 
the beginning of section 12 . 1 , the reason that a boundary correction to the fermion number 
is needed is that although one can define a conserved current that is bilinear in the fermion 
fields, its flux through the boundary may be nonzero. 

We note, however, that for a Lagrangian submanifold £, if the angle-valued function 7 ? 
can be lifted to an integer-valued function, then this lift is only uniquely determined mod 
27 tZ and the choice of lift (which in (13.22) is made independently for C£ and C r ) affects 
the definition of the fermion number. Moreover, if we change the orientation of £, this 
changes the sign of vol s and hence shifts 7 9 S by 7r, again changing the fermion number. So 
an orientation of C and a choice of lift of 7 ? have to be regarded as part of the definition of 
an A-brane. A change in orientation or lift of either C£ or C r changes / by an integer. (We 
do not need to worry about the dependence of 7 ? on the choice of fl, because, assuming we 
use the same Q to define t? s for all a change in ft shifts all t? s by the same amount and 
never contributes to cp r — (p£.) 
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The physical application of this is as usual. In quantization on D — [ 0 , 7 r], in a 
transition between two ^-solitons, the integer-valued conserved fermion number will in 
general change by an integer. This integer will match the index of the two-dimensional 
Dirac operator L, and this index gives the net fermion number of operators that must be 
inserted to make this transition possible. 

Now let us restore W and take the interval D = [x£,x r \ to be much longer than the 
Compton wavelength of any massive particle. Then for each ^-soliton, the fermion number 
can be written as a sum of contributions from the two ends of the strip, as we assumed 
in discussing (13.3). The boundary corrections are manifestly a sum of contributions from 
the two ends, and the 77 -invariant has the same property, since it can be written rather as 
in (12.7) as an integral over D : 

r 2d 

^cont(p) _ ii m / d x \^/ x , s\sign(V) ex.p(—£\V\)\x, s). (13.23) 

^Jd jr[ 

The integral receives a contribution only from the regions near the boundaries of D, because 
the integrand vanishes exponentially fast away from the boundaries. The last statement 
just reflects the fact that the expectation value of the Lorentz-invariant fermion number 
current is 0 in a Lorentz-invariant vacuum, and moreover, in a massive theory, the approach 
to the vacuum is exponentially fast. 

Thus far, we have assumed D is compact. If we take D to be a half-line [0, 00 ) or 
(—oo,0], then because of the infinite end of D, we cannot simply set W to 0. However, 
W does not affect the boundary contributions at the finite end of D to the index or the 
fermion number. 

In summary, although we have based our discussion on a representative example, in 
general the fermion number of the MSW complex on the interval is defined by 

!=-\n( (13.24) 

where V is the Dirac operator obtained from linearizing the £-soliton equation. We choose 
local Q^-preserving boundary conditions for the fermions and tpi — t?^(0(x^)) while cp r = 
7 9 r ((f)(x r )). On the interval we can simplify the Dirac operator by setting W = 0. On the 
half-line we drop cp r or <^, as appropriate, and we cannot set W — 0. 

13.4 Implications Of The Bulk Anomaly 

What are the implications of the fermion number anomaly? Our next goal is to explain 
that in general, the framework of the present paper only applies when the fermion num¬ 
ber anomaly vanishes. We discuss first the bulk anomaly and then (in section 13.5) the 
boundary anomaly. 

The bulk anomaly is proportional to the first Chern class c\(X) of the target space 
X of the cr-model, so it is absent for simple Landau-Ginzburg models with X — C n . We 
pause to give a few illustrative examples of massive cr-models with more complicated target 
spaces X, constructed from a J7(l) gauge theory coupled to chiral superfields. Here are 
two examples: 
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(A) For our first model, we consider three chiral superfields u,v,b with £7(1) charges 

1.1, —2. The D -term constraint coming from the £7(1) gauge-invariance is \u\ 2 + \v\ 2 — 
2\b\ 2 = r. If the constant r is large and positive, the model is equivalent at low energies 
to a cr-model in which the target space X is the Eguchi-Hansen manifold, the total space 
of the line bundle 0(— 2) -A CP 1 , where CP 1 is embedded as the locus 6 = 0. We take the 
superpotential to be W = buv + b 2 G(u,v ) where G is a generic homogeneous polynomial 
of degree 4. This gives a massive model with 2 vacua at b — 0 (with u — 0 or v — 0) and 
more at b ^ 0. 

(B) For our second model, we consider three chiral superfields u , v, b with £7(1) charges 

1.1, —1. The 17-term constraint is \u\ 2 + \v\ 2 — \b\ 2 = r, and if r » 0, the target space 
X is the total space of the line bundle 0(— 1) -A CP 1 , where again CP 1 is embedded in X 
as the locus 6 = 0. We take the superpotential to be W — bu. There is a unique massive 
vacuum at 6 = u — 0. 

In general, in a theory of a £7(1) vector multiplet coupled to chiral multiplets of charge 
qi , the condition for a fermion number anomaly is JT qi ^ 0. Accordingly, model (A) 
actually does not have a fermion number anomaly, since the sum of the chosen £7(1) charges 
vanishes, while model (B) does have an anomaly. 

Parenthetically, we remark that while model (A) does not have an anomaly, neverthe¬ 
less it does illustrate another point of interest in the present paper: the superpotential W 
has equal values at both of the 6 = 0 vacua. This does not reflect global symmetries: for 
generic G(u, v), there are none. Rather, it reflects the fact that the two vacua are contained 
in a common holomorphically embedded CP 1 . In general, if W is restricted to any compact 
and holomorphic subvariety of X it must be constant there, and hence the critical values 
of any two critical points on such a subvariety are equal. 80 So in general in a massive 
(2,2) model in two dimensions, it is not true that parameters can be varied so that the 
superpotential takes generic values in the different vacua. Hence the genericity assumption 
that we have made throughout this paper needs to be treated with care. However, the case 
that everything is generic except that two vacua unavoidably have the same value of W 
fits into our framework with a minor modification: precisely because the two vacua have 
the same value of W, there are no BPS solitons connecting them, and in many statements 
we can simply conflate the two vacua in question. 

Returning to the consequences of a nonvanishing fermion anomaly, as we have noted, 
model (B) actually does have a fermion number anomaly, since in this model q := JT q i — 1. 
To understand the consequences, recall that in the theory of J\f = (2,2) vector multiplets 

80 In the particular case of a (2, 2) supersymmetric cr-model with a hyperkahler target X , there is a 
possible modulus that is not easily visible in the linear cr-model language and that removes holomorphic 
subvarieties. The modulus in question is a rotation of the complex structure of X away from the one that 
is visible in the linear cr-model. In particular, in model (A), the target has the Eguchi-Hanson metric and 
is hyperkahler. A rotation of complex structure removes the holomorphically embedded CP 1 . For such a 
rotation (with a corresponding change of W to remain holomorphic) the values of W in the two vacua will 
in general become unequal. We can still illustrate the main point since a more elaborate model of this type 
has no such modulus. An example is a U( 1) gauge theory with chiral superfields u,v,w,b,b' of charges 

1 .1.1, — 1, — 2 and superpotential W = bu + b'vw. There are two massive vacua with b = b' = u — 0 and v 
or w vanishing, and W = 0 in each vacuum. 
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coupled to chiral multiplets in two dimensions, the vector multiplet field strength is a 
twisted chiral superfield E. Classically, the twisted chiral superpotential for this field is 
W = £E. Here t is a complex constant, the Kahler modulus, whose imaginary part is 
the constant r that enters the classical D -term constraint; its real part is 0/27T, with 6 
the quantum mechanical 0-angle. But at 1-loop order, when q 7 ^ 0, the twisted chiral 
superpotential becomes W = £E + gE log E/27ri. In our model (B), with q — 1, this W 
turns out to have a unique critical point, which corresponds to the unique massive vacuum 
of the model . 81 The value of W at the critical point depends on the Kahler modulus t. If 
we take model (B) as it stands, since it has only one vacuum, the value of W in this vacuum 
does not really matter (an additive constant in either VC or VC is irrelevant), and moreover 
with only one vacuum, all considerations of the present paper are trivial. To make a more 
interesting variant of model (B), we first observe that model (B) can be interpreted as 
a cr-model whose target X is C 2 with a point blown up. (As a cr-model, this model is 
asymptotically free, since q i > 0 , so this description is good even in the ultraviolet.) 
Here C 2 is parametrized by x = ub and y = vb , and the point x — y — 0 is blown up in 
X to the copy of CP 1 defined by b = 0. In this description, the superpotential is W — x. 
Though the function x has no critical point on C 2 , when one blows up a point, it acquires 
a nondegenerate critical point on the resulting exceptional divisor CP 1 . Now let us blow 
up k points pi,... E C 2 . After the blowup, each pi is replaced by a copy of CP 1 , and 
on each of these CP 1 the superpotential W has a nondegenerate critical point fa, with the 
value of W(fa) being simply the ^-coordinate of the point pp, in particular, these values 
can be generic. Each CP 1 also has its own Kahler modulus t{. The value of the twisted 
chiral superpotential W at the critical point fa depends on ti just as if the other CP l5 s 
did not exist (it can be computed in A-model terms by counting holomorphic maps to 
the given CP 1 , and this counting does not “know” whether other points have been blown 
up). In particular, in this model, both the ordinary superpotential W and the twisted 
superpotential W take generic values in the massive vacua . 82 

The significance of this arises when we consider solitons in the ij sector. In addition to 
the familiar central charge W(fa) — W(fa ), the supersymmetry algebra acquires another 
central charge term W(fa) — W((j)j). The supercharge Q £ whose cohomology we have 
been analyzing is still conserved, but it is no longer nilpotent in a soliton sector; rather 
Q 2 is proportional to £ _1 (w(fa) — W((f)j )^. The supersymmetric model still exists, but it 
cannot be studied using the methods of this paper, which assume that Q 2 = 0. Generically, 
fermion number conservation is the only obvious mechanism to ensure that the T — 1 
supercharge Q £ obeys Q 2 = 0 in a soliton sector. That is why we require fermion number 
conservation. 

As usual, the relation between W and W is actually symmetrical. A priori , an J\f = 
(2,2) model in two dimensions can have separate i?-symmetry groups acting on positive 

81 We are eliding a few points, which are explained for example in section 13.6 of [18]. The semiclassical 
method described in the text to evaluate VP in a massive vacuum is valid when \r\ is large and the signs of 
JT qi and of r are such that the value of E is large in this vacuum. Even when this derivation is not valid, 
the answer it gives for the value of VP in a massive vacuum can be justified using holomorphy. 

82 The techniques described in [71] could be used to make the above construction quite concrete. 
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chirality and negative chirality supercharges. Taking W ^ 0, W = 0 leaves one linear 
combination of these as a possible symmetry, and this is what we have called fermion 
number. Taking W = 0, W ^ 0 leaves a different symmetry and a different supercharge Q 
that obeys Q 2 — 0 in soliton sectors. The reasoning of this present paper applies equally 
well to a model with IT = 0. IT ^ 0. 

13.5 Implications Of The Boundary Anomaly 

Even if the bulk fermion number anomaly vanishes, it is natural now to suspect that 
a similar phenomenon can arise from the boundary contribution to the fermion number 
anomaly. Indeed, this is the case. As an example, we consider the model that we already 
used to illustrate the boundary anomaly, with X being the complex 0-plane. 83 We take 
the snperpotential to be £ _1 1T = i0 2 , which has just one critical point at 0 = 0. The 
right thimble Rf* is the imaginary 0 axis. We consider the cr-model on the half-plane x > 0 
in the x — r plane with boundary condition at x = 0 set by a Lagrangian submanifold 
C. As in section 13.1, the classical approximation to a supersymmetric state on the half¬ 
plane is given by an intersection C D R^. We take C to be the unit circle in the 0-plane. 
This is an example where the phase function e 1 ^ defined in (13.10) does not have a well- 
defined logarithm, so we should expect trouble. The Lagrangian C intersects Rf* in the two 
points 0 — dzi, which we call p and p'. So in the classical approximation, there are two 
supersymmetric half-plane states, | p) and | p'). The state | p) corresponds to a ^-soliton 
on the half-line that interpolates from 0 = zatx = Oto0 = Oatx = oo, and similarly 
|p') corresponds to a Qsoliton <Iy that interpolates from 0 = — i at x — 0 to 0 = 0 at 
x = oo. The model has a classical symmetry ft : 0 —» —0 that exchanges the points p and 
p', and also the states |p) and |p'). What does ft do to the fermion number of a half-plane 
state? The p-invariant is invariant under ft, but ft increases the boundary contribution to 
the fermion number by 1. (This is clear from eqn. (13.22): the boundary contribution at 
x = 0 is pi/tt where differs by n between the points p and p'.) The fact that ft increases 
T by 1 is compatible with ft 2 = 1, since T is only conserved modulo 2. There is no natural 
way to define a zero of the fermion number and say which of |p) and |p') is even and which 
is odd. 

Quantum mechanically, there must be no supersymmetric states on the half-plane in 
this problem. This follows from the fact that the space of supersymmetric states must be 
invariant under Hamiltonian symplectomorphisms acting on the Lagrangian submanifold 
C. We can use such a symplectomorphism to move C so that it does not intersect R^ 
at all. (This is possible, in part, because the algebraic intersection number of C and R^ 
vanishes in this example.) Accordingly, it must be that quantum mechanically Q £ does 
not annihilate the states |p) and |p'). In fact, Q £ must exchange these two states, as Q^ 
reverses the Z 2 -valued fermion number and the two states have opposite fermion number. 
So must act by 

2c Ip) = A l p') 

Qc\p') = X\p), (13.25) 

83 This example is closely related to Example 1.11 discussed in [7], 
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where A and A / cannot both be zero. However, the symmetry k ensures that A is nonzero 
if and only if A' is nonzero. 84 Hence in this space of states Q = AA' / 0. 

In the topological A-model, one would describe the fact that ^ 0 by saying that 
the brane under consideration is not a valid A-brane. It appears that in the physical 
supersymmetric model, this brane makes sense but that for strings ending on this brane, 
there is a central charge such that Q is a nonzero constant. In any event, the fact that 
^ 0 in the presence of this brane means that supersymmetric states involving this brane 
cannot be studied using the methods of the present paper. 

But what goes wrong with the proof that Q = 0? We view the cr-model on the half¬ 
line as an infinite-dimensional version of Morse theory, with the Morse function of eqn. 
(11.21). As explained in section 10.6, to try to prove that Q j? = 0, we are supposed to 
look at two-dimensional moduli spaces of the flow equation, which in the present context 
is the ^-instanton equation on the half-plane x > 0. To be more precise, to try to prove 
that Q annihilates the state | p) , we must study solutions of the £-instanton equation that 
approach the £-soliton for r ±oo, approach (f> = 0 for x —)• oo, and obey |0| = 1 
at x = 0. To get a two-dimensional moduli space, we need a fermion number anomaly of 
2, and this means, since the fermion number anomaly is twice the winding number of the 
boundary, that along the boundary of the half-plane (which is the line x = 0), (j) wraps 
once around the unit circle. 

If A, A' ^ 0, then solutions obeying the appropriate conditions do exist. For to get 
a non-zero matrix element Qc\p) — A| p'), there is a solution of the ^-instanton equation 
of the half-plane that describes a flow from <$> p in the past to <fy in the future; and this 
solution has only the one modulus that results from time-translation symmetry. Similarly, 
a non-zero matrix element Q(\p') = A'| p) means that there are ^-instantons describing 
flows from back to again with only one modulus associated to time translations. 
As always in Morse theory, by combining these solutions to a broken path <$> p —<Iy —> <$> p 
and correcting the broken path slightly to get a family of exact flows, we get a family of 
solutions of the ^-instanton equation with a two-dimensional moduli space A4 and hence 
a one-dimensional reduced moduli space AI r ed- Ad re d has one end corresponding to the 
broken path & p <fy —> <S> p . This broken path by itself makes a nonzero contribution to 
the matrix element of Q j? from | p) to itself. 

Usually, in Morse theory, the proof that = 0 comes by arguing that any such 
Ad r ed must have a second end corresponding to another broken path starting and ending 
at and that the two broken paths make canceling contributions to the matrix element 
of QjL However, in the present context, the second end of Ad re d is not another broken 
path; it is a sort of ultraviolet end that is possible because of the fermion number anomaly. 
It seems to be difficult to find exactly the relevant two-parameter family of £-instantons 
(with a quadratic superpotential, the ^-instanton equation is linear but it is difficult to 
satisfy the boundary conditions). However, we can easily find the end of Ad re d that is not 
a broken path and so leads to Q j? being non-zero. This end is described by a ^-instanton 

84 One might be surprised to have both A and X' nonzero, since one counts ascending gradient flows from 
p to p and the other counts ascending flows from p' to p. How can there be ascending flows in both 
directions? The point is that we are in a situation in which the superpotential is not single-valued. 
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that coincides with the (-soliton <S> P except very near a boundary point x = 0, r = To 
(for some to). At short distances, the (-instanton equation can be approximated by the 
equation dp/ds = 0 for a holomorphic map; as usual s = x + ir. A simple family of such 
holomorphic maps from the right-half plane to the unit disc, mapping the boundary of the 
right half plane to the boundary of the disc with winding number 1 is given by a fractional 
linear transformation 


4>a,T 0 (s) = ij- — ZT °^ r 0 Gl, a > 0. (13.26) 

(s - itq) + a 

This is a family of holomorphic maps from the right half-plane to the unit disc, mapping 
the boundary of the half-plane to the boundary of the disc, and depending on the two real 
parameters To and a > 0. (A third parameter has been fixed by requiring that (/) a ,To o) = 
i.) For very small a, <p(s) differs substantially from i only for |s — ztq| < a. In the limit 
a —)► 0, the reduced moduli space of holomorphic maps has an “end.” For small a, we 
can find a family of (-instantons that coincide with 4> p except very near s — iro and 
with (j) a ,To near s — zro; the asymptotic behavior of </> a?To has been chosen to make this 
possible. (As usual, gluing gives a family of approximate solutions and index theory and 
general properties of nonlinear partial differential equations predict that this can be slightly 
corrected to a family of exact solutions.) Thus in this example, the (-instanton moduli 
space has an end which is not a broken path and which spoils the usual strategy to show 
that Q 2 = 0. 


14. ^-Instantons And (-Webs 


14.1 Preliminaries 


One of the most important properties of the (-instanton equation is that in any massive 
theory, it has no pointlike solutions. To be more precise, the only solution on M 2 that 
approaches a prescribed critical point </> = <pi at infinity is the constant solution with 
<f> = <pi everywhere. 

This is proved by a standard type of argument. Suppose we are given a solution of the 
(-instanton equation 


d£ _ K adw = 
ds A y d(j) J 


(14.1) 


on the whole complex 5-plane. Then 




/■ 


ds 4 9 


dt) 


ds 


9 dp L I 9lJ ' 


Expanding this out, we obtain 

o=y s 


d(j) 

2 i 
— 

dW 

2 \ i r 

) H—Im 

ds 

16 

d(f> 

) 2 ^ 


2 


C / 


(14.2) 


(14.3) 
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Alternatively, for any R > 0, after integrating by parts, we have 


-L 


d 2 s 


\s\<R 


d(j) 

ds 


+ 


16 


dW 


d<j) 



r2i r 

C/ ‘ 

L Jo 


—\6 


Wd6 


\s\=R 


(14.4) 


where d 2 5 = 7>d s A ds, 9 = arg(s). 

After possibly adding a constant to W (which does not change the ^-instanton equa¬ 
tion), we can assume that W(fa) = 0. In any massive theory, a solution in which (j) fa at 
infinity has the property that (j) approaches fa exponentially fast. Hence W(fa) approaches 
its limiting value W(fa) = 0 exponentially fast, and therefore the surface term in (14.4) 
vanishes for R — > oo. Accordingly, these formulas imply that dW (fa) / dfa identically van¬ 
ishes in any such solution of the ^-instanton equation, so that 0 is everywhere equal to a 
critical point of HA In a massive theory, the critical points are a discrete set, and therefore 
(j) must be identically equal to its limiting value at infinity. 

Although the ^-instanton equation does not have point-like solutions, it does have 
solutions localized on lines, as we explained qualitatively in the introduction. We have 
chosen £ so that for any z, j E V, there does not exist a time-independent solution of the 
£-instanton equation interpolating between (j) = fa at x = — oo and (j) = <frj at x = +oo. 
However, such a solution faj(x) might exist if we replace £ in the £-soliton equation by an 
appropriate value fai. If faj(x) obeys the (j^-soliton equation 


= l fad IJ (h W ( x )), 

then clearly its rotated counterpart 


fa^ c (x,r) := faj(cosytx + sinpr), 


obeys 


tL + C cJ 0 x ’ r ) = 1 ^ir 1 9 IJ djW(<!>ij(x)) 


(14.5) 


(14.6) 


(14.7) 


K dx dr J TlJ v ’ ' y 2 

We call this a boosted soliton , although in Euclidean signature it might be more apt to 
speak of a rotated soliton. This construction gives a solution to the ^-instanton equation 
(11.17) provided we choose fi so that 


=%* = c 


(14.8) 


The boosted soliton is of course not at rest; rather, it is localized along a line L in the 
complex 5-plane. This line is parallel to the complex number ie 1[i as in Figure 133. Com¬ 
paring this with the definition of plane webs in Section §2.1 and using equation (11.15) we 
deduce that the relation between plane web vacuum weights and the critical values of the 
superpotential is Zj — (Wj- 

In saying that the solution is localized on a line, we ignore the width of the BPS solitons. 
When one looks more closely, these solitons have a width no greater than £w = 1/m, where 
m is the mass of the lightest particle of the theory. Because of this width, though L has 
a precisely defined angle, its “impact parameter” is only naturally defined to within a 
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precision of £\y. A similar remark holds in many statements below about the relation 
between £-instantons and webs. 

Though there is no natural definition of the impact parameter of a ("-soliton, it is 
convenient for some purposes to pick a specific definition. First we define for each ij soliton 
precisely what we mean by its center of mass. There is no completely natural choice, and 
we pick some definition. (For instance, for a soliton at rest, we can pick the unique point 
with equal integrated energy to its left and right.) Having done this, a possibly boosted 
soliton is centered on a well-defined oriented line £. We pick an arbitrary origin v G R 2 
and use the orientation of R 2 that is built into the ("-instanton equation. Then we define 
the impact parameter of the given soliton as the signed distance by which £ passes to the 
right of v (Figurel33). 



Figure 133: A “boosted” ij soliton defines a (-instanton with “core” along an oriented line £ in 
the (x,t) plane parallel to the phase =bi C/Cji- The same line with opposite orientation determines 
a ji soliton with opposite impact parameter. 


14.2 Fan-Like Asymptotics and (-Webs 

The ("-instanton equation might also have solutions of a more complicated sort that again 
was schematically described in the introduction. At large values of \s\ the solutions ap¬ 
proach piecewise constant functions on the complement of certain rays in the complex 
s-plane. (More precisely the rays should be replaced by certain strips with a width of order 
£w-) The constant values of (j) are a cyclically ordered sequence of vacua ii,... G V, for 
some p. Across a ray separating vacuum ik from vacuum ik+i the field is well approximated 
by a boosted ikik+i soliton of the type just discussed. The picture is schematically depicted 
in Figure 178 of Appendix E below (where the boundary conditions are spelled out a bit 
more precisely). In the picture, in crossing from vacuum ik to vacuum i/e+i, the central 
charge jumps from W{(j)i k ) to VF(0^ +1 ), and the angle [i at which the boosted ikik+i soli¬ 
ton emerges is described by e^Qji = (", as in eqn. (14.8). This angle must be a decreasing 
function of k in order for the picture to make sense, and therefore A,..., i p must be a cyclic 
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fan of vacua in the sense defined in section 2.1. 85 An important detail is that although the 
angles of the outgoing solitons are directly determined by £ and the critical values the 
impact parameters of the outgoing solitons (defined by some specific procedure like that of 
section 14.1) are not; they must be found by solving the £-instanton equation. The outgo¬ 
ing rays are only defined near infinity on the 5-plane, and if continued into the interior of 
the picture, they do not necessarily meet. Motivated by this picture, we define a a fan of 
solitons to be a cyclically-ordered collection of solitons of type 86 {</>q,z 2 ,..., 

As was discussed qualitatively in the introduction, low energy field theory (as opposed 
to a full study of the nonlinear £-instanton equation) is not powerful enough to determine 
whether solutions with such fan-like asymptotics at infinity actually exist. The considera¬ 
tions of the present paper are most interesting if they do exist and we proceed assuming 
this is the case. In fact, the £-instanton equations with such boundary conditions have 
been studied previously in the context of domain wall junctions in [13, 39] where, in some 
special cases, existence proofs are given. 

Although we refer to solutions of the £-instanton equation with fan asymptotics as 
“£-instantons,” the fact that such solutions have outgoing solitons means that they are not 
localized in spacetime and are not instantons in the usual sense. In fact they have infinite 
action if we use the standard Landau-Ginzburg action discussed (implicitly) in Section 
§11.1 above. More precisely, using (14.4) one easily shows that the contribution to the 
standard Landau-Ginzburg action from integrating over a disk of radius R approaches 

Rj2\Wi k+1 -W ik \ + p + 2 [ (14.9) 

as R oo. Here uj is the Kahler form on X and one can show, using (14.4) that p has a 
finite limit as R —> oo; it is an interesting function of the fan of solitons. The term linear 
in R is just R times the sum of the masses of the solitons. One could remove this term by 
a suitable “wavefunction renormalization.” We will, actually, consider a slightly different 
action for the path integral in our discussion below. Namely, we take the action given by 
squaring the £-instanton equation, as in equation (14.2), for the bosonic fields, and then 
adding the supersymmetric completion. In this theory, the ("-instantons have zero action. 

In a model in which solutions with fan-like asymptotics do exist, the most important 
ones in a certain sense are the “vertices,” the families of irreducible solutions. This concept 
requires some explanation. Suppose that for a specified fan i\i 2 ... i p of vacua, there is 
a nonempty moduli space At = Aof solutions of the £-instanton equation. (In 
defining At, we do not specify the impact parameters of external solitons. See section 14.3 
for more on this.) At is not necessarily connected and might have components of different 
dimension. Our considerations are most natural in an A-conserving theory, as we have 
explained in section 13.5. The conservation of the fermion number T together with the 
analysis of Sections §14.3 and §14.4 implies a relation between the expected dimension of 

85 Recall our convention that for a fan of vacua i ±,... ,z p , reading left to right the vacua are located in 
regions in the clockwise direction. 

86 We will be more precise in section 14.5 about how to treat the fact that each classical soliton corresponds 
to two quantum states. 
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M and the fermion numbers (f a , f a + 1) of the solitons <fii a: i a+1 in the fan: 

dim M — £(/« +!) ( 14 - 10 ) 

a 

In other words, the expected dimension equals the sum of the upper fermion numbers of 
the outgoing solitons in the fan. See Appendix §E for further details. 

The ("-instanton equation has translation symmetry but no additional relevant sym¬ 
metries. The quotient of A4 by translations is a reduced moduli space M re d of dimension 
d — 2. A basic question now is whether AJ r ed is compact, and if not, what are its “ends”? 
In other words, after dividing by spatial translations to eliminate a trivial “end” of the 
moduli space in which a solution moves off to spatial infinity, in what ways can a sequence 
of solutions with given fan-like asymptotics blow up or diverge? 

We make use of the trichotomy that was explained at the end of section 10.6. An end 
of the moduli space is either an ultraviolet effect (something blows up at short distances), a 
large field effect (some fields go to infinity), or an infrared effect (something happens at large 
distances). In a massive theory, we do not anticipate a large field effect, since the potential 
|dW| 2 blows up if the fields become large. Before discussing ultraviolet effects, we recall 
some examples. A typical example of an ultraviolet “end” of a moduli space of solutions of 
a partial differential equation is the small instanton singularity in four-dimensional Yang- 
Mills theory, or the analogous small instanton singularity in a two-dimensional cr-model 
with a suitable Kahler target X. The latter example is more relevant to us, since at short 
distances the ("-instanton equation can be approximated by the equation 4* 1 = 0 for a 
holomorphic map to X. In the case of a massive LG model with target X = C n , we 
do not have to worry about ultraviolet ends of the moduli space, because the equation 
dgcf) 1 — 0 is linear and does not have an analog of the small-instanton singularity (paying 
proper attention to domains, a sequence of holomorphic functions does not converge to a 
meromorphic function with a pole). The considerations of the present paper also apply for 
more general X’s, on which small instanton singularities might in general occur. However, 
we can assume that the A-model of X exists without a superpotential (otherwise turning 
on a superpotential will hardly help), and this means that the small instanton ends of the 
moduli space do not contribute to supersymmetric Ward identities. So even if X is not 
C n , we do not have to worry about ultraviolet ends of the moduli space. 87 

Just as in the Morse theory problem of section 10.5, we do have to worry about 
infrared effects. Morse theory involves a massive theory in 1 dimension, and in this case 
the only interesting infrared effect is a “broken path” involving successive jumps from one 
critical point to another. The basic example was a two-step jump i\ —> — > is that was 

crucial in understanding the MSW complex. To construct a solution of the gradient flow 
equation representing this two-step jump, we glue together two widely separated solutions 

87 Even for X — C n , if the cr-model is formulated on a two-manifold with boundary, in general the (- 
instanton moduli space has ultraviolet ends, as we have explained in section 13.5. But as was also explained 
there, such effects are not relevant if the boundary conditions are set by a valid A-brane - or are such that 
the methods of the present paper are applicable. In that analysis, we made use of the fact that ultraviolet 
ends of the moduli space are not affected by a superpotential. 
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representing transitions i\ i 2 and i 2 23 , and deform slightly to make an exact solution 
corresponding to a broken path. The ends of moduli spaces of gradient flows are given by 
such broken paths. 

In two dimensions, there is a similar operation of combining solutions to make a more 
complicated solution, but, once we have introduced fan boundary conditions, this operation 
is much more complicated because there are many more possible gluing operations in two 
dimensions than in one dimension. The basic gluing operation is made by embedding in 
M 2 widely separated £-instanton sub-solutions each of which has fan-like asymptotics, and 
which are positioned in such a way that the various soliton lines that are outgoing from 
the various individual sub-solutions fit into a web. Some examples are sketched in Figure 
134. Such a picture represents something that is exponentially close to a solution of the 
^-instanton equation, and (modulo technicalities that we will certainly not resolve in the 
present paper) index theory can be used to predict that this approximate solution can 
be slightly corrected to make an exact solution. We say a little more on this in section 
14.4. We will call the picture representing such a gluing a (-web. £-webs are analogous 
to the abstract webs of section 2 . 1 , but differ in two key ways: First, an edge separating a 
vacuum i from vacuum j is labeled by a choice of classical ij soliton, as shown in Figure 134. 
Second, the vertices in a (-web are not simple points but are rather regions in which the 
approximation to a boosted soliton breaks down. Within this region the solution should 
be a solution of the ^-instanton equation with boundary conditions given by the fan of 
solutions defined by the lines coming out of the vertex. Thus, we may think of the vertex- 
regions as representing moduli spaces of solutions with fan-like boundary conditions. Since 
a priori we know little about these moduli spaces, a £-web is a concept that only makes 
sense in the limit that the vertex regions are small relative to the lengths of the the internal 
lines in the £-web. 

A reduced moduli space of ^-instanton solutions corresponding to a given fan of soli- 
tons can have an “end” corresponding to a (-web. Sketched in Figure 134 are some exam¬ 
ples of possible ends of the moduli space Al re d corresponding to fan boundary conditions 
{0u,i 2 ,0i 2 ,i 3 ,0i 3 ,i 4 ,0i 4 ,n}- We claim that the only ends of reduced £-instanton moduli 
spaces with fan-like asymptotics correspond to such (-webs. From a physical point of view, 
we expect this claim to be valid since degeneration to a (-web with widely separated ver¬ 
tices is the only natural infrared effect in a massive theory. Mathematically, our claim, 
and even the existence of ^-instanton moduli spaces with fan-like asymptotics, is almost 
certainly not a direct consequence of any standard theorem and will involve new analysis. 

If A4 re d does have an end corresponding to a £-web such as one of those in Figure 134, 
then we can repeat the question. Pick one of the blobs corresponding to a sub-solution in 
this (-web. This blob is associated to a new fan of vacua j 1 ,... ,j q and has its own reduced 
moduli space A4' ed . We should ask the same question about Ai' red that we originally asked 
about Al r ed- Is Al^d com P ac F and if not what are its ends? The same reasoning as before 
makes us expect that ends of A4' ed arise just like the ends of Al r ed> by resolving the chosen 
blob into a new ("-web. This is illustrated in Figure (135). The process of finding an end 
of a £-web moduli space by resolving one of the sub-solutions from which this £-web is 
constructed into a new £-web might be called (^-convolution a s it is fairly analogous to the 
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Figure 134: Sketched here are some of the possible “ends” of the moduli space M. of (-instantons 
with fan boundary conditions {4>i 1: i 2 , 0i 4 ,q}- An en( d of the moduli space can be de¬ 

scribed by a web-like picture in which the lines represent BPS solitons that propagate for long 
distances (compared to £w), the regions between the lines are labeled by vacua, and the “blobs” 
where lines meet represent in their own right moduli spaces of solutions of the (-instanton equation 
with fan-like boundary conditions. Thus an end of M. is associated to a gluing of moduli spaces 
of (-instantons (the have smaller dimension than M) which themselves satisfy fan-like 
boundary conditions. In subsequent figures of (-webs, we will generally drop the explicit labeling 
of the edges by solitons, but they are implicitly there. 


ordinary convolution of webs as introduced in section 2. 

This process cannot go on indefinitely, because at each step the dimension of the moduli 
spaces represented by the remaining blobs becomes smaller. (We will be more precise about 
this in section 14.2.) So eventually we arrive at a web that is made from “("-vertices.” By a 
("-vertex V we mean a fan of solitons together with a compact and connected component of 
its reduced moduli space. We denote it by Ad re d(V). Thus a ("-vertex represents a family 
of solutions of the ("-instanton equation that does not have any ends at which it can be 
resolved into a non-trivial ("-web (a ("-web with more than one vertex). 

There can be several ("-vertices for a given fan of solitons. That is, there can be several 
compact connected components of the reduced moduli space of ("-instantons with a fixed 
fan of solitons at infinity. More generally, for a given fan at infinity, one expects the 
moduli space A4 of ("-instantons to have only finitely many components. This is actually 
a special case of the statement that A4 is compact except for ends arising from gluings of 
sub-solutions. 

The ("-vertices of reduced dimension 0 play a special role in our construction. We will 


- 294 - 




Figure 135: The ends of M depicted in Figure 134. may themselves have ends; these ends would 
arise by further resolving one of the blobs of that figure as a convolution of (-instanton moduli spaces 
of yet smaller dimension. (The particular example shown here can arise by resolving a vertex in 
either Figure 134(a) of Figure 134(b) ) This process only ends when the blobs are (-vertices, which 
by definition cannot be further resolved. 

call them rigid ("-vertices. The reduced moduli space of a rigid ("-vertex is by definition 
a point. The algebraic structures constructed in this paper can be understood entirely 
in terms of rigid ("-vertices. In particular, the rigid ("-vertices suffice for answering one 
of the basic questions in the present paper, which is to understand in terms of webs the 
space of supersymmetric states of the (QS^, 25 r ) system, where 25^ and 25 r are left and right 
FF-dominated branes described in section 11.2.4. This statement reflects the following 
considerations. 

A ("-vertex V, if we forget the ("-instanton equation, determines in particular a fan of 
vacua to which we can associate a web toy with only one vertex. In the language of section 
2.1, since toy only has one vertex, its reduced moduli space is a point, of dimension 0. 
This coincides with A4 re d(V) if V is rigid, but if V is a non-rigid ("-vertex with A4 re d(V) 
of dimension £y > 0, then A4 re d(V) parametrizes internal degrees of freedom of a family 
of ("-instanton solutions that cannot be described in terms of webs. We call £y the excess 
dimension of A4 re d (V). 

Our definitions and assumptions imply that if S is any component of the moduli space 
of ("-instantons on the s-plane with fan-like behavior at infinity, then either S is the moduli 
space associated to a ("-vertex V or S has an end corresponding to a ("-web made from 
("-vertices Vi. In the latter case, we define e(«S) = (We claim that this sum does 

not depend on the choice of a particular end of S.) As we explain in section 14.4, e(S) is 
the excess dimension of the moduli space M(S) associated to 5, relative to the dimension 
of the moduli space of the web to^. This excess dimension is always non-negative and 
vanishes precisely if the ends of S are built from rigid ("-vertices. 

Finally we can explain the importance of the case that the excess dimension is zero. 
For the same reasons as in the supersymmetric approach to Morse theory, the dimension 
of a moduli space of solutions of the ("-instanton equation determines the net violation of 
fermion number in an amplitude derived from that moduli space. (As in Morse theory, 
the relevant fact is that the Dirac equation for the fermions of fermion number 1 is the 
linearization of the ("-instanton equation.) By considering only moduli spaces of zero excess 
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dimension, we can answer questions that involve the minimum violation of fermion number. 
Such a question is to determine the space of supersymmetric (*B^,Q3 r ) states on a strip; 
the differential of the MSW complex comes from ("-instanton solutions on the strip with 
no reduced moduli (except the one that is required by time-translation invariance), so that 
the excess dimension of the moduli space must vanish. Since excess dimensions are non¬ 
negative and add under natural operations of combining webs or vertices, to construct the 
differential of the MSW complex, we only need to study ("-vertices of excess dimension 0, 
in other words the rigid ones. However, the A -model can have local observables of positive 
fermion number, and to compute their matrix elements requires considering moduli spaces 
with a positive excess dimension; see section 16. For this application, we do need to consider 
the non-rigid ("-vertices. 

We stress again that because a BPS soliton has a nonzero width of order the soli- 
tons emanating from a rigid ("-vertex cannot literally be identified with rays that emanate 
from a point in the plane. To define rays associated to solitons, one must choose a “center 
of mass” for each BPS soliton, as in section 14.1. Regardless of those choices, one should 
not expect the solitons emanating from an arbitrary ("-vertex to correspond to rays that 
emanate from a point in the plane. This will only work to within a precision of order £w 
In the case of a non-rigid ("-vertex, after making a precise definition of the centers of masses 
of the solitons, the offsets of the rays representing the solitons will depend on the excess 
moduli of the vertex, though only by an amount of order £w- The relationship between 
("-solitons and webs is a statement about the infrared limit and always involves ignoring a 
discrepancy of order £w- 


14.3 The Index Of The Dirac Operator 


Let L be the Dirac operator in this theory for fermions of fermion number T — 1. The 
Dirac equation is 


d_ • siy l( 0 -Ce“ i0 W /A \l (S(f)\ 

dr + ia rdd + 2 0 J J \6^J “ 


(14.11) 


where s = x + ir = re l ° and for simplicity we take X = C with standard Euclidean 
metric. For the same reasons as in supersymmetric quantum mechanics, the index l{L) is 
the expected dimension of the moduli space Ai of ("-instantons. This happens because the 
operator L is the linearization of the ("-instanton equation. 

However, there is a subtlety that does not have an analog in supersymmetric quantum 
mechanics. When we consider a ("-instanton that is asymptotic at infinity to a fan consisting 
of p > 3 solitons, each soliton has its own “impact parameter.” We have to decide whether 
in defining a moduli space M. of such ("-instantons, we want to allow deformations in which 
these impact parameters change. Such deformations correspond to zero-modes of L that are 
asymptotically constant along each outgoing soliton; 88 these represent an asymptotically 

88 That is, one could make the ansatz for the Dirac equation = /(r, — 9)) in the 

neighborhood of an outgoing boosted ij soliton where the soliton ray is parallel to e^ ij — I C/Cji- As r —>• oo 
the Dirac equation rapidly approaches the free Dirac equation for /(r, 6). We require that /(r, 6) approaches 
a constant for r oo. 
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constant displacement of the soliton in question. They are certainly not square-integrable. 

For most purposes, it is more natural for us to define a moduli space A4 of ("-instantons 
in which the impact parameters of outgoing solitons are not specified. The dimension of 
A4 is then the index l(L) of the operator L, acting on a space of T — 1 fermion states that 
are allowed to be asymptotically constant along each outgoing soliton. This motivates our 
conjectural dimension formula 14.10. 

An important detail is that l(L) is the difference in dimension between the kernel of 
L, acting on T — 1 fermions, and the kernel of the adjoint operator L\ acting on T — — 1 
fermions. The adjoint condition to “constant at infinity” is “vanishing at infinity” so in 
computing i(L\ one counts J- — — 1 zero modes that vanish at infinity. 

Although we will not often find this useful, we could alternatively define a moduli space 
^ in which the impact parameters of the solitons are required to take specified values 
aq,... ,x p . To make sense of this, as described at the end of section 14.1, we first define 
for each ij soliton precisely what we mean by its impact parameter. Then we denote 
as Mx 1: ..., Xp ^e (unstanton moduli space in which the impact parameters take specified 
values aq,..., x p . The expected dimension of M.% x ^ Xp is ^°(L), where i°(L) is the index of 
L acting on T — 1 fermions that vanish at infinity (and dually, on T — — 1 fermions that 
are allowed to be constant at infinity). The relation between the two notions of the index 
of L is 

l°(L) = l(L) -p. (14.12) 

Indeed, each time we constrain the J- — 1 fermions to vanish at infinity along a particular 
outgoing soliton, and drop a dual requirement for T — — 1 fermions to vanish at infinity 
along that soliton, we remove an T — 1 zero-mode or add an J 7 = — 1 zero-mode, in either 
case reducing the index by 1. 

If t°(L) > 0, this implies that there are normalizable fermion zero-modes of T — 1. 
All the amplitudes we compute below will then vanish unless we insert local A-model 
observables to absorb those zero-modes. In a Landau-Ginzburg model with target X — C n , 
there are no such observables in bulk, but more general models can have such observables. 
(Even for target C n , there can be boundary A-model observables for suitable choices of 
brane.) Dually, if l(L) < 0, there are normalizable fermion zero-modes of J- — —1, which 
will also ensure vanishing contributions to A-model amplitudes. However, ("-instanton 
moduli spaces with l(L) < 0 have negative expected dimension and generically do not 
exist. In fact, translation invariance implies that an actual ("-instanton moduli space has 
dimension at least 2, so ("-instanton moduli spaces with l(L) < 2 generically do not exist. 
Hence we are primarily interested in the case that l(L) > 2 and (if local A-model observables 
are not relevant) £°(T) < 0. The last condition tends to be violated if excess dimensions 
are too large, so it is part of the reason that ("-instanton moduli spaces with positive excess 
dimension are not relevant unless we consider local A-model observables. 

When t(L) — d> 2 for a given component A4 of ("-instanton moduli space, we expect 
A4 to be generically a smooth manifold of dimension d. When this is so, if l°(L) = —k is 
negative, what this means generically is that A i% lmmmXp is nonempty only if k conditions are 
placed on the impact parameters aq,..., x p . 
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14.4 More On ^-Gluing 

Suppose that we are given a fan of solitons corresponding to vacua i \,..., i p , p > 3. The 
sum of the fermion numbers of the chosen solitons is an integer. Indeed, the fermion 
numbers of the individual solitons in the fan are given mod Z by certain boundary terms 
(eqn. (12.8)), and these boundary terms cancel when we add up the fermion numbers of 
all the solitons in the fan. 

Let us suppose that there exist solutions of the ^-instanton equation on the 5-plane 
that are asymptotic at infinity to the chosen fan of solitons and let M be a component 
of the corresponding moduli space. As already stressed in section 14.3, in defining M we 
do not specify the “impact parameters” of the outgoing solitons. In the notation of that 
section, when l{L) — d , this means that in trying to solve the ^-instanton equation (without 
specifying the impact parameters of outgoing solitons), there are in effect d more unknowns 
than equations. That is why the moduli space has dimension d. Now let us consider the 
gluing operation of section 14.2 from the point of view of index theory. We try to glue 
various sub-solutions of the £-instanton equation corresponding to moduli spaces Mi of 
dimensions di > 2. We make this gluing via a web tv. The corresponding web moduli space 
V(tv) was studied in section 2.1 and (for generic vacuum data) has dimension 

d(tv) = 2 V-E, (14.13) 

where V and E are respectively the numbers of vertices and internal edges in the web tv. 
Because the three-dimensional group of translations and scalings of R 2 acts on V(tv), we 
are usually only interested in gluings leading to webs such that d( to) > 3; other gluings 
cannot be realized by webs of BPS solitons unless the central charges of the solitons take 
special values. 

The analog of eqn. 14.13 for the dimension of a hypothetical moduli space M* of 
("-instantons that arises by gluing of sub-solutions with moduli spaces Mi is 

d(M*) = J2 d (Mi)-E. (14.14) 

i 

For webs, each vertex carries 2 moduli, accounting for the contribution 2V in (14.13). For 
(-webs, the contribution of each sub-solution is instead d(Mi), accounting for the formula 
(14.14). The —E in (14.14) has the same origin as in (14.13): for every edge in a web or 
(-web, there is one constraint so that the two vertices or sub-solutions can be connected by 
a line or a £-soliton at the appropriate angle. This result is compatible with our conjectural 
dimension formula 14.10: each internal edge removes the upper fermion numbers of two 
CPT-conjugate solitons, which add to 1. 

A priori, when we glue together widely separated sub-solutions - one for each vertex 
in the web tv - we do not get an exact ^-instanton solution, but we come exponentially 
close to one. However, index theory and generalities about nonlinear equations make one 
expect that when the expected dimension d(M*) is positive and the individual moduli 
spaces that are being glued are smooth (no fermion zero-modes of E — — 1), a very good 
approximate solution can be corrected to a nearby exact solution. The condition on the 
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expected dimension is satisfied, since d(M*) > d( to) > 3. The formulas (14.13) and (14.14) 
and the conditions d{t d) > 3, d{Mj) > 2 for all j, imply that d(M*) > d(Mi) for all i. This 
inequality ensures that the process of repeatedly resolving a ("-moduli space by blowing up 
a sub-solution into a ("-web must terminate, as claimed in section 14.2. By definition, when 
it terminates, the Mi are all ("-vertices. Then d(Mi) = 2 + £i, where Si is the excess 
dimension defined in section 14.2. So the excess dimension of the ("-web whose moduli 
space is M* (defined as the difference between d(M *) and the corresponding dimension 
d(tv) of the ordinary web moduli space) is 

d(M*) - d(ro) = Y £ i • (14.15) 

i 

This is the additivity of the excess dimension claimed in section 14.2. 

Since d(Mi) might be greater than 2 , d(M *) might be large even if d(tv) < 3. This 
may make one wonder if gluing of ("-instantons can produce a (-web that does not have an 
analog (for generic central charges) in ordinary webs. However, if a given web tv cannot 
be constructed (with a given set of central charges) if the vertices are points, then it also 
cannot be constructed if the vertices are pointlike within an error of order l/£w- To 
construct such a web with vertices that are ("-instanton sub-solutions, one would really 
have to resolve some of the sub-solutions into webs (so that they become far from point¬ 
like), taking advantage of their moduli spaces M{. What would arise this way is an end 
of M that we would associate not to the web tu, but to some other web tv' obtained by 
resolving some of the vertices in tv. Thus ends of a moduli space M of ("-instantons with 
fan-like asymptotics can be put in correspondence with ordinary webs with point vertices, 
the same objects studied in Sections §§2-§9 of this paper. 


14.5 The Collective Coordinates 

Now let us examine in this context the consequences of the fact that a classical ("-soliton 
solution actually corresponds to a pair of quantum states of fermion numbers /, / + 1 for 
some /. The doubling of the spectrum arises from quantizing the center of mass motion of 
the soliton and its supersymmetric counterpart. It is convenient here, as in section 14.1, 
to choose a precise definition of the impact parameter x of each soliton, even though this 
concept is really only naturally defined up to an additive constant. The fermionic collective 
coordinate of the soliton is {Q^,x}. It is evocative to write this as dx. Now consider a 
("-instanton asymptotic to a fan of, say, n solitons. Each of the n outgoing solitons has a 
bosonic collective coordinate aq,..., rr n , together with corresponding fermionic collective 
coordinates daq,... ,dx n . The ("-instanton amplitude to create the outgoing solitons is a 
state T(xi, dxi;...; x n , dx n ); we can think of this state as a differential form on a copy of 
parametrized by the X{. This differential form is valued in the tensor product 


Mj = 





(14.16) 


of the reduced complexes (12.14) that describe BPS solitons without their zero-modes; T 
is the product of an ordinary differential form and an element ® ® of 
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Figure 136: This £-web has only two moduli (assuming the vertex is rigid) so the “impact param¬ 
eters” xi,X 2 ,X 3 of the three outgoing solitons cannot be varied independently. They obey a linear 
relation a\X\ + + a^x^, = 0, for some constants a*. 



Figure 137 : A ("-web with four external solitons and a four-dimensional moduli space. The impact 
parameters can be varied independently but only in a certain region in M 4 . 

this tensor product 89 

_ ^^ipixudxi) ■ m ili2 <g> m i2 i 3 <g> • • • m inil (14.17) 

89 We abbreviate the expression of equation (12.14) by m,, and also shift its fermion number by 

— | so that two Clifford module generators of the module W in equation (12.13) have fermion numbers 0 
and 1. 
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Q £ acts on this 4/ as the exterior derivative d on As in any instanton calculation, 
in discussing the state 4/ generated by a given ("-instanton moduli space, we need not 
consider higher order ("-instanton effects that generate the differentials for the individual 
soliton states that appear on the right hand side of the formula for 4/. (How they enter 
will be explained in footnote 90.) Now Q^-invariance of the path integral is the statement 
that d4/ = 0. 

To understand 4/, we need to know whether, as we vary the ("-instanton moduli, the X{ 
can be varied independently. A typical example in which they cannot be varied indepen¬ 
dently arises from a ("-web with a single trilinear vertex (Figure 136). Assuming the vertex 
is rigid, it has only two moduli so the X{ are not independent, but obey a linear relation 
a\X\ +CL2X2 + CL3X3 — 0, with some constants cq. (With natural outgoing normalizations for 
all solitons, we can take the ai to be all positive. Even if the vertex is not rigid, the relation 
is obeyed to within an error of order £w-) The wavefunction 4/ is therefore supported on 
the locus a\X\ + CL2X2 + a s x 3 = 0. It takes the form 

4/ = ±8(aixi + CL 2 X 2 + a 3 xs)(aidxi + a 2 dx 2 + a 3 dx 3 ) • ® rrij k ® m ki , (14.18) 

where as usual in the A-model, the signs of boson and fermion determinants cancel, leaving 
a “constant” wavefunction with a sign ± that comes from the sign of the fermion deter¬ 
minant (as usual, this sign depends on the signs chosen for the soliton states m^-, rrij k , 
m ki ). 

To explain the above formula better, we note that A-model results are usually expressed 
as forms on the appropriate moduli space, which here is defined by j = 0 where j — 
a\X\ + a 2 x 2 + a 3 x 3 . If one does this, the wavefunction would just be ±1 (times the tensor 
product of symbols m^-, etc., representing the external states). However, in the present 
context, it is much more natural to express f as a wavefunction on the space M 3 that 
parametrizes the three centers of mass. We do this by multiplying by the form 8(j)dj. In 
general, for any manifold X with submanifold Y whose interior points are defined locally 
by equations j\ = • • • = j k = 0, where an orientation of the normal bundle to Y is defined 
by dji A • • • A d j k , one defines the fc-form Poincare dual to Y by 

= S(j 1 )... S(jk)dji ... dj k , (14.19) 

which depends only on Y and not on the choices of the functions ji. In our discussion it 
is important to consider the case where Y has a boundary. If Y has a boundary dY, and 
near dY it is defined locally by equations j\ = • • • = j k = 0 together with an inequality 
h > 0, then (14.19) should be modified to 


0y = e(h)S(ji)... 8 (jk) dji... dj k , (14.20) 

where 0(a) for a real is the standard Heaviside function given by 0 for a < 0 and 1 for 
a > 0. In this situation, dY is defined by equations Ji = •.. jk = 0 = h, so the definitions 
just given immediately imply that 


d0y = OdY- 


(14.21) 
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In our example, 4/ is Poincare dual to the submanifold Y defined by a\X\ + < 22^2 + (^3X3 — 0; 
Y has no boundary, so d4/ = 0 in eqn. (14.18). This is a consequence of the underlying 
Q^-invariance, since as usual in the A-model, Q £ behaves as the exterior derivative d on 
moduli spaces of classical solutions. 

We note from eqn. (14.18) that although the three-soliton state created by the given 
^-instanton has definite fermion number, the individual outgoing solitons are not created 
in states of definite fermion number: the factors dx\, d^ 2 , and dxs each have fermion 
number 1 . Another interesting point concerns the total fermion number of the state 4/. 
In an ^-conserving theory, the outgoing state created by a ^-instanton moduli space must 
have fermion number 0. So as the explicit factor a\dx\ + a 2 dx 2 + a^dx 3 has T — 1, the 
factor rriij ® rrijk ® m^i must have J 7 — —1. Similarly, in eqn. (14.24) below, the factor 
m ili2 <g> m i2 i 3 ® m i3 i A ® m i4il has J 7 = 0 . 

If we want to get a number from this ^-instanton amplitude, we have to pair 4/ with an 
external state of the outgoing solitons. Such a state would have to be a two-form, and we 
want a closed two-form as we want a Q^-invariant state. An example would be the closed 
two-form 4/' = 8{x 1 — c\)dx\ 5{x 2 — C 2 )dx 2 • mik ® m^j ® rriji , where ci,C 2 are constants 
and, for example, rriji is the state in the reduced complex MF that is obtained from rriij 
by a 7 T rotation (and so is dual to rriij under the pairing (12.17)). The pairing 

Zyr = / V(xi,dxi) (ty(xi,dxi),'St'(xi,dxi)) (14.22) 

Jr 3 

is clearly nonzero. To evaluate it, we contract out the internal states rriij, rriji, etc., 
using the pairing (12.17) (this gives a factor ± K'(rriij, rriji)K'(mjk, rrikj)K'(mki, rriik)) and 
integrate over the other variables using the natural measure V{xi, dxi) for integration over 
the pairs of bosonic and fermionic variables Xi and dxi. (So for a function f(x, dx) defined 
on M, the integral f R V(x, dx) f {x, dx) is simply the integral over R of the differential form 
f(x, dx).) is the C-histanton amplitude to create the outgoing solitons in the state 4/'. 
As usual in an A-model (with or without a superpotential) this amplitude is the answer 
to a counting question (A-model “counting” is always weighted by the sign of a fermion 
determinant). In the present example, what we have counted (the answer being ±1) is the 
number of £-instantons with the given fan asymptotics that create outgoing solitons with 
impact parameters obeying the constraints x\ — c\ and X 2 — C 2 . 

A final comment is that the relation 


d^ = 0, (14.23) 

which expresses the underlying Q^-invariance, is needed to ensure that the amplitude 
(14.22) is invariant under 4/' —>> 4/' + dy for any x- 

Another instructive example is sketched in Figure 137. Here we consider a ("-web with 
four external soliton lines and four vertices that we will assume rigid; hence this £-web 
has a four-dimensional moduli space. The impact parameters x \,... ,x± of the external 
solitons can be varied independently, but subject to inequalities that come from the fact 
that the lengths of the edges in the £-web must all be positive. Thus the wavefunction 4/ 
is nonzero only in a certain (noncompact) polytope U C R 4 . Within U, 4> = ±1 (times 
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a state 0^ =1 m^. +1 in the appropriate reduced complex), expressing the fact that if we 
specify the desired values of the there is a unique point in the given ("-web moduli space 
that yields these values. (This statement assumes that we keep away from the boundaries 
of U by an amount much greater than 1/m, the inevitable error in any statement based on 
a ("-web.) So the wavefunction of the outgoing solitons is 

T = ±&u ®j=i (14.24) 

where Qy is the characteristic function of the region C7, the sign depends on the sign of a 
fermion determinant, and ®jnrii j i j+1 is the Q-invariant state in the reduced complex 
corresponding to the specific outgoing solitons. We immediately see that this wavefunction 
is not closed: d4> is a delta function supported on the boundaries of U . In fact, as U has 
codimension 0 in R 4 , the characteristic function Qjj is the Poincare dual to U as defined 
in eqn. (14.19), and a special case of eqn. (14.21) tells us that 

d &u = Qau, (14.25) 

where now dU has codimension 1 so Qqjj is a 1-form. Even though the formula (14.24) is 
precisely valid only away from the boundaries of [/, modifying 4/ only near those boundaries 
will not help in achieving d4/ = 0. After all, for a zero-form 4/ to be annihilated by d, it 
must be constant throughout R 4 . 

What is going on here is that the ("-web in question really represents one end of a 
four-dimensional moduli space M of ("-instantons with fan-like asymptotics. If A4 has only 
one end corresponding to the (-web in the figure, we will indeed get a contradiction. There 
must then be other ends of the moduli space that either cancel 4/ or complete it to a closed 
0-form on R 4 . This paper is really based on the possibility that this cancellation occurs in 
an interesting way, such that the interior amplitudes defined and studied in section (14.6) 
are not identically zero. A less interesting but logical possibility is that one of the rigid Co¬ 
vert ices in Figure 137 can be replaced by a second ("-vertex with the same asymptotics but 
contributing with the opposite sign of the fermion determinant. (Remember that a choice 
of a component of the moduli space is part of the definition of a ("-vertex.) This case is less 
interesting, in the sense that if it occurs, the two ("-vertices in question will always make 
canceling contributions in all of our considerations. A final comment is that hypothetical 
ultraviolet ends of A4 — ends supported on a region in which one or more of the internal 
lines in Figure 137 collapses to a length of order 1/m - could not help in correcting T to 
satisfy d4> = 0. But as explained in section 14.2, as long as the corresponding A-model 
under discussion exists as a topological field theory, we do not expect contributions from 
such ultraviolet ends. 

Finally, we discuss what happens to the collective coordinates of a given soliton line 
under gluing. To be specific, consider the ("-web in Figure 138 showing a solution made by 
convolution of two sub-solutions connected by a single soliton. This soliton is of type ij if 
viewed as propagating from left to right in the figure, or of type ji if we consider it to be 
propagating from right to left. It has collective coordinates x, dx. Write generically ?/, d y 
for the collective coordinates of solitons emerging from the subsolution on the left and 
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Figure 138: A C-web with four external solitons and a four-dimensional moduli space. The impact 
parameters can be varied independently but only in a certain region in M 4 . 


z, dz for the collective coordinates of solitons emerging on the right. The subsolution on 
the left creates a fan of solitons in a state that we write generically as Tt(x, dx; y, dy) and 
the subsolution on the right creates a fan of solitons in a state that we write generically 
as 4/ r (x, dx; z, dz). The ("-web in the figure has fan-like asymptotics with the outgoing 
solitons described by the whole collection of variables y, dy\zdz. Cluster decomposition 
in a massive theory tells us that the wavefunction of the solitons emerging from the whole 
web is the product of the left and right wavefunctions with the collective coordinates x, dx 
of the internal soliton integrated out: 

<S>(y,dy,z,dz) = /. P(x, dx ) ^^(x, dx; y, dy), 4/ r (x, dx; z, dz)^ . (14.26) 


where, again, the pairing on the integrand uses K'. 

Let us formalize this result. The variables x and dx are collective coordinates of an ij 
soliton emerging from the subsolution on the left of the figure. This ij soliton is a vector 
in the reduced complex ML of classical ij solitons. Similarly, the ji soliton emerging 
from the subsolution on the right of the figure is a vector in the space ML of classical ji 
solitons. The pairing between these states is the nondegenerate pairing of eqn. (12.17). We 
recall that this pairing is nondegenerate because whatever ij ((-soliton emerges from the 
left subsolution in the figure can be paired with a unique ji ("-soliton, namely the “same” 
classical solution rotated by an angle i r. 

It remains to discuss the integration over the bosonic collective coordinate x. Let Mt 
and M r be the moduli of the sub-solutions on the left and right of the figure and let M 
be the moduli space of the overall ("-web. For a given choice of a point in A4r, the ij 
soliton connecting the two parts of the figure has a definite impact parameter, so it has a 
wavefunction 8{x — a), where a is a function on Mu. Similarly, the wavefunction of the ji 
soliton emerging from the right is proportional to 8(x — 6), where b is a function on M r - 
The integral over x gives 

I dx 8(x — a)S(x — b) = 8(a — b). (14.27) 

Jr 

The constraint that a — b in order for the ("-web in the figure to exist means that dim M — 
dim Mt + dim M r — 1. The term —E in eqn. (14.14) arises because each internal line in a 
C-web makes in this way a contribution —1. 
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a) b) 




Figure 139: These two taut ("-webs might arise as the ends of the same 1-dimensional reduced 
moduli space Af re d- (In general, the ends of M ve d might not be the same topologically, but in this 
example they are.) 

One last comment is that in all of these examples, because we have assumed all Co¬ 
vert ices to be rigid, there are no normalizable moduli. All deformations of the ("-webs that 
we have considered change the impact parameters of the external solitons. In the case of a 
(”-web that has a modulus that can be varied without changing the impact parameters - for 
example, a non-rigid ("-vertex - there is a normalizable fermion zero-mode. Unless we insert 
a suitable vertex operator to absorb this zero-mode (and Landau-Ginzburg models with 
target C n do not have such operators), an amplitude derived from a web with a normalizable 
zero-mode vanishes. That is why we can restrict our attention here to ("-vertices of zero 
excess dimension. 

14.6 Interior Amplitudes And The Relations They Obey 

The goal of this section is to explain the origin of the fundamental relation for representa¬ 
tions of plane webs that was presented in eqn. (4.15). Rather like the proof that Q 2 — 0 in 
the context of the MSW complex (section 10.6), the basic idea is to consider the two ends 
of 1-dimensional reduced moduli spaces. 

Let i\io .. .i n be a cyclic fan of vacua and let M' • = M' • 0 • • • 0 M' • be the 

tensor product of the reduced complexes of the outgoing solitons. The impact parameters 
of the outgoing solitons define a point in R n , with one copy of R for each soliton. We write 
fl*(R n ) f Qr the space of differential forms on R n . 

If V is a rigid ("-vertex that is asymptotic to the given fan of vacua, then the path 
integral associated to this family of ("-instantons determines an element B(V) G fl*(R n ) 0 
in . Examples were discussed in section 14.5. A small simplification is that, dividing 
by overall translations, R n projects to a reduced parameter space R 71-2 and B(V) is actually 
always the pullback of an element T> re d(V) G fl*(R ri_2 )0M' i which we call the reduced 
state. Some statements are more transparent in terms of T> r ed(V). We note that R 77-2 has 
a natural origin o, corresponding to solitons that all emanate from a common point in R 2 . 
Since V is rigid, its reduced moduli space is O-dimensional and T> re d(V) is actually a simple 


- 305 - 





product 


Bred(V) = 0o • ^ed(V), (14.28) 

where 0 O is an n — 2-form with delta function support at o G R n_2 and £>' ed (V) G i . 

To be more precise, £> re d(V) takes this form within the usual error of order 1/m. F> r ed(V) 
differs from the expression just given by an exact form dy, where \ vanishes exponentially 
fast at distances greater than 1/m from the point o. 

We will say that a component M of the moduli space of ("-instantons is “taut” if (i) 
it is three-dimensional, so that the corresponding reduced dimension A4 re d = Al/M 2 has 
dimension 1; and (ii) this reduced space is a copy of R. The reason for the definition 
is that ^-instanton moduli spaces that are taut in this sense will play a role somewhat 
analogous to the role played by taut webs. Indeed, if A4 is taut, then A4 re d = R has two 
ends (Figure 139). Each of these ends corresponds to what we will call a taut ("-web, that 
is a ("-web with a 1-dimensional reduced moduli space. (If A4 obeys condition (i) but not 
condition (ii), then Al re d is a co Py of S 1 . In this case, A1 is a non-rigid ("-vertex with an 
excess dimension of 1. Such components of ("-instanton moduli space will play no role in 
the present section.) 

Suppose that Z is a taut ("-web asymptotic to the fan of vacua i \.. .i n . [Z is actually 
asymptotic at infinity to a specific fan of solitons, but it is more convenient here simply to 
specify the fan of vacua.) Then the path integral for this family of ("-instantons determines 
a state T z £ fl*(R n ) 0 M' x i , which as in the case of a rigid ("-web is a pullback of a 
reduced state ^z,red G fl*(M n-2 ) i . Moreover this state is supported on the 1- 

dimensional reduced moduli space of the web Z. By scale-invariance of webs, this reduced 
moduli space is a ray t starting at the origin o G M n_2 (to within the usual error of order 
1/m). As in section 14.5, the state determined by Z is the Poincare dual of r times a state 

*Z ,red = ©t ' n- (14-29) 

It immediately follows from this that T^red is not closed. We have d@ r = Qg v = 0 O (since 
the boundary of the ray t consists of its endpoint o), so 

d^Z,red = Bo • (14.30) 

(We have dT^ = 0 since is just a fixed state in A corresponding to the relevant 
fan of solitons.) 

The reduced state associated to the whole moduli space M will be closed because of 
the underlying invariance; 4/^ re d, which is not closed, is the contribution of just one 
end of the moduli space. Aired has precisely 1 additional end, corresponding to another 
taut 90 web Z'. The state associated to this second taut web is supported on another ray 
t' from the origin, and has the form 


4'2',red = ©t'-4 r ^, (14.31) 

90 Actually, this taut web could be what in the abstract part of this paper was called a taut extended web: 
that is, it could be constructed from a rigid C-vertex with a C-instanton correction to the MSW complex on 
one of the external lines. 
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(14.32) 


for some 'P‘3, £ M' • . Hence 

zz l i... in 


d^Z',red = ©o • 

The condition that d(T^:,red + 4/^, red) = 0 is thus simply 

= 0. (14.33) 

This is the identity that leads to the basic algebraic relation for plane webs that was 
proposed in eqn. (4.15). 

Before explaining this claim, we pause to point out that it is oversimplified to expect 
that the reduced state produced by the moduli space A4 is precisely 4/^ re d + 4/^/ re d- The 
£-webs Z and Z 1 are really only well-defined when they are large, in other words far from 
the origin o E R 71-2 . The state 4/^ is not just the pullback of ^z,red + ^Z',re d 5 it is the 
pullback of a state 4/^^ that differs from 4^ re d + 4/ z',red by a state x supported near 
the point o. The reason for the identity (14.33) is that without this identity, the condition 
d(*Z,red + *Z'., red + x) = 0 is not satisfied for any compactly supported y. (The obstruction 
comes from the fact that 0 O , since its integral over R 77-2 is non-zero, represents a non-zero 
element in the compactly supported cohomology of R 77-2 , so it is not dy for any compactly 
supported x- Here it does not matter if “compact support” is replaced by “exponential 
decay at distances large compared to 1 /m.”) 

To understand the identity (14.33), let us first note that it trivially implies a relation 
for the sum of contributions of all taut webs asymptotic to the fan i\i 2 ... i n of vacua. Let 
Shi 2 ...in be the set of all taut ((-webs asymptotic to the given fan. Then by virtue of (14.33), 

Y ^*z = 0- (14.34) 

Indeed, each taut (-web with the given asymptotics is an end of a unique 1-dimensional 
reduced moduli space of (’-instantons, and, because of (14.33), the two taut £-webs that 
are the ends of this reduced moduli space make canceling contributions in (14.34). 

The sum in eqn. (14.34) is reminiscent of the sum over ordinary taut webs with given 
asymptotics in eqn. (4.15). To understand the relationship, we have to analyze the state 
^ z £ in . Here the moduli Z are not relevant; by definition, is a state in the 
product M ' ii2 0 • • of the reduced complexes. To determine this state, we can work 

near infinity in the reduced moduli space of Z: thus Z is built from widely separated rigid 
(■-vertices V a , a = 1 connected by soliton lines. The path integral for each ((-vertex V a 

determines a state B(V a ) of the solitons emanating from this vertex. When two ((-vertices 
V a and Vb are connected by a soliton line in the £-web Z, this means that the corresponding 
soliton states emanating from V a and Vb have to be contracted via the nondegenerate 
degree 1 pairing (12.17). The combined operation of computing a state B(V a ) and then 
contracting these states whenever two vertices are joined by lines is precisely the operation 
p defined in (4.7) et. seq., used in formulating the fundamental algebraic identity (4.15) 
(this interpretation of p was the motivation for the way it was defined). The terms ^ z 
that contribute in the identity (14.34) are in natural corresponence with contributions to 
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the identity (4.15) of the abstract part of the paper: in either case, a contribution is made 
by arranging rigid vertices as the vertices of a taut web, computing states associated to 
the vertices and contracting those states whenever two vertices are joined by a line. 

In relating our present analysis to the abstract discussion, the object called (3 in the 
abstract discussion should be defined as a sum over all rigid ("-vertices V a . If V a is asymp¬ 
totic to the fan of vacua jf ...j“ a , and the corresponding solitons have center of mass 
coordinates xja ,..., xja , then 


P = d ^'f • • • <lx ]2 B rcd(Va)- (14.35) 

a 

See eqn. (14.28) for the definition of 5' ed (V a ). Now, £> re d, being the state produced by the 
path integral in a fermion-number conserving theory, has T — 0; since 0 O is an {n — 2 )- 
form, B' red has fermion number — {n — 2). Including the factors of d xja increases the fermion 
number by n, so /? has fermion number 2 , as in the definition (4.15) in Section 4.1. The 
factors dxja have been included in the definition of (3 for the following reason. In the 
abstract algebraic treatment, it is convenient to imagine that a classical soliton that has 
two states of fermion number /, / + 1 is always created in the state of fermion number 
/ + 1. In the more microscopic path integral treatment, the truth is more complex, as 
we see in eqn. (14.18), and in the above derivation, it was actually more convenient to 
use reduced states of fermion number /. To compensate for this, we include a factor of 
dx for each soliton in the formula for f3. This also means that the pairing used in the 
abstract description is not the degree 1 pairing (12.17) but is the degree —1 pairing K that 
is obtained by composing (12.17) with the operation that removes the fermion zero-mode 
dx from each soliton state. 

At this point, using the Landau-Ginzburg theory based on (X, W), we have deter¬ 
mined vacuum data (V, z) (from the superpotential), web representations 1Z (from equa¬ 
tions (12.15) and (12.18)), and an interior amplitude f3 (from equation (14.35)), thus defin¬ 
ing a Theory in the formal sense of Section §4.1. We have accordingly recovered all the data 
needed to form the vacuum category 53ac using the construction of Section §5.1, once we 
choose a half-plane T~L. We let 53ac(X, W) denote the category for the positive half-plane 
so that 53ac opp (X, W) is the category for the negative half-plane. It now follows from the 
purely formal constructions of Section §5.2 above that there is a corresponding Aqo cate¬ 
gory of Branes 2$t(X, W), and it is natural to wonder if the corresponding A^ amplitudes 
are equivalent to those that were constructed in section 11.3 for branes of class T K . We 
will discuss this question in detail in Section §15. 

14.7 (-Instantons On A Half-Space Or A Strip 
14.7.1 Preliminaries 

In this section, we will first analyze ("-instantons on the half-plane x > 0 in the x — r plane, 
with boundary conditions set by a Lagrangian submanifold C. After some preliminaries, 
we explain in section 14.7.2 how ("-instantons can be used to define a boundary amplitude 
B as introduced in section 4.2 and obeying the key identity 4.47. The considerations here 


- 308 - 



Figure 140: Boundary conditions for general half-plane instantons with fan boundary conditions 
at x +oc and solitons at r —>> d=oc. 


are very similar to those of sections 14 and 14.6. Then we consider ("-instantons on a strip 
in section 14.7.3. 

We began section 14 by showing that in any massive theory, there are no localized 
("-instantons on R 2 . The analog in a half-plane is more subtle. To formulate the question, 
we pick a critical point <fri corresponding to a vacuum i G V at x —» oo, and we also choose 
a half-line ("-soliton that interpolates from C at x — 0 to vacuum i at x — oo. Then we 
ask if there are ("-instantons on the half-plane that map the r-axis to £, approach <; t>c,i for 
r ±oo, and approach fa for x —>► oo. Such a ("-instanton is localized in the sense that it 
differs substantially from the chosen ("-soliton only in a localized region of the half-plane. 
In general, depending on £, there may be such localized half-plane ("-instantons. We have 
seen an example in section 13.5. As we learned there, when localized half-plane instantons 
exist, it often means that the brane in question is not a valid A-brane and our methods do 
not apply in its presence. 

In this section, we will not consider such localized half-plane ("-instantons. This does 
not mean that we have to assume they do not exist; they are not relevant to the questions 
we will consider here. When moduli spaces of localized half-plane ("-instantons exist (but 
the brane in question is a valid A-brane), they are somewhat like ("-instanton moduli spaces 
with positive excess dimension, relevant only if one inserts local A-model observables. A 
simple criterion that ensures that there are no localized half-plane ("-instantons is that the 
superpotential h of eqn. (11.21) is single-valued. In particular, this is so if the symplectic 
form oo of X is exact and the Lagrangian submanifold C is also exact (for these notions, 
and their significance, see the discussion of eqn. (11.24); the assumptions of exactness are 
often made mathematically in the Fukaya-Seidel category). Since the ("-instanton equation 
is gradient flow for /i, h strictly increases with r in any non-trivial ("-instanton. So single¬ 
valuedness of h implies that there are no non-trivial ("-instantons beginning and ending at 
the same ("-soliton 
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On the other hand, if p and p f are two distinct intersection points of C with the 
right thimble of type z, corresponding to two different half-line solitions, then there can 
be nontrivial ^-instantons with the boundary condition that </> -A </>£ i for r -A —oo and 
(j) -A (j) P £ i for r -A + 00 . Indeed, such instantons of fermion number one define the differential 
on the MSW complex M/^. They are localized both in r and near the boundary and 
correspond to boundary vertices of valence zero in the extended webs of the web-based 
formalism. Recall Figure 132. 

In analogy with Section §14, our main interest is in ((-instantons on the half-space that 
are asymptotic to a half-plane fan of solitons, as sketched in Figure 140, with i\ ^ i n . We 
trust that this notion is clear: as in the figure, we start with a half-plane fan of vacua 
ii,..., z n and then choose suitable half-line ^-solitons at r -A ± 00 , and suitable boosted 
("-solitons along outgoing lines separating the vacua in the fan. Generally speaking, all 
notions of Section §14.2 have analogs in this situation. If A4 is a component of the moduli 
space 91 of half-space ((-instantons with fan-like asymptotics, then the group R of time 
translations acts freely on we define the reduced moduli space Af r ed = A4/R. We call 
a connected component of A4 a half-space ((-vertex if the corresponding reduced component 
in A4 re d is compact. If in addition that component is a point, we call it a rigid (- vertex; 
if ATed has positive dimension, we call its dimension the excess dimension of AT We can 
write again a formula for the expected dimension of M in an A-conserving system in terms 
of the upper fermion numbers f a of the solitons in the fan and f p ', f p of the half-line soliton 
states |p) and | p'): 

dimM = f p ' - f p + ^(/o + 1) (14.36) 

a 

In general, if A4 re d is not compact, it has “ends” that can be constructed by gluing of 
sub-solutions, as we discussed for ^-instantons with fan-like asymptotics on R 2 starting 
in Section §14.2. The sub-solutions can now be ((-instantons with fan-like asymptotics on 
either R 2 or the half-space. Thus, in general the “ends” of At correspond to half-space 
<(-webs. After repeatedly resolving the sub-solutions into ((-webs, we eventually learn that 
any end of A i can be built by gluing of ((-vertices Vj, arranged in a ((-web u. As in eqn. 
(14.15), the dimension of At exceeds the dimension of the moduli space of the half-space 
web u (for any u associated to an end of A4) by the sum of the excess dimensions of the 
((-vertices Vj. 

14.7.2 Boundary Amplitudes And The Relations They Obey 

The general analysis of boundary amplitudes and the relations they obey is very similar 
to what we said in action 14.6 concerning interior amplitudes - so similar that we will be 
brief. 

We start with a boundary condition associated to a Lagrangian submanifold £, with 
a half-plane fan of vacua A,... ,i n , as in Figure 140. To this data, we have complexes 
M c.n and M/^ n of initial and final classical half-plane states, and reduced complexes 

91 As discussed most fully in section 14.3, in defining M, we do not specify the impact parameters of 
outgoing solitons. 
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M'^ 2 ,..., M'i in of classical outgoing solitons. The tensor product 

= M c>il ® M ' li2 <S> • • • <S> M' n _ lin <S> (M Ctin )* (14.37) 

has a basis corresponding to choices of classical BPS half-line and soliton states. The 
spaces of half-line solitons play the role of the Chan-Paton spaces Si of the abstract 
discussion. The impact parameters of the n — 1 outgoing solitons define a point in R 77-1 , 
and we write for the corresponding space of differential forms. 

If V is a rigid half-plane ^-vertex that is asymptotic to the given fan of vacua, then the 
corresponding path integral defines an element B(V) G fl^R 77-1 ) 0 in . Dividing by 
time translations, R 77-1 projects to R 77-2 and B(V) is the pullback of an element S rec j(V) G 
D*(M n_2 ) ®M-j in . This copy of R 77-2 has a natural origin o, corresponding to a collection 
of n — 1 solitons that all emanate from a common point on R, the boundary of the half¬ 
plane. Since V is rigid, its reduced moduli space is O-dimensional and F> re d(V) is a simple 
product 

S red (V) = 0 o -S; ed (V), (14.38) 

where 0 O is Poincare dual to the point o G R 77-2 and 5' ed (V) G (As usual, such a 

statement holds modulo a correction dy, where x vanishes rapidly at infinity.) 

We say that a component A4 of the moduli space of half-plane £-instantons is “taut” 
if (i) it is two-dimensional, so that the reduced space = AJ/R has dimension 1 ; (%%) 

this reduced space is a copy of R. Such components play a role analogous to that played 
by taut half-plane webs in the abstract discussion of section 4.2. In this situation, each of 
the two ends of .A4 re d — R corresponds to what we will call a taut half-plane £-web, by 
which we mean a half-plane ("-web with a 1 -dimensional reduced moduli space. 

From here, the goal is to show that the objects F?' ed (V) (after dressing as in eqn. 
(14.35) with 1-forms for outgoing solitons) satisfy the fundamental identity (4.47) or (4.49) 
of a boundary amplitude, as formulated abstractly in section 4.1. The argument will simply 
follow what we said for interior amplitudes in section 14.6. 

Let M be a taut family of half-plane £-instantons, and let Z, Z' be taut £-webs 
representing the two ends of Aired- The path integral associated to the family Z of £- 
instantons determines a state 4 /z G D*(R 77_1 ) 0 ^ , which is the pullback of a reduced 

state tE^red G D*(R 77-2 ) 0 i . Just as in (14.29), this state is supported on a ray t 
emanating from the origin o G R 77-2 : 

*Z„ red = B t -^, (14.39) 

Hence 

(Mz,red = Bo • n- (14.40) 

We can make the same construction for Z'\ T^/ red is supported on another ray x r from o, 
and again 

d®*',red = ©o • Vi', (1T41) 

for some 4/^ G in . The state determined by the full moduli space A4 must be closed, 
and this tells us that 

+ V* z , = 0, (14.42) 
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just as in eqn. (14.33). 

From eqn. (14.42), we can deduce a result analogous to eqn. (14.34). Let in be 
the set of all taut (-webs asymptotic to the given half-plane fan of vacua. Then 



(14.43) 


The proof mimics the proof of eqn. (14.34). Each taut half-plane ("-web is associated to an 
end of a 1-dimensional reduced ("-instanton moduli space; each such moduli space has two 
ends; and by virtue of (14.42), these two ends cancel in pairs in eqn. (14.43). 

The relation between (14.43) and the identity (4.47) or (4.49) of the abstract discussion 
of boundary amplitudes is quite analogous to the corresponding relation between eqn. 
(14.34) and the identity (4.15) of the abstract discussion of bulk amplitudes. can 
be computed by working at infinity in the reduced moduli space of Z, where it is built 
from widely separated bulk and boundary rigid ("-vertices, connected in general by classical 
solitons that propagate for long distances. Let us denote the bulk and boundary ("-vertices 
as V a and V a , respectively. To compute 4/^, we take the tensor products of all states B(V a ) 
and B(V a ), and then, whenever two vertices are connected by a soliton line in the (-web Z, 
we contract out the corresponding soliton states using the degree 1 pairing (12.17). Thus, 
the left hand side of (14.43) is obtained by summing over all taut half-plane ("-webs Z, and 
for each such web, computing a state B(V a ) or B(V a ) for each bulk or boundary vertex and 
then contracting these states whenever two vertices are joined by lines. All this matches 
precisely the operation pp used in the abstract statements (4.47) or (4.49) and therefore 

(14.43) essentially matches those identities. 

To match the notation used in the abstract discussion, we proceed as in eqn. (14.35). 
Let V a be a rigid half-plane ("-vertex, asymptotic to a half-plane fan with s a vacua and s a ~ 1 
outgoing solitons with impact parameters .. .x^_ 1 . In a fermion-number conserving 
theory, the state B(V a ) produced by the path integral has fermion number 0. However, 
©o, being Poincare dual to a point o £ M Sa_2 , is an (s a — 2)-form, and hence the reduced 
state i?' ed (V a ) has fermion number —(s a — 2). To match the abstract discussion, we should 
define 



(14.44) 


a 


where the sum runs over rigid half-plane ( vertices. Clearly, B is a sum of terms all of 
fermion number 1. This is the object that appears in the identity (4.47) or (4.49) of the 
abstract discussion. 

14.7.3 (-Instantons On A Strip 

Now we return to the problem formulated in section 13.2 of finding physical states when 
the theory is quantized on an interval D — [x£,x r \, with boundary conditions at the two 
ends of the strip set by Lagrangian submanifolds Ci, C r . We recall from eqn. (13.3) that, 
if the width of the strip is much greater than the largest length scale in the theory, there 
is no problem to describe the classical approximation to the space of physical states on the 
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Figure 141: A rigid strip web s. 
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(14.45) 


The problem raised in section 13.2 was to compute the differential Q £ that acts on this 
complex. Matrix elements of this differential are supposed to be computed by counting 
("-instantons on the strip. To be more precise, we are supposed to count families of rigid 
("-instantons on the strip, that is families of ("-instantons that have no modulus except the 
inevitable modulus associated to time translations. To compute a matrix element of Q £ 
between specified initial and final states, we have to count families of rigid ("-instantons that 
interpolate between specified initial and final ("-solitons - that is elements in the complex 
^jC £ ,C r °f (14.45) - in the far past and the far future. 

We hope it is now clear how to do the counting. On a very wide strip, the ("-instantons 
can be represented by webs - or ("-webs - in which the lines are classical solitons and 
the vertices are bulk and boundary ("-vertices. So if A4 is a component of ("-instanton 
moduli space on the strip, we can associate to it a strip web 5 in the sense of section 2.3. 
The ("-instantons parametrized by A4 are built by gluing bulk and boundary ("-vertices V a , 

a = 1,_, s and V a , a = 1 ,..., t via the strip web 5. The web dimension d(s) is always 

at least 1, because of time translations, and 5 is called a rigid strip web if d(s) = 1. The 
dimension of Ai exceeds d(s) by the sum of the excess dimensions of the ("-vertices V a 
and V a - (See eqn. (14.15) for a formula of this type.) So for A4 to be 1-dimensional, s 
must be rigid and the ("-vertices V a and V a must have 0 excess dimension, that is they 
must also be rigid. Given a rigid strip web s, such as the one sketched in Figure 141, to 
count the corresponding ("-instantons, we just sum over all possible labelings of the internal 
lines in the web by solitons, the boundary segments by half-plane states, and the bulk and 
boundary vertices V a and V a by the corresponding bulk and boundary amplitudes B(V a ) 
and B{y a ). We have shown that B(V a ) and B(V a ) obey the algebraic identities that were 
assumed in section 4.3, and the counting procedure for rigid ("-instantons on the strip 
coincides with what was used in that section to define a differential. So we conclude that 
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the procedure of that abstract discussion can indeed be used to determine the differential 
whose cohomology gives the exact supersymmetric ground states on the strip. 

15. Webs And The Fukaya-Seidel Category 
15.1 Preliminaries 

In this paper, we have described two algebraic structures associated to open strings in the 
same massive Landau-Ginzburg model: 

(i) In the abstract part of this paper, Sections §§2-5, we described an algebraic structure 
that is built, roughly speaking, by multiplying boundary web vertices. This algebraic 
structure is an A^ algebra, something that in physical applications is usually associated 
to open-string amplitudes at tree level. 

(a) In section 11.3, we described the Fukaya-Seidel category, or more precisely in our 
context the Fukaya category of the superpotential, in which an A^ algebra is actually 
defined from open-string amplitudes. 

It would be surprising for two essentially different A^ algebras to arise in the same 
model, and indeed in the present section we will argue that, once one restricts the web-based 
construction to a smaller class of branes in a way that we will explain, the two A^ algebras 
are indeed equivalent. Roughly speaking, (z) and (zz) correspond, respectively, to methods 
of describing the same category in the infrared (long distances) and in the ultraviolet 
(short distances). Naively, the superpotential W is very important in the infrared and not 
important in the ultraviolet. Unfortunately, this is a little oversimplified. It is true that in 
method (z), the superpotential plays a very important role, and we will explain below in 
what sense webs emerge from the ("-instanton equation in the infrared limit. But, unless 
the branes considered are all compact, there is no ultraviolet limit in which one completely 
forgets the superpotential; as explained in Section §11.2, it plays a role in controlling the 
classes of branes that one can consider and in ensuring that counting of solutions is always 
well-defined. 

Approach (i) was part of a larger discussion in which the largest class of branes that 
one can consider are the W -dominated branes described in section 11.2.4. Recall this means 
that on left branes Im((" _1 VF) goes to +oo at infinity, and on right branes Im((" _1 VF) goes 
to —oo at oo. If 23^ is a left brane and 23 r is a right brane, then there is a well-defined 
space of (23^, 23 r ) strings. This space can be computed by solving the ("-instanton equation 
on a vertical strip in the s = x + zr plane. To ensure that the space of (23^,23 r ) strings 
is well-defined, the strip has to be vertical (as drawn, for example, in Figure 3 from the 
introduction, and in many other figures in this paper), assuming no restriction except that 
the branes are VF-dominated. We always think of a left brane as attached to a left vertical 
boundary of a region in the 5-plane, and a right brane as attached to a right vertical 
boundary of such a region. 

Manipulating boundary vertices by the procedure of Section §5 gives one A^ algebra 
for the left branes, and another for the right branes. Similarly, there are really two versions 
of the Fukaya-Seidel category. That follows because in Section §11.3 we considered branes 
of class T k where k is a complex number of modulus 1 that is required to differ from ±(\ 


-314- 


Removing the points ±£ from the unit circle divides it into two components, and there are 
really two Fukaya-Seidel categories depending on which component contains k. We will 
match the two Fukaya-Seidel categories with the web-based categories for left and right 
branes. 

However, to make contact with the Fukaya-Seidel category, it is not sufficient simply 
to require that the left and right branes be VF-dominated. Let us therefore discuss what is 
the smallest class of branes that we could reasonably consider. In the abstract discussion, 
a brane 55 has Chan-Paton factors <%(55) for each vacuum state i G V. <%(55) is a complex 
whose cohomology is the space of supersymmetric physical states when the theory is formu¬ 
lated on a half-line with 55 at the finite end and vacuum i at infinity. (In the case of a left 
or right brane, the finite end of the half-line is taken to be on the left or right.) The axioms 
of the abstract discussion ensure the existence, for each vacuum i G V, of a distinguished 
left brane T \ whose Chan-Paton factors are Sij Z (or Sij C if one considers physical states 
to be complex vector spaces rather than Z-modules); in other words, there are no physical 
states with brane T i at the finite end and vacuum j at infinity, unless i = j, in which case 
the space of such states has rank (or dimension) 1. In terms of Landau-Ginzburg models, 
the T i are the left thimbles L\ that were introduced in section 11.2.5. The Chan-Paton 
factors of these thimbles were described in eqn. (13.1) and are as desired. Thus, certainly, 
in a Landau-Ginzburg construction that is supposed to illustrate the abstract part of this 
paper, among the left branes we must at least include the left thimbles L^. (And similarly 
we must include the right thimbles among the right branes.) The abstract part of this 
paper also includes a criterion (section 4.2) for what is a brane with more general Chan- 
Paton factors, and to match this discussion, we need to allow more general branes built 
from the thimbles. We therefore need a reasonable class of left branes that includes these 
thimbles, and is closed under the relevant operations (which basically involve building a 
new brane as an extension of one brane by another) yet is sufficiently small to allow a 
construction we will come to momentarily. 92 It turns out that a suitable condition is 
that a left brane must be of class T^, as described in section 11.2.6. (We recall that the 
condition means that, along the support of the brane, W must take values in a certain 
semi-infinite strip that contains the images in the W-plane of the L^, as in Figure (127).) 
The analogous condition on right branes is that they should be of class T_^. 

To compare the web-based approach to the Fukaya-Seidel category, we want to interpret 
left branes of class as objects in the Fukaya-Seidel category. At first sight there is some 
tension here. In section 11.3, we found that to describe the Fukaya-Seidel category using 
the ^-instanton equation, we had to consider not branes of class T±£, but branes of class 
T k where k is a complex number of modulus 1 and not equal to ±£. But in the web- 
based procedure using the £-instanton equation, we definitely want left branes of class 
T^, not of class T K with any other k. (And the right branes should definitely be of class 
T_£.) However, there is a simple way to reconcile the different statements. We use the 
fact that the £-instanton equation is not invariant under rotations of the s-plane, and 
that such a rotation is equivalent to a rotation of the complex number £. In section 11.3, 

92 Mathematically we would certainly want to include the smallest triangulated category containing the 
thimbles. 
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Figure 142: A horizontal strip T£ > r > r r in the 5-plane. 

we assumed that open-string amplitudes relevant to the Fukaya-Seidel category are to be 
computed with a quantum field theory defined in a region of the s-plane whose boundaries 
are asymptotically vertical, as in Figure 129. In this case, the branes must be of class 
T K with k 7 ^ =b (. If we want instead to use branes of class T^, we simply have to rotate 
Figure 129 so that the boundaries of incoming and outgoing open strings are not vertical. 
For example, it is convenient to rotate the figure by an angle of ±7 t/2 so that incoming 
open strings come in from the left of the s-plane or from the right. (The angle 7 r /2 is not 
essential; any angle other than 0 or n will do.) 

As we explained above, there are really two Fukaya-Seidel categories, depending on 
which component of S fl \{zb(’} contains k. After we rotate Figure 129 so that the open 
strings no longer come in from the bottom (or top) of the figure, the two categories differ 
by whether the open strings come in from the left half of the 5-plane or from the right half. 
We will match the Fukaya-Seidel category constructed with open strings that come in from 
the left to the web-based category of left branes. Similarly, the Fukaya-Seidel category with 
open strings that come in from the right matches the web-based category of right branes. 

Some of the ideas in the following analysis have been explained in a simpler context 
in Section §10.7. 

15.2 Morphisms 

If 53 and 5S 7 are two branes of class T^, then we can calculate the space of supersymmetric 
(53, 5S 7 ) states on the interval, which we will call 1~L <in the Fukaya-Seidel category, and 
we can also compute := i7*(Hop(5S, 5S 7 ), M\) in the web-based construction of an 

Aqo category. Our goal in this section is to sketch the construction of a natural isomorphism 
(Of course, like most claims in this paper about the ^-instanton equation, 
the arguments presented here are not complete mathematically.) When combined with a 
similar analysis that we will make of the multiplication of string states in section 15.3, and 
of the higher order operations in section 15.4, this will show the equivalence between the 
two constructions of an A^ category. 93 

93 In the abstract part of this paper, we introduced (1) a space of (53, 05') ground states, where 53 is a 
left-brane and 53' is a right-brane, and also (2) a space °f morphisms between two left-branes (or two 

right-branes). What is relevant to the present discussion is definitely construction (2). From the cr-model 
point of view, the definition (1) assumes that 53 and 53' are W-dominated branes of opposite type, and 
the definition (2) applies to branes of class T$. can be interpreted as a space of open-string ground 
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a) 


b) 



Figure 143: (a) The symbol © represents a half-space fan of solitons, as indicated, or equivalently 
an element S £ Hop(53,53') in the web-based formalism. The symbol ® with the indicated fan 
of solitons emerging from it represents a possible asymptotic behavior at infinity of a solution 
of the (-instanton equation with no knowledge of how the solution behaves in the interior, (b) 
This picture, which is our first example of a “hybrid” (-web, would represent a (-web with a 1- 
dimensional reduced moduli space, except that one of the vertices is not a (-vertex but rather is 
an abstract vertex labeled ©, which represents a fan of solitons rather than a solution of the (- 
instanton equation. All other bulk and boundary vertices in the picture are conventional (-vertices, 
contracted together by “propagators” in the usual way. 

First we review the definition of the two spaces that are supposed to be isomorphic. 
The definition of involves two steps: 

(a) We consider the LG model of interest on a strip R x /, where / is a closed interval, 

with boundary conditions at the two ends set by 53 and 53', where 53, 53' are both of class 
Tq. For reasons explained in section 15.1, we take this strip to run horizontally, rather than 
vertically, in the s = x + ir plane (Figure 142). Thus the strip is defined by T£ > r > r r 
(for some r r ), and x plays the role of “time.” We define a vector space (actually 

a Z-module) that has a basis vector for every C-soliton - that is, for every solution of the 
^-instanton equation (11.17) on the strip that depends only on r. This complex is graded 
by fermion number in the usual way. 

(b) On we define a differential Q £ by counting suitable 1-parameter families of 
C-instantons on the strip. The solutions are required to be independent of x for x « 0 
and also for x » 0. This means that the “initial data” (for x « 0) are associated to 
a basis vector |<^) of M<g^/, corresponding to some C-soliton that satisfies the boundary 
conditions, and the “final state” (for x » 0) is similarly associated to a possibly different 
C-soliton |</> r ). The one-parameter family corresponds to translation in the x-direction. 

states in quantization on a horizontal strip as in Figure 142, but since the class of branes is different and 
both branes are of the same type, these are not the open-string states studied in the abstract part of the 
paper. 
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Counting 1-parameter families of ("-instantons with these boundary conditions gives the 
matrix element of Q( from | fa) to \fa). (As always, in this “counting,” a ("-instanton is 
weighted with a factor ±1 coming from the sign of the fermion determinant.) The space 
is the cohomology of the differential Q<y 

The definition of in the web-based procedure of section 5 involves two analogous 

steps: 

(a') We first choose a half-plane, T~L, and here we choose it to be the positive half s-plane 
as in Figure 143(a)). Next we define a complex M^ e ^, with a basis vector associated the the 
following data: As in Figure 143(a)) we choose a half-plane fan of vacua J — {zq, ii, ..., i n }. 
The regions between the lines in the figure are labeled by vacua io,... ,i n G V, representing 
constant solutions of the ("-instanton equation. The line separating any two consecutive 
vacua ik and i^+i is labeled by an ikik+i C~soliton. When restricted to large |s|, T~L has both 
an upper and a lower boundary. The upper boundary is labeled by a half-line ("-soliton 
interpolating from brane 53 to vacuum zo; the lower boundary is labeled by a half-line 
("-soliton set by the brane 53' and the vacuum i n . If we compare with the definitions in 
Section §5.2 then we should identify 

M%%, = Hop(<8, <B') = Hom(55', 53) = © i)ieV £(53); ® % ® (£(&%)*. (15.1) 

In short, MJg e jg, has a basis in which the basis vectors are half-plane fans of solitons, 
interpolating between branes 53 and 5S 7 . Such a fan is indicated in Figure 143(a). It 
represents the asymptotic behavior at infinity of a possible solution of the ("-instanton 
equation on the half-plane, with no knowledge concerning the behavior in the interior. 

In the abstract part of this paper, we studied webs in which the vertices represented 
elements of M^ e ^, and its bulk analog. Starting in section 14.2, we have studied ("-webs, 
in which the vertices are ("-vertices, which represent solutions of the ("-instanton equation 
with fan-like asymptotics. It will now be useful to consider webs with ingredients of both 
kinds. We will call these hybrid ("-webs. In a hybrid ("-web - our first example is in Figure 
143(b) - a vertex labeled by © represents a fan of solitons, and a vertex not so labeled 
is a conventional ("-vertex. Thus, the symbol ©, which we call an abstract vertex (in 
homage to the abstract nature of the web-based construction) represents an element of 
M^ e ^, associated to a given fan of solitons, while the other vertices are the ones that we 
have used until now in the cr-model approach. Consideration of these hybrid ("-webs will 
be helpful in bridging the gap between the two approaches to open-string amplitudes. 

The next step is to define a differential on the space , making it a complex whose 

cohomology is The differential is called Mi in eqn. (5.17) and may be described as 

follows: 

(b r ) In the web-based treatment, the differential acting on 5 G is defined by 

inserting S (or the associated half-space fan) at one boundary vertex of a taut half-plane 
web, and weighting all other interior or boundary vertices by the appropriate interior or 
boundary amplitudes. We follow the same procedure now, with one difference: we interpret 
the interior or boundary amplitudes as the ones that are computed in the cr-model, by 
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counting solutions of the ("-instanton equation. This means that the bulk and boundary 
vertices - other than the one associated to 5 - are now going to be ("-vertices. 94 

Accordingly, we consider a hybrid ("-web (Figure 143(b)), of the type just described. 
We use such hybrid ("-webs, for the time being, merely to give a pictorial representation of 
some of the abstract web-based constructions, with the one change that bulk and interior 
amplitudes are now derived by counting C-instantons. The hybrid ("-webs in Figure 143(b) 
are required to be taut; that is, they have precisely one reduced modulus, derived from an 
overall scaling of the half-plane, keeping the abstract vertex fixed. 

To a hybrid ("-web with one abstract vertex © and with fan-like asymptotics at infinity, 
we can associate a pair of elements of the web-based complex By restricting the 

hybrid ("-web to a neighborhood of the abstract vertex v we find a labeled fan of vacua 
J v and a corresponding basis vector |</>^ eb (©)) of (The subscript F is meant to 

remind us that (\)p depends on a fan of solitons, rather than a single soliton.) Similarly, 
by restricting the web to a neighborhood of \s\ = oo, we get a second labeled fan of 
vacua Joo and correspondingly a second basis vector |</>^ eb (oo)). It is convenient to refer 
to a neighborhood of the abstract vertex and a neighborhood of infinity as the two ends 
of the hybrid ("-web in Figure 143(b). The matrix element of the web-based differential 
Mi = Q™ eh from |</>^ eb (©)) to |</>^ eb (oo)) is computed by counting the number of hybrid 
("-webs, as in Figure 143(b), with precisely one reduced modulus associated to scaling, and 
with |</>^ eb (©)) and |</>^ eb (oo)) as the restrictions to the two ends. The webs are weighted 
with the signs carefully spelled out in equation (4.33) above. Physically these signs come 
from the fermion determinants (and they agree because fermion determinants satisfy the 
gluing laws that were built into the other approach). The algorithm we have just described 
is precisely the definition of M\ (5) as defined in equation (5.17), where the morphism 5 is 
inserted at the abstract vertex ©. 

To establish a natural isomorphism between and we will imitate the 

procedure explained in section 10.7 for showing that the cohomology of the MSW complex 
does not depend on the metric or superpotential on X. First we define a linear map 

U : Mg^®/ ->• (15.2) 

as follows. We consider a region W of the complex s-plane in which a semi-infinite strip 
comes in from x = —oo and fans out to the positive half plane (Figure 144(a)). We 
consider solutions of the C-instanton equation on W with boundary conditions determined 
by 53 and 53' on the upper and lower boundaries, respectively, and which moreover are 
independent of x for x — oo and finally have fan-like asymptotics for \s\ oo for large 
Re(s) in the positive half-plane. The behavior of such a solution for x —>> —oo gives a basis 
vector | (j)q) of M®^/, and its behavior for |s| oo, x 0 gives a basis vector |</>^ eb (oo)) 
of We consider only the components of the moduli space of such solutions with 

an expected dimension of 0. The actual dimension is then also 0 if the Kahler metric of 
the target space X is generic. Counting (with signs, as always) the solutions that are in 

94 Likewise in discussing below other constructions of the web-based approach, all bulk or boundary 
vertices not labeled by © will be (-vertices. 
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Figure 144: (a) A region W in the 5-plane; a strip coming in from the left opens out to the half¬ 
plane T-L. (b) A ("-web in the region W. The web sketched here is a simple one in which two BPS 
solitons emitted from the boundary join into one. This web corresponds to a moduli space of zero 
dimension if and only if the indicated boundary vertices are possible only at specific points along 
the boundary, because the ^-solitons in question can be emitted only when the boundary slopes at 
a favored angle. 

zero-dimensional moduli spaces and with the asymptotics that we have specified gives the 
matrix element of the desired operator U from |<^) to |</>^ eb (oo)). The map U that is defined 
this way preserves the fermion number since it comes from components of moduli space 
with expected dimension 0. 

In this construction, the width of the strip in the left half plane is arbitrary. In 
particular, we are free to choose this strip to be much wider than the natural length scale 
of the massive LG theory under study. If we do this, then a ^-instanton contributing to 
U can everywhere be represented by a £-web. A possible example is sketched in Figure 
144(b). (The £-web associated to a £-instanton without moduli extends only a bounded 
distance to the left down the strip, but given the desired fan-like asymptotics for x 0, 
it is unbounded to the right.) Computing the dimension of the moduli space associated to 
such a web involves some new ingredients, which we will not explore, since some boundary 
vertices might exist only when the boundary is oriented at a favored angle. If we work 
with wide strips, then other solutions that we encounter presently are similarly web-like. 

As in eqn. (10.45), U induces a map on cohomology, in other words a linear transfor¬ 
mation U : because it obeys (up to sign) 

QJ eh U = UQ C . (15.3) 

The proof of this formula proceeds like the proof of eqn. (10.45). We consider the 1- 
dimensional moduli space A4 of solutions of the ^-instanton equation on the region W, 
which we require to have asymptotic behavior corresponding to basis vectors |<^) and 
|0^ eb (oo)) (whose fermion numbers now differ by 1, since A4 is 1-dimensional). The moduli 
space A4 in general has several connected components. As usual the compact components 
do not affect the following discussion. Alternatively, a given component Ai a of Ai could 
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Figure 145: The two types of end of a 1-dimensional moduli space of ("-instantons on the region 
W are depicted here. (These webs correspond to 1-dimensional moduli spaces if the web in Figure 
144(b) has a zero-dimensional moduli space. As observed in the caption to that figure, this depends 
on some assumptions about the boundary vertices.) The end in (a) correponds to the C-instanton 
of Figure 144(b), which contributes to U , concatenated with a ("-instanton on the strip, which 
contributes to Q^. An end of this type contributes to the product UQq. The end in (b) is made by 
replacing the abstract vertex in Figure 143(b), which contributes to Q^ eb , with the C-instanton of 
Figure 144(b), which contributes to U. An end of this type contributes to the product Q™ eb U. 

instead be a copy of R, with two ends. Such ends are of two possible types as illustrated 
in Figure 145. One type of end contributes to the left hand side of eqn. (15.3), and one 
contributes to the right hand side. If a given component Ai a has two ends of the same type, 
these ends both contribute to the same side of eqn. (15.3) but with opposite signs. If the 
ends are of opposite types, one end contributes ±1 to the left hand side of the identity and 
one makes an equal contribution to the right hand side. After summing the contributions 
of all 1-dimensional components Ai a of Ad, we arrive at the identity (15.3). 

The interpolation we have made to define the map U involved a number of arbitrary 
choices: the region W was not uniquely determined (we only specified its asymptotic form), 
the Kahler metric on the target space X is supposed to be irrelevant, and for that matter 
the Kahler metric on W should likewise be unimportant, as long as its asymptotic behavior 
is kept fixed. To show that the induced map U on cohomology does not depend on the 
choices, one needs an identity of the same form as eqn. (10.48). If IAq,Ui : M®,*/ , 

are computed with two different choices related by homotopy, we need a map E : 
of fermion number —1 obeying 

^i-^o = ey b E-EQ c . (15.4) 

This is established by imitating the proof of eqn. (10.48): one interpolates between the 
choices made to define Uq and ZYi, and then looks at certain 1-dimensional moduli spaces. 
These moduli spaces have ends of four types that correspond to the four terms in eqn. 
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Figure 146: (a) Since the region Y is homotopic to an infinite strip, counting of £-instantons on 

Y gives a map V that induces an isomorphism on cohomology, (b) Restriction of a £-instanton on 

Y to the dotted semi-circle reveals a fan of solitons that determines a basis vector of This 

implies that the map V determined by £-instantons on Y can be factored through U , implying that 
U also induces an isomorphism on cohomology. 

(15.4). The map E is defined by counting exceptional solutions of the ^-instanton equation 
that exist only at specific points during the interpolation from U$ to U\. 

Finally, we would like to establish that the induced map U on cohomology is an iso¬ 
morphism. As in section 10.7, this is most naturally done by finding an inverse map. For 
this, we consider ("-instantons on the region Y sketched in Figure 146(a). A strip coming 
in from x = — oo opens out to a very large portion of the right half-plane (compared to the 
width of the strip) which is part of Y, but eventually this is cut off and the region Y reduces 
back to a strip for x +oo. By counting ("-instantons on Y that are independent of x for 
x ±oo, we get a linear map V : M^^/. The induced map on cohomology is the 

identity. (If Y were replaced by a simple product Rxl, rather than a region asymptotic to 
such a product, then V would be the identity even before passing to cohomology; a special 
case of what is explained in the last paragraph is that the induced map on cohomology is 
unaffected if R x / is replaced by Y.) On the other hand, the C-instantons contributing to 

Y have a web-like description, as illustrated in Figure 146(b). If one of these solutions is 

restricted to the semi-circle indicated in that figure, it determines a labeled fan of vacua or 
in other words a basis vector |<^ eb (oo)) of Accordingly, the map V can be factored 

as V' o Z7, where U : M^ e Jg, was defined above, and V' is a map in the other 

direction. It follows that the map U on cohomology is an isomorphism. 

15.3 Multiplication 

Let 53,53', and 53" be three branes. In the cr-model approach, a string state x G 
and a string state y G are multiplied by joining the two strings (Figure 147(a)). 

This operation gives a bilinear map m 2 : 0 M<£/,<£// —» 

On the other hand, there is also a bilinear product M 2 : M^ e ^, 0 M^ b ^„ 
defined in eqn. (5.17). The definition is as follows. We recall that an element of M^ e ^, 
or represents a half-plane fan of solitons emanating from an abstract vertex. To 
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Figure 147: (a) In the cr-model approach, the multiplication ( 8 ) —>• is 

defined by joining open strings, (b) In the web-based approach, the multiplication Hom(Q3,Q3') (8) 
Hom(Q3', 03") —> Hom(®,93") is defined by configurations similar to rigid half-plane £-webs but 
with abstract vertices (depicted as ® in the figure ) at two specified points on the boundary. 



Figure 148: In (a), we multiply two string states within the cr-model approach, and then apply 
the map U to the web-based category. The string states come in from the left, are multiplied when 
the two strings join, and are mapped to the web picture when the strip widens out into a half-plane. 
In (b), we first map each state separately to the web-based category, and then multiply them using 
the multiplication law of that category. The two results are equivalent modulo a sum of terms in 
which the differential Q^ or Q^ eb acts on the initial or final states, because the regions X and X' 
of the s-plane can be deformed into each other without altering anything at infinity. Under this 
deformation, the ^4-model action changes by an exact term, which after integration by parts is 
equivalent to a sum of contributions in which the differential acts on external states. In particular, 
these contributions vanish if we consider the multiplication law on cohomology. 

multiply two such fans, we place the two abstract vertices at chosen points on the boundary 
of the half-plane T~L and draw a picture that is analogous to a rigid £-web except that two 
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of the vertices are abstract vertices rather than ("-vertices. (Choosing the points at which 
the two abstract vertices are inserted on the boundary of T~L can be understood as dividing 
by the translation and scaling symmetries of H.) This procedure is illustrated in Figure 
147(b); every line or vertex in this figure, except the two abstract vertices that are denoted 
as ©, represents a boosted ("-soliton or ("-instanton solution with appropriate asymptotics. 
Then for 5f eb G 8% eh G M^„, we want to define M 2 (8f eh 0 8% eh ) G M^„. 

The definition is as follows: the coefficient with which a given basis vector of MJg e Jg„ - 
corresponding to an outgoing fan of solitons at infinity - appears in M 2 (5J eh 0 (^ eb ) is 
given by counting (with signs, as usual) the possible rigid pictures of the type sketched in 
Figure 147(b). 

We now should recall that we also have, for any branes 23 i, 2$2> the natural map 
U : M© 1 )S b 2 -4 M^ e i b (g 2 . So given € M©,©/, S 2 G we have two ways to produce 

an element of : 

(i) We first multiply S\ and 8 2 in the cr-model approach, and use U to map the result 
to the web-based category, to get U(m 2 (8i 0 5 2 )) C 

(ii) Alternatively, we first map S\ and 8 2 to US\ and U8 2 in the web-based category, 
and then use the multiplication M 2 in that category, to get M 2 {U8\ ®U5 2 ). 

The relation between these two procedures is that there is a map E : M^^/0M^/^// 
reducing the fermion number by 1, such that 

M 2 o(U®U)-Uom 2 = Q ^ eh E - EQ C . (15.5) 

This formula can be understood by considering Figure 148. In part (a) of this figure, two 
open strings join to a single open string - corresponding to the operation m 2 in the cr-model 
approach - and then the worldsheet of that string opens out to a half-plane - giving the 
map U to the web-based category. Solving the ("-instanton equation in the region X of 
Figure 148(a), with asymptotic conditions of the standard type at the ends, gives a matrix 
element of U o m 2 . In part (b), each open-string worldsheet fans out into a region of a 
half-plane, with opening angle tt, to describe the separate action of U on S\ and S 2 (in other 
words to describe IA®U ), and then, on a larger length scale, the two regions fit into a single 
half-plane, to describe M 2 (U®U) . Solving the ("-instanton equation on the resulting region 
X', with the standard type of asymptotic condition, gives a matrix element of M 2 o{U®U). 
To understand the relation between corresponding matrix elements of M 2 o{U®U) and of 
U o ui 2 , we need to compare the counting of ("-instantons in the regions X and X' of figures 
148(a) and (b). 

Those regions are topologically the same, and differ only by a change of metric; more¬ 
over, this change of metric is trivial near infinity. As in the A-model the stress tensor 
is Q-exact, so the change in the action resulting from a change in the metric is Q-exact. 
After integration by parts, a Q-exact term in the action leads to contributions in which the 
differential acts on initial or final states; these contributions make up the right hand side of 
eqn. (15.5). Thus the origin of the right hand side of this equation is precisely analogous 
to the origin of the right hand side of eqn. (10.48) of section 10.7. 

A detailed explanation of the right hand side of eqn. (15.5) - by describing moduli 
spaces of solutions of the ("-instanton equation, rather than by a quantum field theory 
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argument using Q-exactness - would proceed much like the explanation of eqn. (15.4). 
One would pick an interpolation between the two pictures of Figure 148(a,b), involving a 
new parameter u. Including u in the description, one would look at one-parameter families 
of solutions of the ("-instanton equations. Such families would have ends of four possible 
types, which would contribute to the four terms in eqn. (15.5). In particular, E would 
be computed by counting exceptional solutions of the ("-instanton equation that exist at 
special values of u. 

The map m 2 induces a map on cohomology groups, m 2 : an d 

likewise M 2 induces a map M 2 : ^ . When we pass to cohomology, 

the right hand side of eqn. (15.5) drops out and we get U o m 2 = M 2 o (U © U). In other 
words, the isomorphism between the cohomology groups of the two categories coming from 
U extends to an isomorphism between the two multiplication laws. 

15.4 The Higher Aoo Operations 

The cr-model and web-based categories also have higher multiplication laws, which we have 
described in sections 11.3 and 5.2. In either case, one is given branes 23o,..., of class 

and elements Si G or G M^ b i , i = 1,_, n which can be multiplied to 

get m n ( 6 1 ® <5 2 ® ® 5 n ) € M® 0i ® n or M n {5^ h ® <^ eb <8> • ■ ■ <8> S^ h ) G We want 

to compare these operations. First let us summarize the two definitions. 

In the cr-model approach, m n is defined by joining together n open strings (via a 
worldsheet with disc topology) to make a single string; one has to integrate over the n — 2 
real moduli that are involved in this gluing. Since we depict strings in the cr-model approach 
as propagating from left to right, we depict this gluing as in Figure 149(a). The moduli 
in the gluing are the differences between the horizontal positions X{ of the joining events. 
We should point out, however, that in an A-model, “integrating” over the moduli has a 
special meaning. Amplitudes are defined in the A-model by counting (with signs) solutions 
of the ^-instanton equation that have appropriate asymptotics. If the fermion numbers of 
external states are such that the matrix element of m n that we are trying to compute is 
not trivially zero, then the expected dimension of the moduli space Ai of ("-instantons is 
0. Generically, M then actually consists of finitely many (nondegenerate) points, which 
correspond to solutions that exist only for particular values of the n — 2 moduli of Figure 
149(a). Given this, the “integration” that is involved in evaluating a matrix element of m n 
reduces to the sum of finitely many delta-function contributions, corresponding to these 
solutions. 

In the web-based description, the higher multiplication operation M n of eqn. (5.17) 
can be described as follows. The elements 5^ eb that we wish to multiply correspond to 
morphisms attached to the © symbols in Figure 149(b). To compute a matrix element 
of M n from eb © • • • © <^ eb to a given fan at infinity, one counts certain pictures of the 
form shown in the figure. (Recall the morphisms dictate a particular fan of solitons at 
each abstract vertex ©.) In the figure, as usual, all vertices are ("-vertices, except that 
the © symbols represent abstract vertices. We only care about pictures like that of Figure 
149(b) modulo the translation and scaling symmetries of the right half plane. We can use 
those symmetries, for example, to fix the top and bottom abstract vertices in the figure 


- 325 - 



Figure 149: The purpose of this picture is to sketch the higher A ^ operations m n and M n in 
the a- model approach and in the web-based approach. (We take n = 4 for illustration.) (a) In the 
cr-model approach, m n is defined by joining n open strings and “integrating” over the differences 
between the horizontal positions X{ at which this joining takes place. (This is simply Figure 129(b) 
of §11.3, but rotated by an angle 7t/2.) (b) In the web-based approach, the multiplication is defined 
by counting rigid pictures such as that shown here. In this picture, there are n abstract vertices 
labeled by the symbol (*). One can use the scaling and translation symmetries of the right half plane 
to place the first and last of them at specified values of r, say 1 and 0; otherwise, the positions of 
the abstract vertices are unspecified. As usual, in the web-based approach, the abstract vertices 
represent morphisms Si G Hop(93i_i, ®$). All lines and all other vertices in the figure represent 
C-solitons or £-instantons with appropriate asymptotics. 

to specified positions, say r — 1 and r — 0. However, the locations of the other abstract 
vertices are then “moduli,” over which we have to integrate. An integration over this 
moduli space is hidden in eqn. (5.17), in the following sense. If the fermion numbers of 
the initial and final fans are chosen so that the matrix element of M n is not trivially zero, 
then (for generic superpotential) pictures of the form sketched in Figure 149(b) are rigid 
up to the translation and scaling symmetries of the right half plane, and each such picture 
determines the moduli - the positions of the abstract vertices - uniquely. In eqn. (5.17), 
no restriction is placed on the moduli and a given matrix element of M n is determined 
by counting (in our present language) all rigid £-webs with specified fans at the abstract 
vertices and at infinity. Since the moduli are unspecified, one can think of this procedure 
as an instruction to integrate over moduli space, where the integrand has a delta function 
contribution (with coefficient ±1) at any point in moduli space at which an appropriate 
picture exists. This “integration” is precisely in parallel with the integration in the cr-model 
approach to the Fukaya-Seidel category. 
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Figure 150: In (a), we sketch the worldsheet that can be used to multiply n open strings in the 
cr-model approach (sketched here for n = 4) and then map them to the web-based category. To 
instead map the open strings to the web-based category before multiplying them, we should use the 
worldsheet (b). The topological equivalence between the two pictures leads to the A^ equivalence 
between the two categories. 


Now we would like to compare the result of first multiplying n open strings in the 
cr-model approach and then mapping to the web description, on the one hand, with the 
result of first mapping to the web description and then multiplying, on the other hand. In 
other words we want to compare Uom n to M n o{U®...U). The basis for the comparison is 
shown in Figure 150, in which part (a) shows the worldsheets that must be used to compute 
Uom n , and part (b) shows the worldsheets that must be used to compute M n o(U 0* • -®U). 
As in section 15.3, these worldsheets differ only by having different Kahler metrics (the 
worldsheets can actually be identified in such a way that the metrics are the same at 
infinity). Since the Kahler metric is irrelevant in the A-model, in some sense there is an 
equivalence between U o m n and M n o (U 0 • • • 0 U). Technically the equivalence is a 
morphism of A^ algebras, a fact that can be understood as follows. 

A change in Kahler metric changes the A-model action by a Q^-exact term, which can 
be analyzed by integration by parts on the worldsheet. In the case of the multiplication law, 
this integration by parts leads to the terms Q^ eb E — EQ^ on the right hand side of (15.5), 
and certainly a term of this kind also appears in the difference M n o (ZY 0 • • • 0£Y) — Uo m n . 
What is new for n > 2 is that there are also moduli, and Q-exact terms can contribute 
total derivatives on moduli space, leading to surface terms on moduli space. Thus, U. is 
extended to include maps U : M^ 0 ^ 1 0 • • • 0 M^ n _ l7 ^ n (the map E in equation 

(15.5) is already the case n — 2), and the result of these surface terms is that there will be 
extra terms in the identity: 
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1. The region where x^+ 1 ,..., £&+£/ ^ x i-> • • •, xXk+y+i ,..., x n in Figure 150(a) leads 
to terms of the form 

,4,^(4+ir** j^fe+jfeOj^ife+ife'+ir * * A) (15.6) 

with k' < n. 

2 . The collision of abstract vertices in Figure 150(b) leads to operations ZY(5i,..., Sj) 
and terms of the form 

(jA (5l, * * $k\ ) 5 1A ($£^+1 5 ^k\+k2 )> * * • ? 1A h^s-i+15 ' ^n)) (15.7) 

Taking all boundaries into account and recalling that Q £ = m\ and Q web = M\ we 
find that U. is simply an A^-functor: 

E E M s (U(Pi),... ,U(P S )) = ep 1) p 2t p 3 U (Pi 1 m P2 (P 2 ).,P‘i) (15.8) 

* Pa S {P) Pa 3 (P) 

where P = {Si,... ,S n } and p k = \P k \. 

From a physical point of view, one would simply summarize the above discussion as 
follows (in the context of the A-model): An A^ algebra or category is a way of describing 
the tree level approximation to an open-string theory. Two open-string theories whose 
construction differs by Q^-exact terms should be equivalent. A map from one open-string 
theory to another that maps the operations of one to the operations of the other, modulo 
Q^-exact terms, should be an equivalence. 

16. Local Observables 

16.1 The Need For Unfamiliar Local Observables 

The familiar local observables of the A-model with target X are associated to the coho¬ 
mology of X. One way to describe the local operator corresponding to a given cohomology 
class makes use of a dual homology cycle. Indeed, if H C X is any oriented submanifold, 
one defines in the A-model a local operator Oh as follows. In general, A-model observables 
on a two-manifold X are defined by counting holomorphic maps $ : X —» X (or solutions of 
a corresponding ^-instanton equation) that obey suitable conditions. An insertion of Oh 
at a point p G X imposes the condition that $(p) must lie in H. The fermion number of 
Oh is the codimension of 5; it is also the degree of the cohomology class dual to H. It is 
also possible, in a standard way, to define one-form and two-form descendants of Oh- 

However, even in the absence of a superpotential, these familiar A-model observables 
are not the whole story. To see this, let us consider the 5-model of C* = R x S' 1 , where 
S 1 is a circle and we regard C* as the quotient of the complex 0-plane by 0 ^ 0 + 27ri. 
We recall that in general the most familiar local observables of the 5-model with target 
X correspond to elements of H P (X , A q TX), where TX is the tangent bundle of X. To be 
more precise, an element of H p (X,A q TX) corresponds to a local 5-model observable of 
fermion number p + q. In particular, setting p — q — 0, we have the holomorphic functions 
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O n = e n< ^, n G Z, and these correspond to observables of fermion number 0. 5°(C*,TC*) 
is also infinite-dimensional, with sections O n — e n ^d^. These correspond to observables of 
fermion number 1. (This completes the story, since 5 1 (C*, A g TC*) = 0 for all q.) 

By T-duality on the second factor of C* = M x S' 1 , we can map the 5-model of C* to 
the A-model of a dual C*, namely M x S' 1 , where S 1 is the circle dual to the original S 1 . So 
the A-model of C* must also have infinitely many local operators of fermion number 0 or 
1. The standard construction gives only one local operator of degree 0 and one of degree 
1, since the cohomology of C* is of rank 1 in degree 0 or 1 and vanishes otherwise. What 
are all the other local observables of the A-model of C*? 

Going back to the 5-model, the observables corresponding to Oo and O o have mo¬ 
mentum 0 around the circle in C* =RxS' 1 , and they correspond to the standard A- model 
observables, i.e. the cohomology classes mentioned in the first paragraph of this section. 
But the operators O n , O n with n ^ 0 carry momentum around the circle. Their duals will 
have to correspond to A-model observables with winding number. 

What is an A-model observable with winding number? It is a disorder operator, which 
creates a certain type of singularity in the holomorphic map (or solution of the £-instanton 
equation) that is counted in the A- model. Let us take the worldsheet E to be the complex 
s-plane and let us parametrize the dual C* of the A-model by a complex variable (f> with 
</> ^ </> + 2ni. An A-model observable of winding number n, inserted at a point s = so, 
imposes a constraint that the holomorphic map (j)(s) should have a singularity at s -A so 

cf)(s) ~ nlog(s - s 0 ), (16.1) 

where n is the winding number. Indeed, this singularity of </>(s) is characterized by the fact 
that as s loops around so, </>(<§) loops n times around the second factor in C* = R x S 1 . 

Actually, the concept of a disorder operator in the A-model, which creates some sort 
of singularity in a holomorphic map, is much more general than the concept of an A-model 
observable that carries winding number. It is not difficult to give a more sophisticated 
example of a 5-model with infinitely many observables such that the dual A-model has a 
target space with finite rank cohomology that moreover has a trivial or finite fundamental 
group. 95 In such a situation, most of the 5-model observables will correspond to disorder 
operators of the A-model, but these operators cannot be characterized by their winding 
numbers. To describe them requires more insight about what sort of condition should be 
placed on the singularity of a holomorphic map. 

We will not pursue this issue here. Instead, we will consider a more sophisticated 
example of an A-model that must have local observables of an unfamiliar sort. This example 
will provide a good illustration of ideas we develop later. 

Our example is the 5-model of CP 1 . In this example, 5°(CP 1 , O) = C; 5°(CP 1 , TCP 1 ) 
is of rank 3 (and corresponds to the Lie algebra of SL( 2, C)); and 5 1 (CP 1 , A^TCP 1 ) = 0, 
q = 0,1. So the space of local observables has rank 1 in fermion number 0 and rank 3 in 
fermion number 1. 

95 A good example is the B-model on Hitchin moduli space in a complex structure other than d=/. Consider 
the mirror duals of the characters of holonomies of the flat gauge field parametrized by the moduli space. 
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The 5-model of CP 1 has a mirror that can be obtained [47] by T-duality on the orbits 
of a 5( 1) subgroup of the 55(2, C) symmetry group of CP 1 . This dual has target space C*, 
which we again parametrize by a complex variable (j) with (f) ~ (/) + 2ni. In the cr-model, 0 
is promoted to a chiral superfield. The difference between the mirror of C* and the mirror 
of CP 1 is that in the latter case, there is a superpotential 

W = e* + e~*. (16.2) 

The 5( 1) symmetry of the 5-model that is used in the T-duality is converted to the 
winding number symmetry of the A -model of C*. (Except for the Weyl symmetry (j) —</>, 
which will play an important role, the rest of the 55(2,C) symmetry of the 5-model is 
not manifest in the A-model mirror.) So let us enumerate the 5(1) charges of the 5- 
model observables. This will tell us something about what to expect in the A-model. The 
observable of the 5-model of CP 1 of fermion number 0 corresponds to the constant function 
1; it is 5(l)-invariant, so its dual will be an A-model observable of winding number 0. The 
three observables of the 5-model of CP 1 with fermion number 1 correspond to the Lie 
algebra of 55(2, C), so (if we normalize the 5(1) generator to assign charges ±1/2 in the 
two-dimensional representation of 55(2, C)) they have 5(1) charges 1,0,—1. 

This then gives our expectations for the A -model of C* with the superpotential of eqn. 
(16.2): there should be one observable of fermion number 0 and winding number 0, and 
three observables of fermion number 1 and winding number —1,0,1. We return to this 
example after developing the necessary machinery. 

We have explained here one reason, based on T-duality, that in general closed-string 
disorder operators must be considered in the A-model with a noncompact target space. 
This argument could be adapted for open-string observables, but instead in section 16.2, 
we give a different explanation of why in the A -model with a superpotential, the natural 
class of local open-string observables includes disorder operators. 

16.2 Local Open-String Observables 

Local open-string observables in the presence of a superpotential can be studied rather 
directly using the construction already described in section 15.2. (To adapt this for closed 
strings will require some further ideas that are explained in section 16.3.) 

An open-string observable is inserted at a point p in the boundary of a string world- 
sheet E. The point p locally divides the boundary into two pieces which in general are 
labeled by branes 2$i and that are supported on Lagrangian submanifolds C\ and £2 
(Figure 151). In the ordinary A-model with compact target space X, the space of local 
operators that can be inserted at p is the same as the space of (£ 1 ,^ 2 ) strings. To argue 
that this is also true in the presence of a superpotential, we return to Figure 144(a) of 
section 15.2, where a strip comes in from the left of the s-plane and attaches to the right 
half-plane. In the limit that the strip is very narrow, the incoming string can be replaced 
by a local operator of some sort inserted at a point on the boundary, as in Figure 151. 
However, there is some subtlety in describing this local operator. 

A-model observables are computed by summing contributions of solutions of the £- 
instanton equation (or simply the equation for a holomorphic map if the superpotential 
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Figure 151: The vertical line is the boundary of a string worldsheet E. A point p G S divides the 
boundary in portions that are mapped to two different Lagrangian submanifolds C\ and £ 2 , which 
are the supports of branes 05 1 and 05 2 . 


vanishes). Thus, whatever we compute in the picture of Figure 144(a) involves summing 
over solutions of the ^-instanton equation in the geometry W of that picture. In the limit 
that the strip that comes in from the left in Figure 144(a) is very narrow, W can be replaced 
by the right half-plane E of Figure 151 and a solution of the ^-instanton equation on W 
converges to a solution on E. However, the limiting solution on E might have a singularity 
at p. 

If the limiting solution has no singularity at p, we call the local operator O that is 
inserted at p an order operator. In this case, the role of O in the A-model is to put a 
constraint on the solution of the ^-instanton equation. We will explain this more precisely 
in a moment. Alternatively, the limiting solution might have a singularity at p. In that 
case, we call O a disorder operator. Such a disorder operator is characterized by the precise 
type of singularity that occurs at p\ this is determined by the choice of the open-string state 
that comes in from the left in the original description on W. 

In the conventional A-model with compact target space (and therefore no superpo¬ 
tential), all local open-string (and closed-string) observables are order operators. We will 
recall why this is true and explain why it is not true in the presence of a superpotential. 
More fundamentally, we will see that in the presence of a superpotential, the distinction 
between order and disorder operators is not really natural for open-string observables of 
the A-model, in the sense that it is not invariant under independent Hamiltonian symplec- 
tomorphisms of C\ and £ 2 - This fact will provide useful background for our study of the 
closed-string case in section 16.3. 

Let us look at Figure 151 and ask what an order operator might be. In doing this, 
we will assume for simplicity that C\ and £2 intersect transversely at finitely many points 
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rq,..., r*;. We can expect to reduce to this case 96 by applying suitable Hamiltonian sym- 
plectomorphisms to C\ and £ 2 . What can a solution of the ^-instanton equation on the 
half-plane £ look like in this situation, assuming that it has no singularity at pi The upper 
half of the boundary is mapped to £1 and the lower half to £ 2 - So the point p must be 
mapped to one of the intersection points rq,..., G £1 H £ 2 . For each such point, we can 
define a local operator O rk that imposes a constraint that the point p must be mapped 
to rq. It is not true necessarily true that the O rk are A- model observables, because there 
might be a nontrivial differential acting on the space spanned by the O rk . (This will hap¬ 
pen, in particular, if C\ and £2 were chosen to have unnecessary intersections that could 
be deformed away.) Rather, one can define a complex with basis given by the O rk such 
that the cohomology of this complex is the space of local A-model open-string observables. 

To see that all A-model open-string observables in the absence of a superpotential 
are order operators, let us just ask what is the space of (53 1 , QS 2 ) strings in the ordinary 
A-model without a superpotential. A classical zero energy state of an open-string, with the 
left endpoint mapped to £1 and the right endpoint mapped to £ 2 ? is given by a constant 
map of the string to one of the intersection points G £1 n£ 2 - So the MSW complex of the 
open strings has a basis corresponding to the rq. The differential acting on this complex 
is the same as the differential acting on the corresponding space of operators O rk . This 
follows by a standard argument involving a conformal mapping from a strip 1 > Im s > 0 
in the complex 5-plane, on which one defines the MSW complex, to the half-plane £ of 
Figure 151. In this mapping, the left end of the strip (where an initial string state comes 
in from Re s = — 00 , as in Figure 144(a)) is mapped to a boundary point p at which a local 
operator is inserted. 

The reason that this argument does not apply in the presence of a superpotential is 
that when there is a nontrivial superpotential the MSW complex does not have a basis 
corresponding to the intersections of C\ and £ 2 . Rather, as we explained in section 11.2.3, 
it has a basis corresponding to intersection points of £™ with £ 2 , where w is the width 
of the strip on which we quantize and £™ is obtained from £1 by Hamiltonian flow for 
“time” w with Hamiltonian ^Re ((iThe reason for the “extra” factor of —i is that 
far down the funnel of Figure 144(a) the relevant £-instantons are (to exponentially good 
accuracy) x-independent, and therefore solve the soliton equation in the r-direction with 
phase £ -A —i(. There is no simple correspondence in general between C™ fl £2 and £1 D£ 2 - 

In order to define a local operator we need to take the limit w -A 0 of the solution to the 
C-instanton equation in the geometry of Figure 144(a). We consider (5Si, 5 S 2 ) strings such 
that the corresponding supports £i ,£2 are both of class T^, as defined in Section §11.2.6 
above. As long as w > 0 there will be a finite number of points in Cf D£ 2 - However, it can 
happen that as w -A 0 some of those points move off to infinity. If the intersection point 
moves off to infinity as w -A 0 then the limiting solution on the positive half-plane 
must be such that -A 00 as q -A p. Such solutions correspond to disorder operators. 

The remaining points in the intersection £™ D £2 will have smooth limits to intersection 

96 We can expect to do this even if 05 1 = 552. This case arises in mathematical work on the Arnold- 
Givental conjecture, and its special case, the Arnold conjecture. The work of A. Floer on the Arnold 
conjecture in the 1980’s was one of the original mathematical applications of the A-model. 


- 332 - 



y u id 


Figure 152: Three tubes have been attached to the complex 5-plane. Closed-string states will 
propagate in from these tubes. In the limit that the circumference of the tubes goes to zero, these 
closed-string insertions will converge to local closed-string operators of the A-model. 


points in £iD£ 2 . Such solutions correspond to order operators, as in the standard A -model 
without superpotential. It can well happen that £1 n £2 = 0 and yet £f fl £2 is nonempty 
for all positive w. (For an example, consider the two Lagrangians v = u ± e in the upper 
left region of Figure 128.) In this case all the local operators in Hop(55i, $$ 2 ) are disorder 
operators. 

We have just explained that the local operators in Hop(2$i,2$2) will, in general, con¬ 
sist of both order and disorder operators. Actually, this distinction is not invariant under 
Hamiltonian symplectomorphisms applied separately to C\ and £ 2 - The relevant symplec- 
tomorphisms p in this case are those that preserve the region X £ (and which are isotopic to 
the identity). Recall from Section §11.2.6 that Xq is the preimage under W of the rectangle 

As we saw in the example of Figure 125, such symplectomorphisms can map a pair 
£ 1 , £2 with nontrivial intersections to a pair (^(£ 1 ), £2 with no intersections. Hence, while 
there is a well-defined space Hop(55 1 ,552) of boundary-condition-changing local operators, 
there is no invariant distinction between which operators are order operators and which 
operators are disorder operators. This fact will be useful background for our study of the 
closed strings. In that study, we will consider all local operators together, and it will not 
be very apparent which are order operators and which are disorder operators. 

16.3 Closed-String Observables 
16.3.1 Twisted Closed-String States 

For closed-string observables, there is an essentially new ingredient. We associated open¬ 
string observables to ordinary open-string states, but closed-string observables will be as¬ 
sociated to what one might call twisted closed-string states. 
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By analogy with Figure 144(a), which was the starting point to define the map from 
open-string states to the corresponding local observables, we can start by considering a 
worldsheet £ - we will take it to be the complex 5-plane - to which semi-infinite tubes 
are attached (Figure 152). Closed-string states of some kind will be inserted at the ends 
of these tubes. In the limit that the tubes shrink to zero circumference, the tubes and the 
incoming closed-string states can be replaced by local operator insertions. The question is 
what kind of closed-string states we will have to use in this process. 

The complex 5-plane £ with the tubes attached is conformally equivalent to the 5-plane 
with finitely many points 5i,..., 5& removed. However, as the H-model with a superpo¬ 
tential is not conformally-invariant, we have to specify a Kahler metric on the punctured 
5-plane. We want this metric to be tubelike, so we choose something like 


d£ 2 


|ds| 2 



(16.3) 


with small positive constants 

To formulate the H-model with superpotential on the punctured 5-plane, we need to 
study the ^-instanton equation. It will have the form 


dc/) 1 


t ** 17 


dW 

d~4> J 


= 0 , 


(16.4) 


where £ will be a (0, l)-form that should be everywhere non-zero. In fact £ should be such 
that vol := is the positive (1,1) form associated with the metric d£ 2 (where £ is the 

complex conjugate of £). Indeed, let S 1 denote the left-hand-side of (16.4). Then one can 
show that on any Riemann surface £ with boundary: 


—2i 



/ fjj jdq) 1 * <10 + hoi g IJ d I Wd 7 W - 2 

J X 

[ Re ((Wdl) +2 <f Re (CWf) 

JS JdY, 



(16.5) 


where the Hodge * in line one is computed with the metric whose (1, l)-form is vol = 
Returning to the metric (16.3), a simple choice for £ is: 


£ = d 5 



1/2 


(16.6) 


This expression has norm one near the punctures and is free of zeroes. But it leads to 
“twisted closed-string states,” as we now explain. 

To study the closed-string state that is inserted at 5 = Sj, we set z = ilog(5 — 5j), and 
write 

z = x + ir, 0<£< 27 t, (16.7) 

so 

5 — Sj = exp(—i z) = e T e~ lx . (16.8) 
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Conventions have been chosen to match with Section §11, with x and r understood as 
“space” and “time” coordinates for the closed string and with Section §7 for wedge webs. 
In the limit that s —» that is, such that r —»• — oo, the ^-instanton equation (16.4) 

becomes 


dtf Ce ix , ndW 

w = 


(16.9) 


Apart from a factor of fi this differs from the standard form of the ^-instanton equation on 
the flat z-plane (i.e., with the substitution s z in eqn. (11.18)) in one important way: 
£ is replaced by = i(e lx . Thus, effectively all values of £ are realized at a unique point 
along the circle parametrized by x = R ez. 

This twisted version of the ^-instanton equation describes gradient flow in the r = Im z 
direction, with a superpotential that is the obvious generalization of eqn. (11.8): 


h := 



(16.10) 


We call this a “twisted” version of the usual superpotential, where what is “twisted” is £ 
as a function of x. 

The standard machinery of supersymmetric quantum mechanics and the MSW complex 
can be used with this superpotential to determine what we will call the twisted closed-string 
states. Twisted closed-string states are the ones that correspond to local closed-string 
observables of the A-model with a superpotential. In the absence of a superpotential, the 
twisted ^-instanton equation, just like the ordinary one, would reduce to the equation for 
a holomorphic map, and the twisted closed-string states would reduce to the standard 
closed-string states of the A-model. 

For the twisted theory to be satisfactory, and to give a space of twisted closed-string 
states that has the expected invariances of the A-model we need to know that the critical 
points of h and the flows between them cannot go to or from infinity as one varies the Kahler 
metric of the target space X or of the tube parametrized by z. In later applications, we 
need an analogous compactness result for solutions of the ^-instanton equation on a more 
general worldsheet E, such as that of Figure 152, with tubes attached, and possibly with 
boundaries. A sufficient condition for such compactness arguments is that 


|d ^| 2 > \w\ 


(16.11) 


at infinity on X. This condition is satisfied for most interesting choices of X (and its Kahler 
metric) and W. To show the relevance of the condition (16.11), we refer to equation (16.5) 
above. On the second line there is an extra term proportional to W. The condition (16.11) 
means that near infinity on X, this extra term is subdominant compared to the |dVF| 2 
term that appears in the first line of equation (16.5). One expects that in a rigorous 
mathematial theory, this will give the compactness of moduli spaces of twisted ^-solitons 
and ^-instantons that is needed to justify the reasoning that follows. 
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16.3.2 Fans Of Solitons 


In the above construction, the Kahler metric on the tube is R 2 \dz\ 2 1 where for the j th closed- 
string insertion, R — fj. Though the cr-model is not conformally-invariant, as always (given 
the compactness that was just explained) the cohomology of the MSW complex does not 
depend on the Kahler metric. The connection to local operators arises if R is small. If R is 
large, we can get a useful alternative description of the MSW complex. Almost everywhere 
along the circle, the cr-model fields will sit at a critical point i G V, corresponding to one 
of the vacua of the theory. An ij soliton involving a transition from vacuum i to vacuum 
j can occur at a unique angular position x along the circle, namely the position at which 
the effective value (gff = i(e lx of £ coincides with the value (ji = —i (Wj — Wi)/\Wj — W{\ 
(eqn. (11.15)) at which an ij soliton can actually occur. The condition for this is x = xji 
with 


Wj - Wi 

iWj - Wi 


—(e iXji . 


(16.12) 


Using the relation between the vacuum weights of the web formalism and the critical values 
of W, which in this case becomes Zi(x) — CeffW^? we see that the Xji of equation (16.12) 
correspond precisely to the binding points of type ij of Section §7. (See equation (7.5).) 

Thus, when the radius of the tube is large compared to £w, & basis of the MSW 
complex is given by a cyclic fan of solitons, arranged at preferred locations around the 
circle. This might not be a complete surprise, since in the abstract discussion of local 
operators in section 9, such a cyclic fan of solitons gave a basis for the complex that was 
used to describe local operators. (Vacua in such a fan were enumerated in clockwise order, 
which in view of eqn. (16.8) means in the order of increasing x.) 

The fact that the solitons have a preferred location along the circle has an important 
implication for the fermion number of a twisted closed-string state. Usually, a soliton along 
the real line has an arbitrary position. That is so because the appropriate superpotential 
(11.7) does not depend on the position of the soliton. The position of the soliton is a 
bosonic collective coordinate that has two fermionic partners. Quantization of the fermion 
zero-modes gives a pair of states differing in fermion number by 1, and accordingly the 
quantum soliton really represents such a pair states. 

Things are different for twisted closed-string states. The appropriate superpotential 
h of eqn. (16.10) depends on the angular position x* of a soliton. For an ij soliton, it is 
stationary at x* — Xj{. Moreover, as a function of x, h has a local maximum at x* — Xji 
if R is large enough. This splits the degeneracy between the two states of the soliton. In 
general, in Morse theory, an unstable direction contributes +1 to the fermion number of 
the quantum state associated to a critical point. So a twisted closed-string state in the 
classical approximation corresponds to a cyclic fan of solitons, with the upper value of the 
fermion number chosen for each soliton. This coincides with the recipe of section 9, once 
we take into account (12.15). 

To verify that h has a local maximum at x* = Xji, we will literally evaluate ft as a 
function of the assumed position x* of the soliton along the circle. Since the first term in h 
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Figure 153: A tube is attached to the complex 5-plane. Sketched is a solution of the £-instanton 
equation on the 5-plane with fanlike asymptotics at infinity on the 5-plane and with a solution 
asymptotic to a twisted soliton at the end of the tube. The solution has no simple description in 
the tube (unless the radius of the tube is large), but asymptotically it is fanlike. 

(namely — § X a du a ) is rotation-invariant, we only have to examine the x*-dependence of 

1 f 27T 

Ah = - dxRe (-i£ ~ l e~ w W ). (16.13) 

2 J o 

In this computation, assuming that the circle is very large compared to the internal struc¬ 
ture of the soliton, we can ignore that internal structure and think of the soliton as a 
discontinuity in the fields, which we assume jump from one vacuum i E V to another vac¬ 
uum j E V at x — x* along the circle. We work in an interval I : xo < x < x\ that we 
assume contains only one soliton. More specifically, we assume the fields are in vacuum i 
for xo < x < x* and in vacuum j for x* < x < x\ for some point x* E /. As usual, we also 
write Wi and Wj for the values of W in vacua i and j. The contribution to Ah from the 
interval / is 

rx* nx 1 

Ahj = I dxRe (-iC 1 e~ ix Wi) + dxRe (-iC _1 e“ ix iq) . (16.14) 

JXo JX* 

The second derivative of this with respect to x* is 

= Re (Wj - Wi )). (16.15) 

We want to evaluate this at x* = Xji, where xji satisfies eqn. (16.12). We get simply 

< 0. (16.16) 

So h has a local maximum as a function of the assumed position of the soliton, and hence 
the quantum soliton must be placed in the state of upper soliton number. 

To map the MSW complex of twisted closed strings to a complex of cyclic fans of 
solitons, we imitate the open-string construction of Figure 144 and equation (15.2). Thus, 
we seek to define a chain map 

U : M S 1 -> M£? b . (16.17) 


d 2 A hj 


dxl 


= -\Wj-Wi\ 
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Figure 154: A cyclic fan of solitons. The solitons emanate from a point that has been labeled ©. 
This is an abstract symbol that does not necessarily have an interpretation in terms of a solution 
of the £-instanton equation on the 5-plane, even a singular one. 

Here M 51 is the MSW complex of twisted closed strings, that is, periodic solutions of the 
soliton equation (16.9), and 

M£? b = R c (16.18) 

where R c is the complex defined in equation (9.2): It is the sum over all cyclic fans of 
solitons (where the singleton fan {z} corresponds to the vacuum fax) — fa). In analogy 
to equation (15.2) we define U by defining its matrix elements using the counting of (- 
instantons. If <pp(x) is a twisted closed-string state, and </>jf is a cyclic fan of solitons 
then the matrix element between (j)p{x) and <j)p is given by counting, with signs, the zero¬ 
dimensional components of the moduli space of the solutions to the following ("-instanton 
equation: We attach a tube to the 5 -plane as in Figure 153. We consider the £-instanton 
equation (16.4) with the choice of £ in (16.6) (with k = 1). The boundary conditions for 
s ^ Si (i.e. r —00 in the coordinates (16.8) ) are specified by the choice of twisted 
closed string state <fip(x), while the boundary conditions for s —)► 00 are specified by fan 
boundary conditions with data (f)p. We argue below equation (16.19) that U is a chain 
map. 

If the radius of the tube is large compared to £w, a twisted closed-string state in the 
tube is itself labeled by a fan of solitons, as explained above. The MSW differential Q^ sw 
itself can be represented by counting webs on the large cylinder. The solution in Figure 
153 has a simple description everywhere in terms of solitons: the solitons are located at 
fixed positions in the tube, and when the tube opens up to the 5-plane, they remain at the 
corresponding angular positions in the 5-plane. 

On the other hand, to understand local closed-string operators, we want to consider 
the tube to have a small circumference. A solution of the ^-instanton equation in this 
situation can then be represented by a fan only at large distances on the 5 -plane. We 
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consider all such fans and label the vertex from which a fan emanates as © as shown in 
(Figure 154). We think of this as an abstract vertex analogous to the abstract vertices that 
were labeled © in the open-string discussion. 

The abstract vertex does not necessarily represent a ("-instanton solution on the s- 
plane, not even a singular one. The reason for this statement is that the map IA from the 
twisted MSW complex to the set of cyclic fans is not necessarily injective or surjective if 
the tube has a small circumference. The only general statement, which we will justify in 
a moment, is that U. induces an isomorphism on cohomology; there is no simple general 
statement about how it acts on the complex. In the limit that the tube in Figure 153 has 
a small radius the ("-instanton sketched in that figure plausibly converges to a singular ("- 
instanton on the s-plane. But this does not give a natural way to interpret the © solution 
in terms of singular ("-instantons; when the radius is small, some cyclic fans of solitons 
might arise from more than one solution in Figure 153 and some might not arise at all. 
Just as © is can be viewed as a receptacle for open string local operators, so too © can be 
viewed as a receptacle for local closed-string operators. 

To prove that the map IA induces an isomorphism on cohomology, we simply repeat 
the reasoning from the open string case. First we show that 

Q™ eh U = UQf sw , (16.19) 

where Q^ sw is the differential of the MSW complex, and we will recall in a moment the 
definition of the corresponding web differential Q^ eb . This means that the map U. between 
the two complexes induces a map on cohomology. To show eqn. (16.19), we consider 
1-parameter families of ("-instantons in the geometry of Figure 153. 

We now make an argument of a type that should be familiar; accordingly, we will be 
brief. The compact components of A4 make no contribution. The noncompact components 
of At will have two ends. Each of these ends be one of two types. One type of end arises 
from convolving a ("-instanton solution on the punctured plane with a tunneling event 
between two closed-string solitons far down the tube. Such a tunneling event represents 
a contribution to Q^ sw . When it occurs far down the tube in the geometry of Figure 
153, this gives a contribution to IAQ^ SW , the right hand side of eqn. (16.19). The other 
possible type of end of At arises from convolving a ("-instanton solution on the punctured 
plane with a taut ("-web, as pictured in Figure 155. In this picture, all vertices except 
the one labeled © are ("-vertices (i.e. interior amplitudes) and represent solutions of the 
("-instanton equation with the indicated asymptotics. (The ("-web in the figure is taut if 
its only modulus, keeping fixed the position of the special vertex ©, is the one derived 
from scaling.) The vertex labeled © simply represents a cyclic fan of solitons emanating 
from a ("-instanton solution on the punctured plane. The web differential Q^ eb in the 
abstract treatment of local operators (described in Section §9) was defined as follows. Its 
matrix element from a given “initial” fan of solitons to a given “final” one is obtained by 
counting taut webs that interpolate from the initial fan at the origin to the final fan at 
infinity. In this counting, one considers only taut webs and one weights each vertex by the 
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Figure 155: A cyclic fan of solitons. The solitons emanate from a point that has been labeled ©. 
This is an abstract symbol that does not necessarily have an interpretation in terms of a solution 
of the C-instanton equation on the 5-plane, even a singular one. 

corresponding interior amplitude. With this definition of Q^ eb , an end of A4 of the second 
type represents a contribution to Q™ eh U. 

A given component A4 might have two ends of the same type. If so, they make canceling 
contributions to the left or to the right of eqn. (16.19). A component with ends of opposite 
types makes equal contributions to the left and to the right. As usual, any matrix element 
of either the left or the right can be interpreted as a sum of ends of one-parameter families 
of £-instantons. 97 The identity of eqn. (16.19) comes from summing the contributions of 
ends of 1-parameter families of £-instantons. 

So U induces a map, U , on cohomology. The fact that U is an isomorphism is proved by 
imitating the argument of Figure 146: one lets a tube fan out into a plane that then closes 
back into a tube, to give an inverse to U. The fact that U does not depend on arbitrary 
choices made in the construction is shown by an argument similar to the one discussed in 
relation to eqn. (15.4). 

16.3.3 More On The Mirror of CP 1 

We now return to an example described in section 16.1: the A-model mirror of the £>-model 
of CP 1 . This is a model with a single chiral superfield </>, with an equivalence </> = </> + 2ni 
so that it parametrizes X = C*, and with superpotential W((j)) = + e~^. 

The Weyl group of the original SL( 2,C) symmetry of the CP 1 acts by </> —>> —(/). This 
symmetry plays a significant role, so we want to pick a Kahler metric on X that respects 
this symmetry. For example, we can use the flat Kahler metric d£ 2 = |d</>| 2 . 

97 This is proved by the usual type of gluing argument. The convolution of a C-instanton on the punctured 
plane with a tunneling event far down the tube or a very large (-web is exponentially close to a C-instanton 
solution and can be slightly perturbed to make an exact solution. 
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Figure 156: Illustrating the path of for the four nontrivial solitons. 

The superpotential has two critical points at 0 = 0i = 0 and 0 = 02 = 7ri. The values 
of the superpotential at the two critical points are W\ — 2 and W 2 = —2. In particular, 
W\ — W 2 is real, and this means that 12 and 21 solitons only occur when ( = ±i. In 
turn this means that ImW will be a conserved quantity in the ("-soliton equation. Since 
Im W = 0 at each critical point, the soliton trajectory will be one along which ImW is 
identically 0. The locus Im W = 0 is the union of the real 0 axis, the line Im0 = 7r, and 
the circle Re0 = 0. (This is a circle because 0 = 0 + 27ri.) A trajectory on the real 0 axis 
or on the line Im0 = tv cannot connect the two critical points at 0 = 0 and 0 = 7ri, but 
we can connect them by a trajectory on the circle Re0 = 0. In fact, we can do this in two 
different ways: the soliton trajectory can be the “upper” segment 0 < Im0 < n or “lower” 
segment —n < Im0 < 0 (in each case with Re0 = 0). The ("-soliton equation on the real 
x-line determines a unique parametrization of these segments (as a function of x, and up 
to an additive constant) to make a 12 or 21 solition. So there are two 12 solitons, say 
and + 2 , where the superscript refers to the upper or lower soliton trajectory, and likewise 
two 21 solitons, s^. See Figure 156. 

Now we can enumerate a basis for the MSW complex. There are two states consisting 
of trivial fans that simply sit at critical point 1 or 2 on the whole circle. And there are four 
states consisting of a fan of two solitons s± 2 and that sit at antipodal points X 12 , X 21 on 
the circle, chosen to give the right values of £ e ff. 

We would like to know the winding numbers and fermion numbers of these six states. 
For the winding numbers, this is immediate. The trivial fans have winding number 0. For 
the four fans we observe that two of these four go forwards and then back along the 

upper or lower half of the circle, producing a net winding of 0. The other two states go 
all the way around the circle in one direction or the other, traversing first the upper half 
of the circle and then the lower half, or vice-versa. These two states have a net winding 
number of 1 and —1, respectively. 
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It is almost equally easy to determine the fermion numbers. The trivial fans correspond 
to states with fermion number 0. This is a universal statement about a massive A-model 
with a superpotential. A trivial fan corresponds to a closed-string state that lives in 
a particular vacuum i G V. Since the fermion number current is a Lorentz vector, its 
expectation value in any vacuum is 0 in infinite volume. In a massive theory, this statement 
is not significantly affected by compactification on a very large circle to get a closed-string 
state, so the state associated to a trivial fan always has fermion number 0 . 

What about the non-trivial fans of solitons? The fermion number of a fan is the sum 
of the fermion numbers of the individual solitons. The fermion number of an individual 
solition is an 77 -invariant computed from the non-zero eigenvalues of the Dirac operator, 
plus a contribution ±1/2 from the zero-modes. For the particular model under study here, 
with W = e^±e - ^, </> imaginary in a soliton trajectory, and imaginary, the appropriate 
Dirac operator V of eqn. (12.6) is odd under complex conjugation (or alternatively under 
conjugation with the Pauli matrix cr 1 ). This implies the spectrum is invariant under E —)• 
—E, and accordingly the 77 -invariant computed from the non-zero modes vanishes. 98 Hence 
each soliton has two states of fermion number ± 1/2 from quantization of the zero-modes. 
As explained in section 16.3.2, to make a fan we take for each soliton the state of upper 
fermion number. In the present context, this means that the solitons all have fermion 
number 1/2 and hence that each of the four fans ^ as a f erm i° n number of 1 . 

In summary, the MSW complex for this problem has a basis consisting of six states, 
as follows: ( 1 ) there are two states of fermion number 0 and winding 0 ; ( 2 ) there are four 
states of fermion number 1 and winding number 0 , 0 , 1 , — 1 . 

Since the differential of the MSW complex commutes with winding number, the two 
states of fermion number 1 and winding number ±1 will certainly survive in the cohomology. 
However, there could be a nonzero differential acting on the states of fermion number 0 and 
winding number 0, mapping them to fermion number 1 and winding number 0. From the 
point of view of the MSW complex on the cylinder, it is not obvious what this differential 
would be. However, this differential was determined in the web-based formalism below 
equation (9.4), and this answer carries over to the MSW complex, since we identified the 
two complexes in section 16.3.2. Equation (9.4) shows that when there are only two vacua, 
the two states corresponding to trivial fans, which in that language are R\ and i? 2 , have 
up to sign the same non-zero image i?i 2 ® R 21 in fermion number 1 . So precisely one linear 
combination of states of fermion number 0 survives in the cohomology. This corresponds 
to the identity operator of the field theory. Dually, the cohomology in fermion number 1 
and winding 0 is one-dimensional, generated by any state of winding number zero that is 
not in the image of the one-dimensional space of winding number zero states obtained from 
the differential acting on R\ © i? 2 - 

Accordingly, the cohomology of the MSW complex is as follows: ( 1 ) there is one state 
of fermion number 0 and winding 0 ; ( 2 ) there are three states of fermion number 1 and 

98 Since the real line on which the soliton is defined is not compact, the 77 -invariant is defined not just in 
terms of the eigenvalues of V but also requires a regularization, such as the one in eqn. (12.7). With such a 
regularization, the fact that V is odd under complex conjugation does imply that the nonzero eigenvalues 
do not contribute to 
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winding 1, 0, —1. This agrees with the prediction from mirror symmetry. 


16.3.4 Closed-String Amplitudes 


Having come this far, it is not hard to see how to define closed-string amplitudes, making 
up what mathematically is called an L^ algebra. We simply imitate what we did in section 
11.3 for open strings. 

Imitating the open-string worldsheets of Figure 129, we need a suitable family of 
closed-string worldsheets that describes a transition from k twisted closed strings to a 
single twisted closed string." For the necessary worldsheet £, we simply use the 5-plane 
with punctures at si,..., 5&, but we omit the “1” from the metric and from the (0, l)-form 
£. Thus the metric becomes 


k f 2 

df = |ds| 2 J2 


(16.20) 


and £ becomes 


£ = ds 



f? 


1/2 


5 - 5 ? ; 


(16.21) 


The 5-plane with the metric (16.20) is sketched in Figure 157. The regions near 5 = Si, 
i = 1,..., k make up k tubes that we consider “incoming”; they join into a single “outgoing” 
tube, represented by the region near 5 = oo. 

We define a fc-fold product that maps k states in the twisted closed-string MSW com¬ 
plex to a single one as follows. We choose k incoming states in the twisted MSW complex 
of the closed strings, and one such outgoing state. These k + 1 states determine the desired 
asymptotic behavior of a solution on E of the ^-instanton equation. We count the number 
of solutions (with signs, as always) of that equation, with the desired asymptotics. In 
the counting, we use the translation and scaling symmetries of the 5-plane to set 5i = 0, 
52 — 1, but we leave 53 ,..., 5 & unspecified. The number of such solutions, with the stated 
asymptotics, and any values of 53 ,... , 5 &, gives the chosen matrix element of the k th L^ 
operation. The procedure is sketched in Figure 157. 

What we have stated is the standard procedure for defining closed-string amplitudes in 
topological string theory, adapted to a situation in which we need to specify more carefully 
what worldsheets should be used, since some of the symmetry is missing. This procedure 


"in contrast to the open-string case, it appears difficult to define k —>> m amplitudes with m > 1. The 
singularity of £ (eqn. (16.21) near an incoming string at, say, sj = 0 is £ ~ ds/|s|. We call this an incoming 
singularity. The singularity near s = 00 , in terms of t — 1/s, is £ ~ \t\dt/t 2 . We call this an outgoing 
singularity. For topological reasons, on a surface of genus 0, if £ has no zeroes and has only incoming 
and outgoing singularities, the number of outgoing singularities is precisely 1, though there may be any 
number of incoming singularities. To see this note that a nonzero £ defines a trivialization of t( 0,1 )’*E, 
where E is the surface without the singular points. At incoming singularities £ has zero winding number, 
and the trivialization may be extended over these points. On the other hand, at outgoing singularities £ 
has a winding number of —2. The sum of the winding numbers must equal the first Chern class of T^’^^E 
where E is the surface with the singular points filled in. This is given by minus the Euler character of E. 
Therefore there is precisely one outgoing puncture for g = 0, there are no outgoing punctures for g = 1, 
and for g > 1 a £ with the assumed properties does not exist. 
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Figure 157: k tubes joining to a single one, sketched here for k = 3. 



Figure 158: The 5-plane with a web containing k abstract vertices denoted © (here k = 3). 
Additional vertices are ("-vertices. In this example, only one such ("-vertex is shown. 


nevertheless defines an L^ algebra structure on the MSW complex M 51 of twisted closed 
string states. 

To relate what we have just described to the web-based definition in section 9, we 
imitate what we did in the open-string case in section 15. First, if we deform the metric 
on E so that the tube in Figure 157 joins on a flat 5 -plane then we obtain a sequence of 
maps 

U k : Mff ->• M£? b k > 1 (16.22) 

Next we claim that these maps define an morphism. (See Section §A.5.) To see this 
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Figure 159: The web-based LA ^ algebra is reproduced by counting (-instantons with abstract 
vertices (representing insertions of local operators) Each turquoise disk is removed and the boundary 
is smoothly attached to a semi-infinite cylinder. 

we now deform the metric to a different picture in which k small tubes join separately 
to the asyptotically flat s-plane (this picture was sketched in Figure 152). In a limit in 
which the tubes are all widely separated compared to their sizes and to the natural length 
scale of the theory, a solution of the ("-instanton equation becomes weblike, but now with k 
abstract vertices as well as possible ("-vertices, as shown in Figure 158. In this description, 
to compute the A:-fold L^ product, we have to count such webs, where two of the abstract 
vertices are placed at s\ = 0 and S 2 = 1 , and the others are at unspecified points S 3 ,..., 

In the counting, each ("-vertex is weighted by the corresponding interior amplitude. But 
this is precisely the definition of p(t p ) used in defining the planar L^ algebra in Section 
§4.1 and the L^ algebra R c in Section §9. The argument of Section §15.4 can now be 
imitated to establish that the Uk define an L^-morphism. 

We can extend further the maps Uk defined above to give an LA^ morphism of open- 
closed LAoo algebras. (See Section §A. 6 .) We now attach tubes to the geometries of the 
form shown in Figure 129 to define LA^ products on the Fukaya-Seidel morphisms 
with M 51 . Then by attaching a geometry such as Figure 157 to, say, Figure 149(a) and 
counting ("-instantons we obtain a sequence of linear maps 

Un,m : M ® 0 ^ ® 0 Mfr -> M^ n n > 1 , m > 0 . (16.23) 

Then, by deforming these geometries to those such as the ones shown in Figure 159, (cor¬ 
responding to the case n — 3 and m — 2) we can prove that the U n ^ m satisfy the axioms of 
an LAoo-morphism. 

16.4 Direct Treatment Of Local A-Model Observables 

This section is somewhat outside our main line of development. We will ask what we 
can learn by studying standard local A-model operators in a web framework. This is a 
little unnatural, for we have learned in sections 16.1 and 16.2 that in the presence of a 
superpotential, the standard local operators of the A-model are not the whole story. Still 
it seemed interesting to ask what we could say by directly studying the standard operators. 
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We will do this just in the special case of boundary local operators, associated to a 
particular brane 23 that is supported on a Lagrangian submanifold C. These operators are 
associated to the cohomology of C. Let H C C be a homology class of real codimension r. 
The A-model has a corresponding boundary observable Oh (w) which should be inserted at 
a point w in a boundary dcY* (of the Riemann surface £ on which the A-model is defined) 
that maps to C\ this operator imposes a constraint that the point w should map to H C C. 
The descent procedure gives a corresponding 1-form operator characterized by the 

condition 

{0c,O% )) } = dO H ( w). (16.24) 

The insertion f dc ^ O^ imposes a constraint that some point on dcT> should map to H. 
Modulo •}, the operators Oh and O^ depend only on the homology class of H. 

The fermion number of the operator Oh is the codimension r of iL, and that of O^j is 
r — 1. 

For a simple example, we will take £ to be the strip [xg,x r \ x M, and as usual define 
boundary conditions at the two ends of the strip by Lagrangian submanifolds Cg, C r . We 
write £^ for the left boundary at x = xg. For a given H C Cg, and a choice of the point 
w G £|, we attempt to calculate a matrix element 

(f\0 H (w)\i)- (16.25) 

where |i) and (/ are some initial and final states, whose details will not be important in 
what follows. First, we assume that H is a hypersurface in Cg, of codimension 1, so that 
Oh has fermion number 1. In this case, a nonzero contribution to the matrix element in 
(16.25) must come from a component A4 of ("-instanton moduli space of dimension 1. Thus 
A4 parametrizes a family of rigid ("-instantons, with time translation as the only modulus. 
To get a non-zero contribution to the given matrix element, we must adjust this modulus 
so that the ("-instanton maps the point w to H. 

A family of rigid ("-instantons is associated to a ("-web with rigid vertices as in figure 
161. Let us discuss how £^ is mapped to the target space X by such a ("-instanton. There 
is a finite set P of points in Cg that are boundary values of some half-line ("-soliton that 
interpolates between Cg and one of the critical points i G V. Suppose that along Eg, there 
are a total of s rigid ("-vertices V a , ol = 1... s. The intervals before and after these vertices 
(including the semi-infinite intervals with r —^ ±oo) are mapped to points in P (within an 
exponentially small error). We call these points po> • • • ,p s where p a -i is just before V a (in 
time) and p a is just after. 

Let us choose iL, within its homology class, so that H does not intersect P. Then it 
is only within the vertices V a that we may find a point on £^ that maps to H. Each V a 
defines a half-plane ("-instanton that, when restricted to £^, determines a path p a from 
Pa-i to p a . Let nH be the intersection number of H with the path p a . (This intersection 
number is defined as usual by counting intersections with signs that depend on relative 
orientations.) This number depends not only on the homology class of H in C but on its 
homology class in C\P, in other words it depends on how we chose H so as not to intersect 
P. To evaluate the contribution of a family Ai of rigid ("-instantons to the matrix element 
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(16.25), we have to count (with signs) the points in Ai that parametrize ("-instantons that 
map the point w G to H. This counting is the same as the counting of the intersections 
H n p a (for all possible <a), since any point y G H n p a is the image of the point w G 
for a unique ("-instanton in the family Ai. (One simply slides the ("-instanton forwards and 
backwards in time until the point in that maps to y is w.) So the contribution of Ai 
to the matrix element (16.25) is given by 

±X n «' (16.26) 

a=l 

As usual, the overall sign here is determined by the sign of a fermion determinant (and 
depends on the signs of the initial and final states |i) and |/)). The full matrix element is 
obtained by summing this expression over all families Ai of rigid ("-instantons that satisfy 
the boundary conditions. 

An attentive reader might notice a puzzle here. If H is moved across one of the points 
p a , a = 1,..., s — 1, which label an interval of c^X between adjacent vertices V a and V a +i, 
then the integers n^ and n^ +1 make equal and opposite jumps and the sum (16.26) does not 
change. However, this sum is not invariant if H crosses one of the points po or p s at the ends 
of the chain, for then there is jumping only of n^ or nf. The interpretation is as follows. 
In general, when H is replaced by another cycle in its homology class, Oh( w) changes by 
{Q^, T(w)} for some A. The matrix element (/|0ff(w)|z) shifts by (f\{Q^ A(w)}|z), and 
for this to vanish, the states | i) and |/) must be Q^-invariant. However, the family Ai of 
("-instantons whose contribution we have been evaluating would by itself contribute ±1 to 
the matrix element (f\Q^\i), since it parametrizes a one-parameter family of ("-instantons 
that interpolates between the state |z) in the past and the state |/) in the future. If it is 
true that Q^\i) = 0, then there must be a second one-parameter family Ai' of ("-instantons 
also interpolating from |z) in the past to |/) in the future, and contributing to the matrix 
element of interest by a formula similar to (16.26) (in general with s replaced by some s' 
and the Vi,..., V s replaced by another set of rigid ("-vertices V [,..., V',) but with a relative 
minus sign because of an opposite sign of the fermion determinant. In such a situation, 
the jumping when H moves across an endpoint of the chain cancels between Ai and Ai', 
and the matrix element of Oh{ w) depends only on the homology class of H. 

The moral of the story is that in evaluating the matrix element (/|C?if(w)|z), the 
operator Oh( w) can be replaced by an instruction to count only ("-instantons in which one 
of the vertices V a is located at the point w, and to weight every such ("-instanton by a 
factor n^ • Here the coefficients n a are not completely natural but depend on how H is 
chosen to not intersect the finite set P. 

Now let us go on and consider the case that H C is of codimension 2. In this case, 
the matrix element (16.25) will be a sum of contributions of two-parameter moduli spaces 
M of ("-instantons. There are two types of two-parameter moduli spaces on a strip. (1) 
In one case, we construct ("-instantons on the strip by gluing ("-vertices, one of which has 
an excess dimension 1, and the rest of which are rigid, using a rigid web 5. (2) In the 
second case, we construct ("-instantons on the strip by gluing rigid ("-vertices via a strip 
web 5 that has a two-dimensional moduli space. (This gives a description of one region in 
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a two-parameter moduli space Ai, and a full explanation will involve considering some of 
the other regions, as discussed below.) Each of the two cases can be relevant, in general, 
to evaluating the matrix element (16.25). 

We consider first the case of a moduli space Ai of type (1). This case is particularly 
interesting as it gives an example (the only example that will be studied in the present 
paper) in which a non-rigid ("-vertex is relevant. The relevant picture is again that of Figure 
161, but now one of the ("-vertices on the left boundary, say V*, has an excess dimension 
of 1. Since H has codimension 2 in C, we can choose it not to intersect any of the paths 
p a associated to the rigid ("-vertices V a on X^. With such a choice, the contribution of M 
to the desired matrix element comes entirely from the non-rigid vertex V*. The part of X^ 
just before or after V* is mapped to points p,p' G P, and V* parametrizes a 1-parameter 
family of paths from p to p', sweeping out a two-manifold D C C. Let n* be the intersection 
number HDD. The contribution of Ai to the matrix element (16.25) is then in*, where as 
usual the sign comes from a fermion determinant. This sort of contribution to the matrix 
element can be described by saying that the insertion of 0//(w) receives a contribution 
in which this operator is replaced by an insertion of the non-rigid ("-vertex V* at w, with 
amplitude n*. 

Now let us consider the contribution of a two-parameter moduli space Ai of type (2). 
The reduced space Aired of Ai is 1-dimensional. When the strip [x£,x r \ is very wide, Al re d 
is divided into regions each of which can be constructed by gluing of ("-vertices using a 
strip web s that has a 1-dimensional reduced moduli space. The reduced moduli space of 
such a s has two ends. At an end, the description of Ai by the strip web s breaks down, 
but Ai continues past this breakdown, with a new region that is described by a generically 
different web s'. So overall, Ai has regions related to various webs s a . See Figure 160 for 
an example. In this example, Ai has four web-like regions, with three transition regions 
between them. The transition regions are represented by pictures that look web-like, but 
they do not really represent ("-webs, since they each contain one “vertex” (labeled in the 
figure by a small square) that is not what we usually call a ("-vertex (it represents a family 
of ("-instantons with a one-dimensional reduced moduli space with ends that correspond to 
("-webs). The reduced moduli space of Ai might be compact or, as shown in the figure, it 
might have ends that correspond to time-convolution of webs, an operation considered in 
section 2.3. 

Assuming that H does not intersect any of the paths p a associated to ("-vertices, the 
web-like regions in a type (2) moduli space Ai do not contribute to the matrix element 
of eqn (16.25). However, in general, the transition regions may contribute. The web-like 
regions represent ("-instantons that map c^X to C via a sequence of paths p s * p s - 1 * - • pi 
(where * represents amalgamation of paths). A transition region of the type shown in Figure 
160(b,f) (where the transition occurs along X^) involves a transition from one sequence 
Pk ★ Pk-i (for some k ) between points p,p' G P to another sequence p' k ★ p k _ v As the 
transition is made, the relevant family of ("-instantons sweeps out a two-dimensional surface 
D' that interpolates between p k * pk- 1 and p' k * p' k _ v The contribution of the transition 
region in question to the desired matrix element (16.25) is =biL D D', where as usual the 
sign is the sign of the fermion determinant. The contribution of Ai to the matrix element 
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Figure 160: A two-parameter (-instanton moduli space A4 of type (2) is sketched here, (a) is a 
weblike region of this moduli space, with a single reduced modulus a, as indicated in the picture. 
For a —» 0, the web description breaks down and we get a region of the moduli space indicated 
in (b); the reduced modulus is hidden in the small square, which represents a family of half-plane 
(-instantons with a one-dimensional reduced moduli space (a copy of M) that interpolates between 
(a) and (c). Here (c) is another web-like region, the reduced modulus being the horizontal position 
of the vertex labeled V. This web-like description breaks down when V reaches the right boundary; 
after another transition region (d), the reduced moduli space continues with still another web-like 
region (e), in which the reduced modulus is the horizontal position of the vertex V'. This description 
breaks down when V' reaches the left boundary. After one more transition region (f), the moduli 
space ends in one last web-like region (g), the reduced moduli space here being the distance a'. 
The reduced moduli space A4 has two ends, corresponding to a —> oo in (a) and a' —> oo in (g). 
In the transition regions (b), (d), and (f), the small square on the left or right boundary does not 
represent a (-vertex (whose reduced moduli space by definition has no ends) but rather a family of 
half-plane (-instantons whose reduced moduli space is a copy of M, with two ends, related to two 
different webs. 


is the sum of these contributions, for all the relevant transition regions. 

Combining what we have said about moduli spaces of types (1) and (2), an insertion 
of Oh{ w) can be represented in a weblike picture as a sum of insertions of effective Co¬ 
vert ices. The effective ("-vertices in question can be either (1) non-rigid ("-vertices whose 
excess dimension is 1 and whose internal modulus is fixed by requiring that the point w is 
mapped to i7, or (2) effective ("-vertices that arise by using this constraint that w maps to 
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Figure 161 : A rigid strip web with left-boundary Lagrangian £^. The (-vertices on the left 
boundary have been labeled as Vi,..., V s (where s = 3 in this example). A particular (-instanton 
will be exponentially close to points Po 5 • • • >Ps £ £i on the boundary segments between vertices. 


H to fix a modulus in a transition region between two ("-webs. 

Though we will not try to develop a systematic theory in the present paper, hopefully 
we have said enough to convince the reader that it is possible to give a recipe to compute 
matrix elements of standard local observables of the A-model in terms of ("-webs. The 
intrepid reader can consider in a similar spirit the case that the codimension of H is greater 
than 2, the case that Oh{ w) is replaced by insertion of an integrated descendant f 
or the case that the boundary operator Oh{ w) is replaced by a bulk local observable of 
the A-model. 

In this analysis, we found a role for ("-vertices with positive excess dimension. One may 
be puzzled, as they did not enter the seemingly more general analysis of section 16.2. This 
has happened because here we considered order operators only and labeled the entire left 
boundary of the worldsheet by a single Lagrangian submanifold £. An order operator then 
places a constraint on the solution of the ("-instanton equation and can remove the excess 
moduli associated to a non-rigid ("-vertex. By contrast, in section 16.2, we always assumed 
that if an open-string observable is inserted at a boundary point p that separates regions 
labeled by Lagrangians C\ and £2 (Figure 151), then C\ and £2 intersect transversely, even 
if they are equivalent under Hamiltonian symplectomorphisms. It is then still true that 
an order operator places a constraint on the solution of the ("-instanton equation, but the 
interpretation in terms of non-rigid ("-vertices is hidden. 


- 350 - 




17. Interfaces And Forced Flows 


Now we study a family of massive superpotentials (i.e. holomorphic Morse functions), all 
defined on a fixed target space X. Given such a family we can define a set of interesting su¬ 
persymmetric interfaces between Landau-Ginzburg theories, thus illustrating the abstract 
ideas of Sections §6 - §8 in the concrete example of Landau-Ginzburg models. 

We denote a typical superpotential by W (</>; z) where in this section z is in a parameter 
space C. Some notable examples of C include the case where C is a Riemann surface, as 
in [29, 31, 33], or C — Sym n (C uv ), with C uv a Riemann surface, as in [32] and in Section 
§18.4 below. The parameter 2 : is not to be confused with a vacuum weight. In fact, for 
a fixed z G C the superpotential W(<f>]z) has critical points <^ ;Z , labeled by i G V and, 
introducing a phase £, the critical values 

Zi ■■= (W{(t>i, z ; z) (17.1) 

define the vacuum weights of the corresponding Theory. The set of vacuum weights is the 
fiber of an N : 1 covering space of C which we denote by n : £ -+ C. In general this 
covering space will have nontrivial monodromy. In the examples discussed in [29, 31, 33] 
the covering extends to a branched covering 7 r : E —>► ( 7 , where C is a punctured Riemann 
surface. The superpotential is not massive at the branch points of this covering, so in this 
Section we avoid those points and just work on C . Some preliminary remarks on extending 
our considerations to the full branched covering are deferred to Section §18.3 below. 100 

Now let D C R be a spatial domain and consider a continuously differentiable map 
z : D — y C with compact support for -^z(x) contained within the interval [#_, x+\. Just as 
in Section §11 we can define a 1 + 1 dimensional QFT by considering the supersymmetric 
quantum mechanics with real superpotential 

h = ~\J W (A) - Re(r 1 ^(0; z(x))dx] (17.2) 

where A = pdq is a Liouville one-form for the symplectic form on X. The resulting 1 + 1 
dimensional QFT manifestly has the supersymmetries Q £ of equation (11.1). For x < 
X- the integrand of h coincides with that associated to the LG theory determined by 
W(<f>]Z-) and for x > x+ it coincides with that associated to W((f);z+). Therefore we can 
consider this QFT to be the theory of a supersymmetric interface between the theories at 
z — Z- and z = z+. 

To make contact with the abstract part of the paper we denote the path traced out 
by z(x) in C by p. Along p there is a parallel transport of the vacua </>^, allowing us to 
define “local vacua” <fi^ x for the theory at z = z{x). The corresponding critical values are 
denoted W^ x . Now, defining 

Zi(x) = (W i:X (17.3) 

we obtain a “vacuum homotopy,” in the language of Sections 7 and 8. It now follows from 
the results of Sections §§11-14 that we have a family of Theories. The representation of 

100 In the papers just cited, what is here called C would be called C', while what is here called C would 
simply be called C. 
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webs for the Theory at x is provided by the MSW complex for the superpotential at z(x) 
and the local interior amplitude fi(x) for the Theory T{x) is provided by the amplitude 
(14.35) for the LG theory W(cj)]z(x)). From the abstract discussion it follows that the 
resulting family of Theories defined by (17.3) have a corresponding Interface 3[p]. We 
claim that this Interface is precisely the theory defined by (17.2). Our goal is now to 
describe this Interface in conventional Landau-Ginzburg terms. 

To this end we follow once again the standard SQM interpretation of Morse theory. 
When D — R we choose boundary conditions 


lim (j){x) 

x —>-|-oo 

ii 

iM 

+ 

(17.4) 

lim (j){x) 

x — y —oo 

— 2;_ 

(17.5) 


where z± := linr^-too z(x) and the vacua j' for x > x+ are to be compared to the vacua 
j for x < X- by parallel transport on the covering space £. The prime on f is meant 
to remind us that 4>j' :Z+ are vacua in a Theory T + different from the vacua cpi jZ _ of the 
Theory T ~. 

The stationary points of (17.2) are given by solutions to the differential equation 

z(x)) (17.6) 

d(f) 

but now there are some important differences from the ^-soliton equation. Compared to 
the old equation there is extra x-dependence on the right hand side of (17.6) due to the 
explicit x-dependence of z(x). Moreover, the phase £ is a choice fixed from the beginning 
and we do not take it to be related to the phase We call (17.6) the (-forced flow 
equation . 101 

Following the usual Morse-theoretic interpretation of SQM we define the MSW com¬ 
plexes: 

M* j ,(p) = (B p *{ j ,(p)Z (17.7) 

Once again, p enumerates the solutions (x) of the forced flow equation with bound¬ 
ary conditions (17.4), (17.5). If z(pc) has nontrivial x-dependence the equation (17.6) is 
no longer translation invariant and hence there will in general be a unique BPS ground- 
state tJ,(p). The grading/fermion number will be given once again by the eta invariant: 

-j j 

f = — 2 pflD ) with V given by (12.6). The differential on the complex is again given by 
computing solutions to the ^-instanton equation 

( d d \ i C dW - 

U + i 5Fj*=|-«W*- r); '<*» (17 ' 8) 

interpolating between solutions whose fermion number differs by 1. The Chan-Paton com¬ 
plex of the Interface 3[p] is now provided by the MSW complex: 

£(3[p]) if =M (17.9) 


101 The local vacua (f> t , x are not to be confused with solutions to the forced flow equation (17.6). 
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Figure 162: An example of the bound-soliton basis for the complex M* 3 ,(p). In the first line 
the empty circles indicate potential positions of solitons at binding points X\,X 2 ,X 3 . We could 
potentially glue in a soliton of type 12 at xi, 23' at X 2 and 13' at X 3 . In the second line, the 
13' soliton is filled at X3 and the solutions is approximately in the vacuum (f>i jX for x < X3. This 
represents one basis vector for the complex. In the third line the soliton at x\ of type 12 and 
that at X 2 of type 23 are filled and the soliton is approximately in the vacuum <p 3 ^ x f° r x > x 2 - 
This represents a second basis vector for the complex. We claim that in this example M* 3 , (p) will 
have precisely two generators of the space of states that undergo framed wall-crossing. They are 
represented by the above approximate solutions because there are no other ways the vacua of bound 
solitons can be compatible with the boundary conditions. 

We now describe the origin of curved webs in the present context. We begin with 
a very useful picture of some elements of the Morse complex MStarting with the 
vacua of W((j)\ z~) at x — —00 we parallel transport the vacua along p to produce < fa with 
corresponding critical values Wi jX . Now, near values of x — xo such that 

Wj *' xo - € R+ (17.10) 

we can produce an approximate solution of the ("-forced flow equation by using a soliton 
solution of type 4>j 1 j 2 ( x ) f° r superpotential W((f)]z(x 0 )). Moreover, we can choose the 
solution to be “centered” near xq. (Such a center is only well-defined within a range of 
order 1/m, where m is the mass scale of the interface.) Such solutions can be glued to¬ 
gether to produce good approximations to true solutions satisfying the boundary conditions 
(17.4),(17.5) provided the intermediate vacua of subsequent solitons agree. Physically, such 
solutions correspond to boundstates of the solitons to the interface, binding near the special 
point x — xo. This is the origin of the terminology binding points used in Section §7.4.1 
and indeed the condition (17.10) is equivalent to the definition used in Section §7.4.1, given 
the vacuum homotopy (17.3). 

A basis for the space of states in the MSW complex M^-,(p) that can undergo framed 
wall-crossing can be obtained by attaching solitons to the binding points in all ways con¬ 
sistent with boundary conditions as described above. (It is clear that we can produce 
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solutions to (17.6) by gluing together such solitons, but it is not self-evident that these are 
the only solutions.) There is a simple pictorial formalism for these generatoris, illustrated 
in Figure 162. 


ij ij 



ij ij 


Figure 163: An analog of the boosted soliton for the case of a supersymmetric interface. 

Now we are in a position to describe the physical origin of curved webs. There will 
be time-independent solutions to the forced ^-instanton equation which, at long distances, 
have vertical worldlines of solitons with a single dot inserted at some r, analogous to Figure 
131. In addition, there will be solutions analogous to the boosted solitons of Section §14.1. 
To describe these suppose we have (in some region of p in C) a family of solitons (j>ij(x ; z) 
satisfying the (ordinary) soliton equation for VF(</>; z) with phase Cji( z ) given by the phase 
of Wj(z) — Wi(z). Due to translation invariance of the soliton equation we can, moreover, 
assume that (x; z) has its support near x = 0. We now make an ansatz for the forced 
^-instanton equation of the form: 



- x{t)\z{x(t))) 

(17.11) 

for some trajectory s(r) 

= x(t) + ir in the complex 5-plane. If 



\ds(r ) Wj^T) — W’i j x(r) i 

d,T | ^V.x‘(t) 1 

(17.12) 

and at the same time 

| x(t) (d z 4>ijz' + dz<t>ijz') 

(17.13) 


is small compared to other terms in the ^-instanton equation (as will be guaranteed if 
z(x) evolves adiabatically in x ) then the ansatz (17.11) will be a good approximation to 
the forced ^-instanton equation. The slope of the curve s (A) defined by the center of the 
soliton will be parallel to z^ x (x) — z j,x(\) where z^ x are the “local” values of the LG vacuum 
weights. These instantons may be depicted as in Figure 163 and are the main motivation 
for the definition of curved webs in Section §7.1. Of course, when there are three or more 
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vacua we will have local versions of the vertices used to construct webs. These define 
/ 3{pc ), as noted above. 

We can now follow the general discussion of Sections §7 and §8. The cohomology of 
the complex is the space of “framed BPS states,” and its Witten index is 

the framed BPS index Q(3[p],ij'), in the language of [30, 31]. Thus the complex M ij'(p) 
“categories” the framed BPS indices. 



Figure 164: When C is the base of a branched cover of vacua there will be a real codimension two 
branch locus, indicated here by the orange dot. Three S'-walls of type ij can terminate on a simple 
branch point of type ij as shown. There will be a monodromy exchanging vacua i and j around 
the branch locus and the pink dashed line indicates a cut for the trivialization of the cover we have 
chosen. 

Remarks: 


1. There is a nice interpretation of the meaning of the special binding points defined 
by (17.10). On the space C we can define “S-walls of type ij” and phase $ by the 


equation: 


r _Wi(z)-Wj(z) 
1 iC 


(17.14) 


where ( = e 1 ^ and the meaning of i, j depends on choosing a local trivialization of the 
cover 7r : E —» C. Then the binding points correspond to the values of x where the 
path p crosses the various S-walls. In fact, as we have noted, in the physical examples 
motivating this construction it is useful to consider C embedded into a family C such 
that the cover n : £ —)► C is a branched cover. In this case the 5-walls can end on a 
branch locus as in Figure 164. What we are describing here is a piece of a spectral 
network. See Section §18.2 below for further discussion. 


2. If we now consider a family of paths p s with variable endpoint Zf(s) then when 
that endpoint passes across an 5-wall there will be wall-crossing of the framed BPS 
states: Physically, as the parameters of the supersymmetric interface are changed, it 
will emit or absorb some of the solitons associated to the binding point. This physical 
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picture was described in [31], but now we can describe it at the level of complexes - 
so again we have, in some sense, categorified the wall-crossing story. We did this in 
the abstract half of the paper when we defined the Interfaces in Section §7.6 to 
describe a categorified notion of “S'-wall crossing.” 


3. As a simple example, consider the family of theories with superpotential 


W = -cj) 6 - z0 

o 


(17.15) 


corresponding to a family of theories of the type T N , with N — 2, discussed in 
Section §4.6. The family is parametrized by z £ C with C — C*. There are two 
massive vacua at (j)± — ibz 1 / 2 where we choose the principal branch of the logarithm 
and z is not a negative real number. We choose a path p defined by z(x) in C* 
where x G [e, 1 — e] for e infinitesimally small and positive with z(x) = e 1 ( 1_2a 4 7r . The 

spinning vacuum weights satisfy z_|_(x) = 4^ e 1 ( 2 ^- 1 ) 37r / 2 > if we a l so take ( to have 

a small and positive phase then, applying the criterion of (7.14) we find that there 
are two binding points of type 4— at x = 1/3 — 0 + , 1 — 0 + and one binding point of 

type —b at x — 2/3 — 0 + . They are all future stable. The two S / and one S f. 

walls emanate from z — 0 with angle 27 t/ 3 between them. There is a corresponding 
family of Interfaces 3 X = 3[p x ] given by the path p x that evolves along p from e to 
x. The wall-crossing formula for the framed BPS indices amounts to a simple matrix 
identity: 





(17.16) 


where the three factors on the LHS reflect the wall-crossing across the three 5^-rays, 
and the matrix on the right accounts for the monodromy of the vacua. (See Section 
8.1.1 of [31] for an extended discussion.) We now use equations (7.26) and (7.28) 
together with the web representation provided by (4.79): 


R-+ = Ah] 
R+- = Ah] 


(17.17) 


where the fermion number shifts /i, must satisfy /i + /2 = 1, since K must have 
degree minus one. The categorification of the wall-crossing identity (17.16), at least 
at the level of Chan-Paton complexes, is obtained by generalizing the left-hand-side 
of (17.16) to: 


( Z o\ (z Z[/i]\ ( Z o\ = (s— 

\Ah] ZJ V° z ) \Ah\ {£+-£++) 

Here £ _f = Z[/i], while 

£— = £++ = Z © Ah + h] 

is a complex with a degree one differential (note that /i + = 1) and 

£-\— = Ah] © Ah] © Ah + 1] 


(17.18) 


(17.19) 


(17.20) 
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is another complex with a degree one differential. The differential comes from com¬ 
bining two boundary amplitudes of the form in Figure 77 in a way similar to what 
happens in Figure 92. The matrix of complexes (17.18) is quasi-isomorphic to the 
categorified version of the monodromy: 


( 0 Z[l-/ 2 ]\ 

\Af2] o )' 


(17.21) 


The identity (17.16) is important in the nonabelianization map of [33] when extending 
the construction across branch points of a spectral covering. We expect the above 
identity to be important in the extension of this construction to the categorified 
context. 


18. Generalizations, Potential Applications, And Open Problems 
18.1 Generalization 1: The Effect Of Twisted Masses 

In the main text of the paper we have encountered examples of Theories enriched by 
conserved global symmetries, namely the Theories. These global symmetries could 

be identified in their physical counterparts (see Section §4.6.4) either as winding symmetries 
of an LG theory with a non simply connected target space X C (C*)^, or as isometries of 
the target space in a mirror description as a CP^ -1 sigma model. 

In either case, the underlying physical theories admit a special class of relevant defor¬ 
mations which deform the supersymmetry algebra and are mirror to each other. The LG 
superpotential can be deformed to a multivalued function with single-valued first deriva¬ 
tives: 

W = Y J Y a + m a \ogY a (18.1) 

a 

The CP 1 *- 1 sigma model can be deformed by twisted masses m a sitting in the Cartan 
subalgebra of the SU ( N ) global symmetry. In either case, the mass parameters m a can be 
interpreted as the expectation value of scalar components of background gauge supermul- 
tiplets coupled to the corresponding global symmetries: twisted vector multiplets [38] in 
the A-type description and vectormultiplets in the mirror B-type description. 

Abstractly, the J\f = 2 algebra in two dimensions allows a central charge Z = {Q + , Q_} 
and a twisted central charge Z = {Q+, Q_}. Either one of these breaks one of the two U( 1) 
P-symmetries of the theory. As the framework of the present paper requires such a U( 1) 
P-symmetry, we can include one or the other of these but not both; because of the mirror 
symmetry of the J\f — 2 algebra, it does not matter which we include. By convention, we 
have assumed in this paper that Z — 0, Z ^ 0. 

In general, every (2,2) theory equipped with global symmetries which can be coupled 
to background vectormultiplets will admit twisted mass deformations, which modify the 
twisted central charge Z — {(5+,Q_} to include contributions proportional to the cor¬ 
responding global charges. Dually, every (2,2) theory equipped with global symmetries 
which can be coupled to background twisted vectormultiplets will admit mass deforma¬ 
tions which modify the central charge Z = {Q + , Q _} to include contributions proportional 
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to the corresponding global charges. We are not aware of a specific pre-existing naming 
convention for the mirror notion to twisted masses. In the context of this paper, it seems 
reasonable to dub them A-twisted masses and denote the usual twisted masses as B-twisted 
masses. 

In order to keep Z = 0, we will only allow A-twisted mass deformations. The general 
expression for the central charge in a massive ( 2 , 2 ) theory with A-twisted masses M, for 
states which interpolate between vacua i and j and carry charge global 7 is 

Z = Wi-Wj + M • 7 (18.2) 

Here the charge 7 is valued in a lattice V of global charges and M is valued in the Cartan 
subalgebra of the global symmetry group. This expression is a bit ambiguous: the super¬ 
potential vevs Wi and Wj are defined up to integral shifts of M, which are related to the 
possibility to re-define the global symmetry charge by some 7—^7 + 7 W — 7 ^). We can 
fix the ambiguity by selecting specific values for Wi and Wj. 102 

A crucial new physical phenomenon in the presence of A-twisted masses is the existence 
of charged BPS particles which live in a specific vacuum, rather than interpolating between 
two vacua. In particular, these charged BPS particles modify the standard Cecotti-Vafa 
wall-crossing formalism. The correct wall-crossing formula is a specialization of the 2d-4d 
wall-crossing formula of [31] where the charge lattice is restricted to contain flavor charges 
only. Intuitively, the Sij factors for standard BPS solitons are refined to keep track of 
global charges and new K 1 factors are introduced to account for the contribution to bound 
states of whole Fock spaces of BPS particles of charge 7 . 

We are thus presented with the natural problem of extending our formalism to theories 
with A-twisted masses. In the context of LG theories, there is a simple way to recast the 
problem which allows one to employ directly much of our standard formalism: one can 
replace the target space X with some minimal cover X on which W is single-valued. 

Generically, the fiber of such cover is naturally a torsor for the lattice T? of global 
charges and T? acts by deck transformations. The theory has a finite set V of vacua 
corresponding to the critical points of W on X (these critical points are well-defined even 
though W is only single-valued up to an additive constant). The set V of vacua is covered 
by the set V of critical points of W regarded as a function on X. A point in V is a point 
in V - labeling a critical point p G X - together with a choice of lift of p to A. The 
weights attached to elements of V which cover a given vacuum p will take the schematic 
form Zp + m- 7 , where we use the charge 7 to label the possible lifts of p. 103 

The first obstruction one encounters in applying our formalism to build a Theory 
associated to the infinite set of vacua V is the infinite proliferation of possible webs. This 
obstruction, though, must be purely formal. It is clear that any physical calculation, say 
of a strip differential in the underlying LG theory, must only involve a finite set of terms 
in each matrix element. After all, the complexes may even be defined over the integer 

102 Even better, we can embrace the ambiguity by taking the charges of solitons to live in a torsor for the 
lattice of global charges, see i.e. [31] 

103 If we pick a reference sheet, 7 will be an element of rL If not, 7 will be an element of some torsor r£. 
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numbers. Some finiteness principle must limit the number of webs which may occur as 
£-webs in a given physical model. 

We expect that such physical restrictions will be encoded in the abstract web formalism 
by adding some extra selection rules to the vacuum data which select some subset of all 
possible webs which still satisfies all the required convolution identities but has better 
finiteness properties. A simple example could be a list of allowed pairs of elements in V 
which restricts which edges are allowed in the webs. Such a restriction is compatible with 
convolution identities and preserves our algebraic structures. 

A second, more significant obstruction is the need to accommodate charged BPS par¬ 
ticles within the web representation data. In principle, an abstract edge of slope m • 7 
may represent the trajectories of multiple particles of charges proportional to 7 . Thus 
the representation data will have to include both i? p y j7 spaces encoding standard BPS 
solitons and extra Fock spaces encoding charged BPS particles. The notions of pairing, 
representations of fans, etc. will have to be adjusted accordingly. 

A categorical wall-crossing formula adapted to this deformed context will have to in¬ 
clude a categorification of K 1 factors. It would be interesting to find out the corresponding 
generalization of the notions of exceptional collections and mutations. We can sketch here 
some basic idea for such a generalization, which we can dub “flavoured exceptional collec¬ 
tion” . 

• We still expect to have a collection of basic objects attached to vacua in V. The 
spaces of morphisms between these objects will be graded by the lattice T?. 

• The Hop spaces will have a graded triangular structure, i.e. the 7 -graded subspace 
Hop 7 (Tp, 2 y) vanishes if z pp > + m • 7 ^ 77 . 

• The categorification of S walls will be encoded by “partial mutations”, involving 
only the 7 -graded subspace Hop 7 (Tp, T p /) associated to the weight which is enter¬ 
ing/exiting T~L. 

• The categorification of iF 7 , walls will be encoded by “categorical reflections” which 
completely reorganize the triangular structure of the collection, as m • 7 enters/exits 

U. 

18.2 Generalization 2: Surface Defects, Spectral Networks And Hitchin Sys¬ 
tems 

One of the main motivations for the present work was the desire to categorify the 2d/4d 
wall-crossing formula for BPS states associated surface defects in four-dimensional J\f = 2 
theories. For background see [31, 75]. One way to produce such defects is to consider 
an embedding of two-dimensional Minkowski space M 1,1 into M 1,3 and to couple a 1 + 1 
dimensional field theory with ( 2 , 2 ) supersymmetry, supported on the embedded M 1,1 , to 
the ambient four-dimensional theory. 

A ( 2 , 2 ) defect with a U( 1) i?-symmetry, leftover from the bulk SU{2)r symmetry, has 
much in common with a massive ( 2 , 2 ) theory deformed by A-twisted masses. The low 
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energy bulk gauge symmetries play a similar role to the global symmetries and the central 
charge includes a contribution from the bulk gauge charges. Schematically, 

Z = Wi-Wj + Z 7 (18.3) 

where Z 7 is the bulk central charge for a particle of gauge and flavor charge 7 . 

A simple f+deformation in the plane orthogonal to the defect (even in the absence of 
an actual (2,2) defect) is expected to reduce the system to an effective (2,2) theory [77], 
breaking down the bulk BPS particles to infinite towers of angular momentum modes, each 
behaving as a 2 d BPS particle. 

Based on such an analogy, we expect it should be possible to develop a consistent web 
formalism to study the space of ground states of the system in the presence of boundary 
conditions or interfaces for the 2 d defect, or even for the bulk theory. Compared to the 2 d 
setup with A-twisted masses of Section §18.1, the new ingredient will be the presence of 
bulk Abelian gauge fields. Even at the level of the 2d/4d wall-crossing formula the effect 
of the bulk Abelian gauge fields is rather dramatic: the K 1 factors commute in the 2 d 
setup, but not in the full 2d/4d setup. We expect the effect to be equally dramatic in 
the full categorical setup. Although we do not know how to construct such a generalized 
2d/4d web formalism, we can describe some possible applications, especially those which 
only involve the categorification of Sij transformations. 

In theories of class S, characterized by a triplet of data (g, (7, D ), where g is a Lie algebra 
of ADE type, C is a punctured Riemann surface, and D is a collection of codimension two 
defects located at the punctures of ( 7 , there is a canonical surface defect associated to 
a point £ on the ultraviolet curve ( 7 . Its origin in M theory is a semi-infinite M2 brane 
whose boundary is M 1,1 x {z}. In some regions of parameters this surface defect can be 
viewed as an LG model coupled to the ambient four-dimensional theory. 

Let us recall the basic mathematical setup for the theory of canonical surface defects 
in theories of class S [42, 3, 29, 31]. We begin with the data of an N : 1 branched cover 
7 r : E — y ( 7 . As before we let C be C minus the branch points. Physically, n : E —>► C 
is the covering of the Seiberg-Witten curve over the UV curve C and mathematically E 
is the spectral cover associated with a Hitchin system. Families of 1 + 1 -dimensional LG 
models E> z parametrized by z E C also fit into this framework. In such cases, the ambient 
four-dimensional theory is trivial. Whether or not the ambient theory is trivial, vacua 
of the 1 + 1 dimensional defect theory E> z are labeled by the sheets of the covering, 
i — 1,..., TV, and hence we identify 


Y(§ z )=tt-\z). (18.4) 

In the present paper - with the notable exception of the Section §18.1 - an ordered 
pair of vacua (i,j) with E V uniquely determines a soliton sector for the theory on a 
spatial domain R. By contrast, in the theory of the surface defect S z , the soliton sectors 
are labeled, roughly speaking, by homology classes of paths on E connecting the vacua 
and z^\ To be slightly more precise, they are labeled by equivalence classes of open chains 
c C E with the constraint that dc = z ^ — z^\ The set of these “charges” is a sublattice 
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of a relative homology lattice 


r (z®,zW) C 


(18.5) 


and is a torsor for a sublattice Y in F/i(E; Z). For example, when q — A\^ and the Seiberg- 
Witten curve is a two-fold cover, Y is the anti-invariant sublattice of FZi(E;Z) under the 
deck transformation. 104 

The central charge associated to a soliton sector 7 E Y(z^\ z^) is just 


. = 



(18.6) 


where A is the Seiberg-Witten differential (the canonical Liouville form for the natural 
holomorphic symplectic structure on T*C). 

The lattice Y is, physically, the character lattice of the group which is the product 
of the unbroken gauge symmetry and the continuous global flavor symmetry of the four¬ 
dimensional theory, i.e. the lattice of gauge and global charges of the bulk theory. The 
central charge Z 7 of the bulk theory is simply given by the contour integral of A along Y. 

The expression for Z^.. is a slightly more canonical version of equation 18.3. Although 
it does not look like a difference of two weights, all the essential constructions in the paper 
only involve differences of vacuum weights, and not the vacuum weights themselves, it is 
not, strictly speaking, necessary to identify particular vacuum weights. The edges of webs 
can simply be labeled by 7 ij (so that the cyclic sum of charges around a vertex is zero). The 
phases of suffice to define the slopes of the edges. Similarly, the generalization of the 
complexes Rij used in a representation of webs is a set of complexes R lijf . The contraction 
K : Rry.. 0 Ry Z is a symmetric degree —1 perfect pairing when 7 ^ + 7 F = 0. , and so 
on. 

The theory of Interfaces has a very natural formulation in theories of class S and this 
was, in fact, one of the main motivations for the discussion in Section §17 above. To each 
path p in C connecting z\ to z<i and a choice of phase £ one can define a supersymmetric 
interface 3[p,(] between the theories E* Zl and S> Z2 . The framed BPS states associated with 
vacua zf* and z% ^ have a “charge” in the relative homology lattice Y{zf\ z^ ^). Just 
as for the soliton sectors Y{zf\z^) the lattice Y(z[ l \z 2 is a T-torsor of chains with 
dc = Z 2 ^ — zf\ up to homology. The interfaces support framed BPS states and the 
central charge of these framed BPS states is given by 



If we label vacua by z£ ^ and zf* then the Witten index of framed BPS states 0(J[p 5 C]> U'O 
will in general be infinite. However, we can grade the cohomology by characters of a global 
symmetry group with character lattice Y. Then we can consider the indices Q(3[p, £], 7 ^-') 
of the subspace transforming in a given representation. From physical reasoning the indices 
with fixed charge 7 ^/ are expected to be finite. 

104 More generally, F might be a subquotient of ifi(£;Z). 
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One of the interesting aspects of the theory of surface defects is that one can construct 
a “nonabelianization map” which is a converse to the standard abelianization map of the 
theory of Hitchin systems. (See [33] Section 10 for the definition of the nonabelianization 
map and [34] for an extended example. See also [75] for more expository remarks.) We 
now describe how that is related to our theory of Interfaces. 

Given a phase ( = e 1 ^ one can construct (WKB) S^-walls on C which are essentially 
the same as the Sij walls used in this paper. A suitable collection of such walls forms 
a graph on C known as a “spectral network” W, so-called because the combinatorics of 
the network allow one to construct the spectrum of BPS degeneracies of the 2d4d system 
[33, 34, 36, 37]. In the theory of Hitchin systems the spectral curve X is equipped with a 
holomorphic line bundle L with a flat connection V ab [46, 26]. The map from the nonabelian 
Hitchin system on C to the flat abelian connection on X is known as the “abelianization 
map.” Conversely, given a line bundle L with flat connection V ab on X we can define the 
parallel transport F(p) of a flat nonabelian connection on a certain rank N bundle E —>► C 
along a path p C C using 

F(p) = X»,C],7y')3V (18-8) 

lij' 

We have E = i r*(L) away from the network W and y^.., are the parallel transports using 
the connection V ab on L —>> X. 

If we assume the existence of a categorification of Sij walls in the full 2d/4d setup, either 
defined by a direct web construction or through the abstract categorification sketched at 
the end of Section §18.1, then one will obtain directly a categorification of equation (18.8). 
F(p) is generalized from the parallel transport operator associated with a flat nonabelian 
connection to an Aoo-functor between Brane categories for the surface defect theories S> Zl 
and §£ 2 , implemented via an Interface 3[p\ as in Section §7. The Chan-Paton factors of this 
Interface provide a “lift” of the framed BPS degeneracies Q(3[p, C]?7i/) t° complexes £ 7 
Our rules for the composition of rotation Interfaces 9l[d(x)] which do not cross S-walls, as 
well as those for the wall-crossing Interfaces ©^, can be recognized as a categorification 
of the “detour rules” of [33, 34, 75]. 

The parallel transport F(p) is that of a flat connection on (7, not just C. That is, 
it smoothly extends over the branch points of the covering. This is its claim to fame! 
Now, we discussed the sense in which the corresponding functor F[p] on Brane categories 
is homotopy invariant in Sections §7 and §8, but we did not discuss the crucial notion of 
homotopy invariance for deforming p across a branch point of the cover n : X —» C. This 
will involve extending our formalism to theories which are not completely massive, because 
at a branch point two vacua have coinciding values of Wi and hence some solitons become 
massless. Some preliminary remarks about this issue can be found in Section §18.3. We 
leave the matter here for the present paper. Clearly, it will be an interesting project to 
generalize the considerations of this paper to the case where n : X —>> C is a branched cover 
with nontrivial monodromy and where A has periods densely filling the complex plane. 

One generalization of the surface defects §> z studied in the literature is of great sig¬ 
nificance for the applications to knot homology. In the M-theory context we can imagine 
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several parallel semi-infinite M2 branes ending on the M5-brane. So the boundary is now 
M 1,1 x {z±,Z 2 , • • •, z n } where the Zi are distinct points of C. Naively, these M 2 branes are 
mutually BPS and would seem to have no effect on each other. However there are in fact 
interesting “topological interactions” and, as we will see below, these are responsible for 
nontrivial knot homologies. Indeed, the knot homologies are closely related to the spaces 
of framed BPS states for the generalized surface defect theories We turn to a more 

detailed discussion of potential applications to knot homology in Section §18.4. 

It is likely that a study of categorical wall-crossing for surface defects would have other 
interesting applications. It might provide new insights in a variety of interesting subjects, 
such as quantum Teichmuller theory and the Stokes theory of asymptotics of holomorphic 
functions on Hitchin moduli space. 

18.3 Generalization 3: Hierarchies Of Scales And Cluster-Induced Webs 

In this Section we sketch an interesting construction that becomes available when there is a 
hierarchy of scales among sets of vacuum weights. There are several potential applications 
of the construction described at the end of this Section. 

By a hierarchy of scales we mean that we consider Theories in which we can divide up 
the vacua into a disjoint union: 

¥ = U (U ¥ ( ^, (18.9) 

where the vacuum weights form well-separated clusters. Here the labels fi run over some 
finite set. (As we will soon see, it is a set of Theories.) The vacua will be denoted as (/i, z), 
i — 1,..., |V^|. The vacuum weight functions are denoted z^) : y(^) C and specific 
vacuum weights are denoted by z\^\ i = 1,..., |V^|. We let Zf be the center of mass of 
the zf^ for fixed fi. Thus we can write 

4 M) = Z^ + 8z^ ] (18.10) 

To be precise, by a hierarchy of scales we mean that, for all /i, i, z/, A 

M m) | « \Z v x\ (18.11) 

where Z v \ := Z v — Z\. Note, in particular, that the convex hulls of the images of the z^) 
for different [i do not intersect. 

Let us now assume that we are given a Theory T, in the sense of Section §4.1. If 
the convex hulls of zf^ do not intersect (for fixed /i), then by the dual interpretation 
of webs through convex polygons (Section §2.1, Remark 5) it follows that any web tv 
with a fan which involves only vacuum weights of type fi will also only have pairs of 
weights of type fi on internal edges as well. Therefore, if we consider the restriction of 
the web representation 1Z and the interior amplitude /3 to vacua purely of type /a then the 
data (V^, z^\ j3^) by themselves define a Theory, which we will denote . In 

particular, (3^ satisfies the L^ Maurer-Cartan equation. Note that if || = 1 then the 
Theory T ^ is trivial. 

Let us now consider two sub-Theories and with fi ^ v. We claim that the 
data of the parent Theory T allows us to construct an Interface 3^^ e *Bt(T^,T^) 
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between the sub-Theories, where the domain wall D^ is parallel to Z^ y . The Chan-Paton 
factors of the Interface are given by 




(18.12) 



Figure 165: The dual of a fan in the Theory T which involves two half-plane fans in the sub- 
Theories and T^. This can be interpreted as defining an interface fan between the sub- 

Theories. Heavy blue lines connect vacua of type /i, v. Light blue lines connect vacua of the same 
type. The vertical maroon line is parallel to Z [1V . 

The absorption/emission amplitudes B of are derived from K and /3 of the parent 
theory as follows. Consider a fan of vacua /oo in T which involves only the /x and u-type 
vacua. Because the clusters are well-separated, and the fan must involve a convex set of 
weights it will be of the form I^ = {J + , J~} where 




(18.13) 


See Figure 165, which should be compared to Figure 39. Now, the component of the interior 
amplitude /? of the parent Theory T with this fan at infinity is a degree two element 


/9/co € R 




R+ + 


R 




R7, 


where 


R j+ - 


R 


Rj'n-RXvj'n) 


R T _ = R, 




R 


(18.14) 


(18.15) 




If we apply then we S et a degree one element £>/ 

for an interface amplitude appropriate to the Chan-Paton data (18.12). (Compare equation 
(6.4) above.) We claim that in fact 




(18.16) 
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0 , 3 ) 


(a) 


(b) 



Figure 166: Two representative decompositions of a dual polygon giving a web with 1^ = 
{(z/, 1), (u, 3), (fi, 1), (fi, 2), (/i, 3)}. 




Figure 167: Two webs with /oo = {(z/, 1), (z/, 3), (/i, 1), (/i, 2), (//, 3)}. Heavy purple lines separate 
vacua of type /i, v. They are approximately vertical and correspond to the domain wall of a 
corresponding interface. Light purple lines separate vacua of the same type. They correspond 
to edges of webs in the corresponding sub-Theories. 


is an interface amplitude. (We are not being careful about signs here.) 

To prove this, let us consider the plane webs tv contributing to the L^ identity sat¬ 
isfied by /? with fan of vacua = {J + , J - }. These are in one-one correspondence with 
decompositions of the convex polygon with vertices 


. ( f !) . (z/) . iy) . (/i) 

lZ Trn^z) { 


• (m) 


(18.17) 


into convex polygons with vacuum weights as vertices. We can separate the edges into 
two types. Edges connecting vacua of different types are called “heavy,” because in the 
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Landau-Ginzburg incarnation the corresponding classical solitons will be heavy. 105 In the 
limit that the clusters become infinitely separated all the heavy lines will be parallel to 
Z^ v . Edges connecting vacua of the same type are called “light.” The heavy lines are all 
nearly parallel and their common parallel serves as a locus for the domain wall D^ v . Note 
that fixing the transverse position of the domain wall eliminates one degree of freedom so 
in this mapping of plane webs for T to interface webs between T^ and taut webs 

are mapped to taut webs. Conversely, every taut interface web between T ^ and can 
be “lifted” to a taut plane web for T . 

The extra factor K used in defining Bj+ j- in equation (18.16) is precisely what is 
needed in order to convert the contraction of interior amplitudes for a plane web p( to) in 
T to the contraction of interface webs p(d) between Theories T^ and Thus the L^ 

equations satisfied by (3 in the parent theory become the equations satisfied by the 
interface amplitude of equation (18.16). The ordering of vertices along the heavy edges 
nearly parallel to Z^y collapses the L^ combinatorics to A^ combinatorics. In conclusion, 
a pair of far separated clusters of vacua canonically defines an Interface 3^^ as claimed 
above. 

We can now envision a nontrivial generalization of our entire formalism, where vacua 
are replaced by Theories, and edges of webs support Interfaces. These Interfaces will 
themselves interact at junctions, thus we again have a system of webs, which we will 
call cluster-induced webs , whose edges are parallel to Z^y. Moreover, on a half-plane 
the Interfaces can have junctions at the boundary of the half-plane, leading to cluster- 
induced half-plane webs where again edges are associated to Interfaces and segments on 
the boundaries are associated with Branes within the various Theories. We will next sketch 
how this idea can be made more precise, but we will leave detailed verification of the full 
picture for future work. 

We first use a key idea from the construction of the Interfaces 3^^. We consider webs 
2IJ whose set of vacuum labels are the Theories T^ and whose vacuum weights are the 
center of mass coordinates Z^. These are the cluster-induced webs mentioned above. In 
the limit that the clusters of vacua zf^ are well-separated for different /i, to every web to 
of the parent Theory we can associate a cluster-induced web 9U[tt)], called the skeleton of 
tv. It is defined by keeping the heavy lines in tv and collapsing the light lines. Conversely, 
given a web of type Q2J there will be several webs tDi, tx» 2 ,... in the parent Theory which 
have the same skeleton 22 J. Instead of web representations, to the edges of 2 U we associate 
the Interfaces 3^^. See, for example Figures 168, 169, and 170. 

The vertices of 2IJ correspond now to junctions of Interfaces. See again Figure 170. 
Instead of a representation of a fan, the natural object to associate to a cyclic junction 
of Interfaces 3 (^ 2 ), 3 (^ 3 ), # . ^ 3 (^ 1 ) is the chain complex defined by the trace of the 
composite Interface. Recall that each Interface 3^^ is associated with a domain wall 
parallel to so let 3\^y be the rotation Interface of Section §7 (defined in the parent 
Theory T) that rotates Z^y through an angle less than n to be vertical (so the Interface 

105 There is a potential for confusion here. A given heavy classical soliton which connects vacua of different 
types can function as a domain wall between the Theories. But our domain walls are labeled by pairs of 
Theories, and not by specific solitons between the vacua of different types. 
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(A, 2) *(A,1) 


(A,2) * *(A,1) 


Figure 168: We illustrate three clusters of vacua of type /i, m, A. Associated to this “fan of 
Theories” are several fans of vacua I 00 in the parent theory as well as several webs in the parent 
Theory with fixed J^. A few examples are shown here. 



Figure 169: This figure shows some of the webs associated with the fan of Theories 

{T^\ T^}. 


domain wall is vertical). Then, instead of associating a fan representation Rj to a vertex, 
as we do in the parent theory T, to a junction of Interfaces we now associate the chain 
complex: 


—mi, 


,Mn 


:= TV 




(18.18) 


where the trace of an Interface was defined in Section §9 above. 

Now, we conjecture that the data of the interior amplitude (3 of the parent Theory 
allows us to construct distinguished elements in the complexes associated to the vertices 
of Q2J, say B E R,„ „ . Then, the direct sum over all fans of Theories defines an 
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Figure 170: A junction of Interfaces T^ x ^\ This serves as a vertex for the cluster- 

induced webs. 

analog L! intfc of R mt . We further conjecture that L! intfc carries the structure of an 
algebra and ft define a solution to the Maurer-Cartan equation of that algebra. 

—Ml r-iMn 

We can be more specific. The notion of amplitude for a “web of interfaces” Q2J makes 
perfect sense in our general algebraic setup even outside the context of cluster-induced webs. 
Given a general collection of Theories attached to the faces of the web, of Interfaces 
attached to the edges of the web, each belonging to the category of interfaces with 
the slope of the corresponding edge, and a collection of elements r a in the chain complexes 
associated to the vertices of the web, we can define the amplitude p( 22 J)[rJ of such a web 
in a straightforward manner. We can identify Q2J as a sum over composite webs (including 
edges going into the vertices of 22J, as for wedge webs) of the underlying T ^ Theories 
defined within the corresponding faces, and define p( 9U)[rJ by inserting the appropriate 
interior and boundary amplitudes in p( 2 U)[- • • ; • • • ;rj. 

The above conjecture can be stated as the claim that for the Theories and Interfaces de¬ 
fined in this section, there exist a sum of cluster-induced webs t c iuster such that p(tciuster)[r a ] 
defines an L^ algebra and ft is a solution to the Maurer-Cartan equation of that 

—Ml r-)Mn 

Lqo algebra. We expect t c iuster to arise from the decomposition into cluster-induced webs 
of the taut element t in the underlying theory. 

The plane webs 2IJ described above should have half-plane analogs. Let us fix the 
positive half-plane. Then, in close analogy to the definitions of the Theories a Brane 
55 with Chan-Paton spaces £(^i) and boundary amplitudes Bj in the parent Theory T 
defines a collection of Branes 53^, one for each Theory T^. The key observation is 
again that if Jqo involves only vacua of type p and all the emission amplitudes only involve 
vacua of type p then all the interior vertices must also correspond to fans of vacua solely 
of type p. 106 Consequently, for fixed /i, we can define 93 ^ to have Chan-Paton spaces 
£(mm)’ ^ = 1? • • • ^ |V^|, with amplitudes Bj where J is a half-plane fan of vacua all of type 

106 Intuitively, heavy lines cannot end away from the boundary and cannot turn back. 
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fi. If we contract interior vertices with /3^ then these will satisfy the A^ identities by 
themselves, and hence define Branes in 



Figure 171: Supersymmetric Interfaces can end on boundaries. Shown here is a cluster-induced 
half-plane web 11. The “emission amplitude” that interpolates between Branes of two Theories and 
joins several interfaces is an amplitude B constructed from the data of the boundary amplitudes of 
the underlying parent Theory T. 

Now, if we consider half-plane fans in the parent theory of type 

Joe = {(p,jl), • • • , (fi,jn), (I'.Jl), • • • , (V,j' m )} (18.19) 

the corresponding half-plane webs will involve heavy edges, approximately parallel to Z^ 
(which we assume points into the positive half-plane) and terminating at the boundary of 
T~L. Thus, supersymmetric Interfaces should also have boundary junctions. Instead 

of a representation Rj associated with an emission vertex in the parent Theory T, now, to 
a junction such as that shown in Figure 171 we associate again a complex 

R = <B (w) Kl (af^ 1 ’^) g| 9^,^) Kl b 9 ^ 3 ) El • • • B ^ ^ ^ j g| ®(a*»)[,t] 

(18.20) 

The analog of the Chan-Paton factors are now the Branes 23^ in the Theories A 

conjecture analogous to that we made above states that the data of the boundary ampli¬ 
tudes Bj of the parent theory allow us to define elements B of these complexes so that the 
Aoo relations of the half-plane webs it associated to data (T^\ ZR, (3) will be satisfied. 
Again, the operations of the Aoq category will be defined from the amplitudes of appro¬ 
priate webs of Interfaces drawn in the half-plane, including both the 2$^ Branes and the 
Interfaces. 

In conclusion, we have sketched how, in the limit that vacuum weights form well- 
separated clusters we can build a new set of webs, called cluster-induced webs and a 
“representations of webs” (the chain complexes R) with elements (3 and B satisfying the 
LAqo relations. If, then, there are hierarchies of clusters within clusters there will be 
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a corresponding hierarchy of these cluster-induced structures. This might be a way to 
generalize our formalism to infinite collections of vacuum weights with accumulation points. 
But we leave that for the future. 

Finally, let us sketch some of the physical motivations and potential applications of 
the above construction: 

1. In this paper we have heavily used the assumption that the IR vacua of the field 
theory under study are all massive. It is natural to ask whether the formalism 
can be extended to include interacting massless vacua, and in particular nontrivial 
interacting CFT’s. We believe the the above construction can be used to define a 
web-formalism for such interacting CFT’s. In the context of LG theories, massless 
vacua appear when we consider families of superpotentials such that one or more 
Morse critical points approach a common (non-Morse) critical point, and the cluster- 
webs should allow a description of the physics of these models. An interesting open 
problem is whether the formalism then applies to non-Morsifiable singularities. 

2. A closely related application is the extension of the application to categorified spectral 
networks to include the branch points of the spectral cover n : £ —>► C, as mentioned 
in Section §18.2 above. 

3. A third application is to the construction of creation and fusion Interfaces in the 
knot homology application of our formalism sketched in Section §18.4 below. See, in 
particular Section §18.4.8. We turn to these matters next. 

18.4 Potential Application: Knot Homology 
18.4.1 The Main Point 

Knot homology is an important topic in low-dimensional topology. It has interesting re¬ 
lations to string theory and gauge theory and there have been several interpretations of 
knot homology in the physics literature. The gauge-theoretic definition of knot homology 
proposed in [92] can be deformed to a setup which has many properties in common with a 
massive 2d theory with J\f = (2, 2) supersymmetry compactified on a segment [32]. 

The objective of this Section is to describe how one might possibly employ the ma¬ 
chinery developed in the present paper in order to express the gauge-theoretic definition 
of knot homology in the language of webs, web representations, Theories and Interfaces. 

The immediate payoff of such a translation would be to bridge the conceptual gap 
between the gauge-theoretic definition of knot homology, which has a direct relationship 
to the three-dimensional geometry of the knot, and the standard combinatorial definitions 
of Khovanov cohomology, which lack such a relationship. Ultimately, it should be possible 
to establish a direct equivalence between some Vacuum Aoq categories associated to the 
gauge-theoretic construction and the categories employed in the combinatorial definitions 
of Khovanov cohomology. 

The gauge-theoretic definition of knot homology employs an MSW complex built from 
solutions of certain four and five-dimensional Q-fixed point equations for a five-dimensional 


- 370 - 


supersymmetric gauge theory on a five-manifold with boundary: 

M 5 = M x M 3 x R + , (18.21) 

where M 3 is a three-manifold. The knot resides in M 3 on the boundary and is used 
to formulate the crucial boundary conditions for the instanton equations of the gauge 
theory. Referring to the first factor as “time” the solutions of time-independent, four¬ 
dimensional, “soliton” equations provide the complex of approximate ground states and the 
solutions of the five-dimensional “instanton” equations with time-independent boundary 
conditions provide the differential on the complex. We will review the setup in full detail 
in Section §18.4.3. The relation to this paper begins to emerge when we realize that 
the five-dimensional instanton equations are equivalent to the ("-instanton equations for a 
gauged Landau-Ginzburg model whose “worldsheet” is M x R + and whose target space is 
a space of complexified gauge connections on M 3 , as described in Section §18.4.3. The 
superpotential is the Chern-Simons functional. (This gauged LG model is referred to as 
CSLG1 below.) In the case when M 3 = IxC, with C a Riemann surface, the equations 
are also the ("-instanton equations for another gauged Landau-Ginzburg model (referred 
to as CSLG2 below). Referring to the first two coordinates of M 5 ^IxRxCx R + 
as (x 0 ,^ 1 ) the “worldsheet” of CSLG2 is the (x 0 ,^ 1 ) plane, while the target is a space of 
complexified gauge fields on M 3 = C x R+. Again, the superpotential is a Chern-Simons 
functional. Since the Chern-Simons functional is multivalued, dW can have periods, and 
the considerations of Section §18.1 become important. In either case, the knot complex is 
the MSW complex for the Landau-Ginzburg theory. 

In order to illustrate the relation to the web formalism, we focus on the case when 
M 3 = R x C and use the formulation CSLG 2 . We should stretch the link along one spatial 
direction x 1 , and introduce the deformation of the boundary conditions proposed in [32]. 
In the approximation that the link’s strands are parallel to the x 1 direction, the boundary 
conditions have 2d translation symmetry and the 5d equations have much in common 
with the ("-instanton equations of an ungauged massive LG model. In particular, they 
admit isolated solutions akin to 2 d vacua, which are independent of time and the x 1 space 
direction and only depend on the three remaining space directions. Conjecturally, these 
vacua are massive , with a mass scale controlled by the deformation parameters and the 
transverse separation between the strands. Such a conjecture implies a familiar structure 
for solutions of the five-dimensional instanton equations: as long as the strands of the link 
are approximately parallel away from co-dimension one loci (“interfaces”), which are in 
turn well-separated from each other, the solutions will be almost everywhere exponentially 
close to the 2 d vacuum solutions, except in the neighbourhood of a BPS web. 

Assuming that this conjecture holds true, it should be possible to employ the 5d 
instanton equations to define the same variety of counting problems as we did for the ("- 
instanton equation in standard LG theories in Sections §§11-17, as long as we deal with 
the non-single-valued vacuum weights as sketched in Section §18.1. Thus, we expect that 
for any collection S of parallel strands: 

• Solutions of the 5d instanton equation which do not depend on (x°, x 1 ) will give the 
vacuum data V5. 
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• Solutions of the 5d instanton equation which depend only on the combination x 1 cos /i+ 
x° sin (i will provide the spaces of solitons which can interpolate between any two given 
vacua and thus web representations for the vacuum data Vs- 

• Solutions of the 5d instanton equation with fan-like asymptotics in the (x°, x 1 ) plane 
will provide interior amplitudes /3s and thus Theories Ts- 

• If 5 is an empty collection the theory Ts will be trivial. That is, it will have a unique 
vacuum. 

Similarly, for any “supersymmetric interface” X, i.e. a time-independent boundary 
condition for the 5d equations which involves a set of parallel strands S~ for x 1 <C — L and 
a set of parallel strands S + for x 1 L 

• Solutions of the 5d instanton equation which do not depend on time will give Chan- 
Paton data £?■,. 

jij 

• Solutions of the 5d instanton equation with fan-like asymptotics in the (x°, x 1 ) plane 
will provide boundary amplitudes B 1 and thus an Interface 3[1\ between Theories 
Ts- and Ts+ - 

We can assume that the stretched link is approximated by a sequence of collections 
of strands S a , starting and ending with the empty collection So — S n — 0, separated by 
interfaces X a?a+ i. The approximate ground states and instantons of the knot homology 
complex will literally coincide with the chain complex of the Interface 3(Link) between the 
trivial Theory and itself, defined as the composition of the Interfaces 3[l a ,a+ 1 ] 

3(Link) := 3[2b,i] El • • • El 3[l n -i, n \- (18.22) 

This complex is bigraded. One grading is the fermion number used throughout this pa¬ 
per. The second grading is related to the instanton number current in the five-dimensional 
theory and hence to the multi-valuedness of the Chern-Simons functional and the consid¬ 
erations of Section §18.1. 

Furthermore, if we allow the transverse position of the strands to evolve adiabatically 
in between discrete events such as recombination of strands, according to some profile 
Safa 1 ), we expect the knot homology complex to coincide with the chain complex of an 
Interface 3 (Link) which now includes the insertion of the corresponding categorical parallel 
transport interfaces: 

J(Link) := 3[2o,i] B 3[T Sl(x i)] B.B 3[T Sn _ l(x i>] B 3[l n - 1 ,„]. (18.23) 

In the remainder of this Section, we will review in a little more detail the gauge the¬ 
ory definition of knot homology and the relation between the five-dimensional instanton 
equations and the ("-instanton equations. We will also review the definitions of a collec¬ 
tion of finite-dimensional auxiliary ungauged Landau-Ginzburg models introduced in [32]. 
(These are the “monopole” and “Yang-Yang” models described below.) These models are 
expected to provide a low-energy effective description for the full gauge theory model in 
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the case when the collection S consists of parallel strands. It might be possible to prove 
the equivalence of the Theories Ts and Interfaces 3[I\ with the Theories and Interfaces 
computed from these finite-dimensional ungauged LG models. 

18.4.2 Preliminary Reminder On Gauged Landau-Ginzburg Models 

In Sections §§11-17 above we discussed at length J\f = (2, 2) Landau-Ginzburg sigma models 
with Kahler target X and holomorphic superpotential W. In Sections §§18.4.3-18.4.4 
we will reformulate the gauge theoretic approach to knot homology in terms of Landau- 
Ginzburg models. The relevant superpotential, which will be a Chern-Simons functional, 
will actually be a degenerate superpotential due to gauge invariance and hence we need 
to generalize the discussion of Section §11 slightly to include the case of gauged Landau- 
Ginzburg models. This is easily done. We briefly summarize the generalization here. (For 
background see Section 5.1.1 of [91]. We reduce the d = 4, J\f = 1 gauged nonlinear model 
of [85], ch.24 following the general procedure of [89].) 

Suppose the Kahler manifold X has a continuous group S of isometries and suppose 
moreover that S is a symmetry of the superpotential W. 107 The LG model then has a 
global symmetry and we can gauge it. We do so in a supersymmetric way, coupling to a 
(2, 2) vectormultiplet with bosonic fields (cr, a, L>, D ). All fields are locally valued in the Lie 
algebra of S. B is a gauge field for an 5-bundle on the “worldsheet.” The remaining fields 
are scalars. D is an auxiliary field. In order to couple the gauge fields supersymmetrically 
we assume furthermore that S acts symplectically on X so that there is a moment map 
fi: X ^Lie(Sy. 

We can define supersymmetries Q £ as before. The fixed point equations of the topolog¬ 
ically twisted theory are an interesting combination of vortex and £-instanton equations: 

Qb^ 1 — —g IJ ^=dw (18.24a) 

4 d4> J 

*2^3 + /i = 0 (18.24b) 

where dw = dx 1 — i dx° is a (0,1) form on the worldsheet and the covariant derivatives on 
the scalars can be written: 

d B <// = d^ 1 + (R,K 7 ). (18.25) 

Here the action of S on X defines vector fields V on X valued in Lie(5)*, that is, an 
element j: of the Lie algebra of S generates a vector field 

v(t) = (18.26) 

^ dt 

In (18.25) the angle brackets denote contraction with the Lie(5)-valued gauge field B. The 
second set of equations, (18.24b), minimize the kinetic energy terms of the gauge fields in 

107 Or rather, a symmetry of the current generated by the pullback of dW. The superpotential is allowed 
to shift by a constant under symmetry transformations. 
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the action. In the twisted theory one adds a boundary term ^ §(B,n) to the standard 
physical action allowing one to complete a square and write the kinetic energy term for the 
gauge fields as ~ f (*Fb — ju) 2 . The final parts of the Q^-fixed point equations require that 
the Lie algebra valued field a is covariantly constant and that all the other fields should 
be invariant under gauge transformation by a. 

An important simplification occurs when S acts freely and the critical points of W 
correspond to isolated, nondegenerate S c orbits. In this case the low energy behavior of the 
gauged model is described by an ordinary LG model on the symplectic quotient. Since the 
S-action is fixed point free, a = 0. Moreover, since [i — 0 in the symplectic quotient we can 
gauge away B and the equation reduces to the ordinary ^-instanton equation. By geometric 
invariant theory we know that, with a suitable stability condition, the symplectic quotient 
can be identified, as a complex manifold, with X/S c and W descends to a nondegenerate 
Morse function on this space. These conditions will hold in our application below since the 
Nahm pole boundary conditions guarantee that the Q^-fixed points have no symmetries. 

Finally, it is interesting to generalize the formulation of a LG model as supersymmetric 
quantum mechanics, as explained in Section §11 above, to the case of a gauged model. 
Equation (11.8) is now generalized to 


h = -J 

Jd 


- -ReiC'W^x 


(18.27) 


The equation for upwards gradient flow for h becomes the pair of equations (18.24b) and 
(18.24a). 


18.4.3 Lightning Review: A Gauge-Theoretic Formulation Of Knot Homology 

The gauge theoretic formulation of knot homology given in [92] has its origins in the 
theory of supersymmetric branes in string theory, or alternatively, in the six-dimensional 
(2,0) superconformal field theory. These motivations are explained at length in [92] and 
will not be repeated here. See [93, 94] for brief reviews of [92] and related papers. Here we 
summarize the final mathematical statement arrived at in [92] but approaching the subject 
via Landau-Ginzburg theory and Morse theory, the topics of such importance in this paper. 

Let L C Ms be a knot (or link) in an oriented and framed three-manifold M3. We 
wish to formulate a doubly-graded homology theory JC(L). This will be the homology of 
a complex /C(L), which in turn will be a certain MSW complex. In order to formulate 
the MSW complex and and its differential we introduce a metric gijdx l dx J on M 3 . We 
also introduce a compact simple Lie group G with real Lie algebra g, and a principal G 
bundle E —>> M 3 . We further let U be the space of connections on E and U c its natural 
complexification. A generic element A of IA C can be decomposed into “real and imaginary 
parts” as A — A + icf) where A is connection on E and 0 is a one-form valued in the adjoint 
bundle. Locally, they are one-forms valued in the compact real Lie algebra q. 108 The 
space U c is an infinite-dimensional Kahler manifold with metric 

d £ 2 = f TY(<U * 5 A) (18.28) 

Jm 3 

108 In our conventions g is a real subalgebra of a Lie algebra of anti-hermitian matrices. 


- 374 - 





where Tr is a a positive-definite Killing form on g. The normalization of the Killing form 
does not affect the flow equations. The symplectic structure is 


L0 — 



(18.29) 


and the complex structure maps 5A to 5(f). 

We will consider a Landau-Ginzburg theory on the half-line R + , parametrized by ?/, 
with target space Z7 C , with certain boundary conditions at y = 0, oo that will be sketched 
below. The data of the knot enters in the boundary conditions at y = 0. 109 
The superpotential of the model will be the Chern-Simons term 


W CS (A) = [ Tr [AdA+^A 3 ] (18.30) 

Of course this is not single-valued, but dW cs is single-valued, and this is all that is needed 
for the construction. Note that we have not chosen a normalization of the Killing form, 
so the periods of W CS (A) have not yet been specified. The superpotential W CS (A) is a 
degenerate holomorphic Morse function on U C {BC ) due to the gauge invariance of dW cs . 
Introduce the group Q of unitary automorphisms of E. When E is trivializable, as we will 
assume, Q is just the group Q — Map(M 3 , G). The group Q acts as a group of isometries 
preserving the symplectic structure as well as dW cs . We are therefore in a position to 
consider - at least formally - the gauged Landau-Ginzburg model, as described in Section 
§18.4.2, with symmetry group S — Q. In particular the group of gauge transformations of 
this gauged LG model consists of maps from R x R + , parametrized by (x°,y), into Q. 

Viewed as a problem in equivariant Morse theory onl = Map(R+,ZY c ) (or rather, on 
a cover on which W cs is single-valued) the Morse function is, according to (18.27) 


h = - [ dy [ vol (g)g lJ (fadyAj - faDjBy) 
J M_|_ J M3 



i e~™CS(A) 


(18.31) 


where Dj is the covariant derivative with respect to Aj. 

The flow equations, or, equivalently, the Q^-fixed point equations (with ( — — ie 1 ^) are 
now easily written. When covariantized in the time direction they become 


[(Dy-iD 0 ),V]=j» *M 3 W 

[A), Dy\ + Da *0 = 0 


(18.32a) 

(18.32b) 


The conventions here are the following: V is the covariant derivative with respect to A on 
M 3 . In local coordinates V = Ym=i dx l (di+Ai+i(f)i), and the fieldstrength is — [A> ^j]- 
The complex conjugation * is an anti-linear involution acting as —1 on g. The covariant 
derivatives Dq, D y on the “worldsheet” R x R + have gauge field B = dx°Bo + dyB y valued 
in the Lie algebra Map(M 3 ,g). 

109 This LG theory provides a convenient way to derive the gauge theory BPS equations. It should not 
be confused with the LG theory in the (x°, x 1 ) plane which will be used in Section §18.4.4 to establish the 
relation to the web formalism 
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These equations can be rewritten as equations on the five-dimensional space of the 
form 

M 5 = R x M 3 x M + (18.33) 

(with local coordinates (x°,x z ,y)) for a five-dimensional gauge field, locally a q -valued 
one-form: 

A 5d = Bodx° + Aidx 1 + B y dy , (18.34) 

together with a g-valued field (ft on M5 that is cotangent to M3. Locally (ft = Y^i= 1 (ftidx 1 • 
Put more formally, (ft G T(M 5 , 7 t*(T*Ms) ® Ad(£ 1 )) where 7 r : M 5 —X M 3 is the projection. 
Note that the first term in the expression for h in (18.31) can be written as / M+xM3 Tr {(ft * 
F 5d ), showing that the interpretation of A 5d as a five-dimensional gauge field is natural. 
(Compare with equation (5.42) of [92].) 

In local orthonormal coordinates, the ^-instanton equations of the CSLG model are 
seven “real” equations for 8 real fields on M5: 


Fyi + Dofii + ~Cijk{F — 4> 2 )jk + t ^ 'D y (j)i + Fm + -6ijk(DA(t>)jk^J — 0 

Fyi T A)0Z 2 ^ijk(F (ft )jk t ^ F)y(fti + Fi 0 —Cijk{F)A(ft)jk^ 0 


Fo y + Di<fti — 0 


Vi = 1,2,3 
(18.35a) 
Vi = 1,2,3 

(18.35b) 

(18.35c) 


where it is useful to introduce the parameter: 


t = 


sin d A ~ 

--- = 

1 + COS V z 


(18.36) 


We should regard t as the stereographic projection of e 1 ^ on the unit circle to the real line. 
These equations have some remarkable properties: 


1. When t = 1 they become covariant equations on the four-manifold M 4 = R x M 3 , 
with local coordinates (x°,x z ), where (fti are reinterpreted as the three components 
of a self-dual 2-form on M 4 . These equations were written in equation (5.36) of [93]. 
Similar equations were written in [43], and hence we will refer to the equations (18.35) 
as the HW{ t) equations. 

2. For general t, if the fields are taken to be time-independent, i.e. if they are pulled 
back from the four-manifold M 4 = M 3 x R + , with local coordinates (x z , y), then, if we 
rename Bq —X —<ft y , and introduce a new adjoint-valued 1 -form: <ft kw = (ftidx 1 + <ft y dy 
the equations become the Kapustin-Witten equations with parameter t: 


F - (</> kw ) 2 +1 (d A (f> kw ) + ~ t-\d A (t> kw )~ = 0 (18.37a) 

d A = 0 (18.37b) 
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Here the superscript =b refer to the self-dual projections with the product metric 
gijdx l dxi +dy 2 on M 4 and the orientation dydx 1 dx 2 dx 3 . We will refer to the equations 
(18.37) as the KW(t) equations. 

The desired knot homology complex /C(L) will be an MSW complex for the above 
gauged LG model on the half-plane with coordinates (x°,y). The vacua are solutions of 
the KW( t) equations and the instantons between them are the solutions of the HW( t) 
equations. That is, the differential on the complex /C(L) is obtained by counting solutions 
to the five-dimensional equations. However, to specify the complex precisely we need to 
specify boundary conditions for y —» 0 and y 00 . We now turn to these boundary 
conditions. They should be viewed as part of the specification of the gauged LG model, 
including a brane at y — 0 . 

In our main application below we will take M 3 = R x C = R 3 where C is the complex 
plane. In this case, a suitable boundary condition for y —» 00 is simply to require that 
A 0, and (/> c • dx, where c is a chosen triple of commuting elements of g. Thus we 
can conjugate c to a Cartan subalgebra t C g. For a more general M 3 , a suitable condition 
for y —>> 00 is to require the fields to approach a specified, ^-independent, solution of the 
KW(t) equations. 

The boundary conditions at y = 0 are more subtle ones and involve specifying a 
singularity that the fields are supposed to have. One chooses the following data: 

1 . A homomorphism of Lie algebras p : su(2) — > g. In the usual application to knot 
homology, this is taken to be a principal embedding. 

2 . A representation i? v of the Langlands or GNO dual group G v associated to each 
connected component of L. In general different components are associated to different 
representations. 

We describe the boundary condition first for the case that M 3 = R 3 with Euclidean 
metric JT dx 2 , and without knots, and that G = SU(2). Also, we take p to be the principal 
embedding, which for g = su(2) is just the identity map su(2) —> su(2). In this situation, 
we impose the following 110 “Nahm pole boundary condition.” We require that for y 0, 
A vanishes and 

1 3 

0 ~ -Tp(ti) d ^ + 0{y). (18.38) 

yti 

This boundary condition has a natural generalization on a general Riemannian three- 
manifold M 3 . We state this first in the absence of knots. We fix a spin bundle 111 S M 3 , 
with structure group SU{2), and write Ps for the corresponding principal bundle. A G- 
bundle E = M 3 is then defined by E = Ps x su( 2 ) G, where SU( 2 ) is embedded in G via p 
and acts on G on the left. Eqn. (18.38) then makes sense for a section (j) of T*M 3 ®ad(E). 

110 The name reflects the fact that the singular behavior that we are about to specify for y —>> 0 was 
originally introduced by W. Nahm in his study of Nahm’s equations associated to magnetic monopoles. 

11 Tn fact, for the principal embedding the choice of spin structure does not matter since the Lie algebra 

0 pulls back to an integer spin representation. 
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The gauge field A is required to approach the spin connection on TM 3 as y —X 0, where 
the spin connection is embedded in G via p : $u( 2 ) —X g. The point is that with this choice, 
the singular part of the KW equations is obeyed near y — 0, assuming that t = 1 (a 
minor modification is needed for more general t). To generalize the Nahm pole boundary 
condition in the presence of a knot, one “embeds a Dirac monopole singularity in the Nahm 
pole singularity.” What this means is that the solution is required to asymptote along L 
to a certain model solution of the KW(t) equations that informally is a combination 
of a Dirac monopole with a Nahm pole; the model solution depends on the choice of a 
representation of the dual group G v . The basic model solution for G = SU( 2 ), p — Id, i? v 
the fundamental representation, and t = 1 is given in Section 3.6 of [92]. Near y — 00 the 
gauge field A vanishes and <pi approaches a constant determined, up to conjugacy, by the 
C{. In particular for M 3 = M 3 , 

</> ->• Adfo) (^2 ddx^j + 0(y~ s ) (18.39) 

for some g G G and some positive 6 . In the presence of a Nahm pole, a gauge transformation 
is required to be trivial at y = 0 , and this ensures that the gauge group acts freely. 

A demonstration that the Nahm pole boundary conditions for KW(t) and HW{t) 
at t = 1 are elliptic is given in [92, 72] and the generalization to t ^ ±1 and to include 
singular monopoles is fully expected to hold. 



y eR + 


Figure 172: The basic setup for the gauge-theoretic approach to knot homology. One considers 
5 dimensional SYM on a space M x M 3 x M + where M 3 is in an oriented Riemannian 3-fold. For 
fixed x°, M 3 contains a link L located at y = 0. The link evolves as a function of x° to produce a 
knot bordism E. 


Remarks: 

1 . In knot homology an important role is played by morphisms <&(E) : JC{L{) —> /C(Z/ 2 ) 
associated with knot bordisms in R x M 3 such that 0'S = L 2 — L\. In the gauge 
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theoretic approach these, too, are located at y — 0 as illustrated in Figure 172. 
There are corresponding boundary conditions on the (unstantons, that is, on the 
HW( t) equations in the presence of such bordisms. 

2. The advantage of the gauge-theoretic approach to knot homology is that the defini¬ 
tion of the homology groups /C(L) does not employ a special choice of direction in 
M 3 unlike, say, combinatorial definitions based on knot projections (such as Kho- 
vanov’s original definition [59, 9]). The origin of the equations (18.37) and their 5d 
counterparts in topological field theory lead us to expect that the knot homology 
will be independent of the metric < 7 ^, the parameter t, and the symmetry-breaking 
boundary conditions c. 

3. The knot homologies do, of course, depend on the data G, i? v ,p. In [92] many of 
the expected properties of knot homologies such as a Z x Z grading and its behavior 
with respect to change of framing and knot bordisms were established. (The second 
factor in the Z x Z framing depends also on a choice of framing of the manifold M 3 
and of the link L.) 



Figure 173: In the second formulation of JC(L) in terms of a gauged Landau-Ginzburg model, we 
specialize to M 3 = M x C, with C a Riemann surface. Thus, we consider five-dimensional SYM 
on a space RxMxCx M+. We will eventually take C to be the complex plane, but the basic 
picture should hold for a general Riemann surface. (The surface C must have at least one puncture 
so that M 3 admits a framing.) The link bordism at y = 0 is not shown here. We use local complex 
coordinates z = x 2 + ix 3 on C. 


18.4.4 Reformulation For M3 = lxC 

In order to make contact with the web formalism, we need an alternative formulation of 
the gauge theory equations which is available in the special case when the three-manifold 
factorizes M 3 = RxC, where C is a Riemann surface. Remarkably, the full set of equations 
HW (t) in this case can also be described as the £-instanton equations in a second gauged 
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Landau-Ginzburg model. Since there are now two gauged Chern-Simons-Landau-Ginzburg 
models in play we will refer to them as CSLG1 and CSLG 2 . 

The model CSLG 2 is again a gauged LG model with a target space of complexified 
gauge fields, but now they are gauge fields on the three-manifold 

M 3 = Cx R+, (18.40) 


where R + is the ^-direction. We must also assume the link L is translation invariant in 
the x 1 -direction. Configurations involving a slow x 1 dependence of the link L or even the 
Riemann surface C can be included as in Section §17 

See Figure 173. We consider a sigma model of maps from R 2 , with coordinates (x°, x 1 ), 
to a space of complexified G c gauge fields on M 3 = C x R + . We denote this space of gauge 
fields by IA C {BC\ where, now, the boundary conditions BC serve to define the target space 
of the LG model, rather than the boundary conditions of the LG model. The conditions 
BC will be specified in Section §18.4.5 below for the case of G = SU(2) or G = SO( 3). 

In some more detail, we denote the complexified gauge field by 

A = A^dx 2 + A^dx 3 + Aydy. (18.41) 


We use the same formulae (18.28) for the metric, (18.29) for the symplectic form and 
(18.30) for the superpotential, but now with the replacement M 3 —X M 3 and A A. 
Viewed as equivariant Morse theory on Map(R,Z// c (£>C)), the Morse function is now 


h = 


~ [ dx 1 [ 

Jm. J 


vol (g)g tJ ( 4>id x iAj - faDjBi) - ^Re 


ie 


-itf 


CS(A) 


(18.42) 


and the Q^-fixed point equations (again with £ = —ie 1 ^) are again of the form (18.32), but 
with all covariant derivatives replaced by their corresponding version with a tilde: 


[pi - iD 0 ),V] = e w (*m 3 -V) (18.43a) 

[D 0 ,Di] + D*j> = 0 (18.43b) 


We stress that the equivalence of the equations (18.32) and (18.43) is not entirely 
trivial. The fields of the two CSLG models are different. In CSLG 1 , which applies for 
general three-manifolds M 3 , we use one-form-valued fields with components </>i, </> 2 > </> 3 - In 
CSLG2, which applies for M 3 = R x C, we use one-form-valued fields with components 
(j) 2 , (j) 3 , 4> y . Nevertheless, the new flow equations (18.43) are in fact equivalent to the original 
flow equations (18.32). To see this, let Dy — Ad(</>^), i — 1,2,3 and D a t — Ad(0 a ), 
a = 2, 3, y. If we make the replacement: 


Dy —X D q 
Do —X —D y ' 


(18.44) 


as well as Dy, 3 ' Dy, 3 ' and Lh, 2 , 3 ,y Lh, 2 , 3 ,y in (18.32), then, after some nontrivial 

rearrangement we obtain precisely the set of equations (18.43). 
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The great advantage of the second formulation is that the equations for the vacua of 
the model are much simpler than the KW(t) equations. Indeed, they simply say that the 
gauge field is flat and satisfies a moment map equation: 112 

[V a ,V h \= o (18.45a) 

E (18-45b) 

a=2,3,y 

Indeed, in CSLG1, the vacua cannot be “spatially independent” (i.e. ^/-independent) be¬ 
cause of the boundary conditions on the LG model. In CSLG2, the vacua can be transla- 
tionally invariant in the aA-direction. 



Figure 174: This figure depicts the link L in the boundary at y = 0 at a fixed value of xq. It is 
presented as a tangle evolving in the x 1 direction and therefore can be characterized as a trajectory 
of points z a (x 1 ) in the complex 2 = x 2 + ix 3 plane. The points are decorated with irreducible 
representations R a of G v . The tangle is closed by “creation” and “annihilation” of the points z a in 
pairs (decorated with dual representations). 

As mentioned above, the model CSLG 2 is defined when the link L is translation- 
invariant in the x 1 direction. Of course most links L C M x C do not have this property. 
An important part of the argument of [32] is to employ topological invariance of the un¬ 
derlying topologically twisted 5d SYM theory to present the link L as the closure of a 
tangle, that is, as an adiabatically evolving collection of points in C. They will be denoted 
z a (x 1 )^ a — 1,... ,n. The evolution of z a (x 1 ) defines a braid. We may take the evolution 
to be adiabatic, thus justifying various low-energy approximations used in the physical 
arguments. However, since we ultimately use a topological field theory this is not strictly 
necessary. At some critical values of x 1 the number of points n jumps by n n ± 2 due 
to “creation” and “annihilation” processes. Indeed, we assume that for sufficiently large 
\x l \ there are no such points at all. That is, all the strands have been closed off in the far 
future and past. See Figure 174. 

112 In our conventions Aj,(f>j G Q are regarded as anti-hermitian in real local coordinates, so, for example, 

(dj + Aj + i= — (dj + Ai ~ iAO- 
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Therefore, our strategy will be first, to understand the model CSLG2 (and its finite¬ 
dimensional reductions) for the case where the link L is just a disjoint union of lines 
L = II£ =1 R x K}, where z a are a collection of points on the Riemann surface C. Then 
we will understand the devolution of the points z a as defining a path of such theories. 
Accordingly, we can apply our general theory of Interfaces developed in Sections §§6-7. 
Ultimately we will have an Interface between the trivial theory and itself. As we saw in 
Section 6.1.5 above, such an Interface is a complex. This will be our proposal for a knot 
homology complex JC(L). It is meant to be homotopy equivalent to the original MSW 
complex of CSLG1. 



Figure 175: At a fixed value of x 0 ,^ 1 we have a 3-fold M 3 = C x M + shown here. The equivalent 
gauged Landau-Ginzburg model is formulated in terms of target space of complexified gauge fields 
A defined on this space and satisfying suitable boundary conditions BC at y —>> 0, oo, together with 
extra conditions at z = z a . 


18.4.5 Boundary Conditions Defining The Fields Of The CSLG Model 

Now we must discuss the boundary conditions BC used to define the target space U C {BC ) 
of the model CSLG2. The link L is encoded in a collection of points z a G C at y — 0, as 
shown in Figure 175. 

The rotation (18.44) is incompatible with Nahm pole boundary conditions on </>. There¬ 
fore, we must find a new set of boundary conditions which correctly implements the presence 
of the knot at y 0. It is also useful to include boundary conditions at y oo that reduce 
the structure group G of E to a maximal torus. Physically, this corresponds to moving 
onto the Coulomb branch of a gauge theory and resolves some confusing singularities in 
the moduli space of vacua. 

While the papers [92, 93, 94] emphasize the formulation reviewed in Section §18.4.3, in 
fact, there is some freedom in the choice of which supersymmetry to use in deriving the Q- 
fixed point equations, as well as the precise boundary conditions which are imposed on the 
fields in the formulation of /C(L). It should be possible to deform the boundary conditions 
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and still define an equivalent knot homology. Some of this freedom was employed in [32]. 
See Appendices A and B of [32] for a detailed discussion. 

For technical simplicity, the discussion of [32] is restricted to G — SU(2) or G — SO( 3). 
Moreover, the Riemann surface C is taken to be the complex plane with Euclidean metric 
and trivial framing. 113 The irreducible representations of G v at z a are described by 
their dimensions k a + 1 , where k a is a positive integer. If G — SU(2) then k a must be even, 
and if G — SO( 3) then k a can have either parity. 114 It is convenient to package these data 
into a monic polynomial 

n 

K(z):=H(z-z a ) k °. (18.46) 

a= 1 

To define the space U C {BC ) we consider all G c gauge fields on C x R + that satisfy the 
following boundary conditions: For z ^ z a and y 0 we require that there is a gauge in 
which 

A h ('o* -dp) + " ■ 2 * v ^ 0 (1S 47) 

This is the complex gauge field analog of the Nahm pole boundary condition. 

For y —» oo at fixed z we require that in some gauge 


A 


dz 

J 




+ dy 


ci 0 

0 -ci 


(18.48) 


where the symmetry-breaking data c is encoded here as three real numbers C{ and we define 
c := \{c 2 — ic 3 ). The parameter £ that enters here is a complex number £ ^ 0, oo and is 
used to deform the original Nahm pole boundary conditions of CSLG1. 115 Away from 
knots, the Nahm pole boundary condition implies the existence of an everywhere nonzero 
“flat section” s of the rank 2 associated bundle to E c which solves 


VzS = 0 

V y s = 0 


(18.49) 


Moreover, one can choose s to grow only polynomially for z -> oo (without this condition, 
one would be free to multiply s by an entire function such as e z ). If T — 0 and s satisfies 
(18.49), then the quantity s A V z s is ^/-independent. Although we refer to s as a “flat 
section” in fact V z s is not zero. Knots are most succinctly incorporated by saying that s 
has a zero of order k a along a knot, leading to 


s A V z s — K(z)v ol (E) (18.50) 

where vol (. E ) is a fixed constant volume form on the rank two associated bundle. The 
boundary condition (18.50) encodes the presence of the knots at z = z a and y — 0. 

113 It would be interesting to generalize the following considerations to an arbitrary Riemann surface. 
114 In the example relevant to a knot or link, presented as in Figure 174, the k a are not independent but 
always appear in pairs. 

115 In [32] the parameter £ was called £, but we have renamed it here since it should not be confused with 
the £ used for the Landau-Ginzburg model. 
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This completes the formulation of the boundary conditions, and hence the specification 
of the target space U C (BC) of the model CSLG 2 . 

Remarks 

1. We will henceforth write the space of gauge fields A determined by these boundary 
conditions as U c (z a , k a \£, c). 

2. In the gauge (18.47) the section s is the solution of V y s — 0 which vanishes for y —>► 0. 
Therefore it is called the “small flat section.” 

3. Note that even though A is a flat connection on the simply connected domain R 2 x R + 
we cannot write a solution to both (18.49) and V z s = 0 which satisfies the above 
boundary conditions. There can therefore be an interesting moduli space of such 
connections. 


Reference [32] argues that one can parametrize the moduli space of solutions to the 
vacuum equations by making a complex gauge transformation, growing at most polyno- 
mially for z oo, such that, away from y = 0 , A is given by (18.48) exactly, not just 
asymptotically, on M 3 . The moduli space is then parametrized by the data of the small 
flat section, which, in this gauge, must have the form 

a = exp[-(£c^ + ciy)cr 3 ] (18.51) 

where P(z),Q(z) are polynomials, unique up to rescaling (P, Q) (AP, X~ 1 Q). Then 
equation (18.50) implies that 


PQ' - QP' - c 0 PQ = K 


(18.52) 


where Co := — y. Following [32] we rewrite this as e c ° z ^ = — d z (e c ° z ^) and since P,Q 
are polynomials it follows that e~ c ° z ^ must have zero residue at all the zeroes of Q. Using 
the scaling freedom we can assume that Q(z) is monic, so it must have the form 

q 

Q( z ) = - Wi) (18.53) 

2=1 


and moreover the roots of Q are constrained to satisfy 


u w , o 

E —z— = c o + E —z— 

a^i Wi Za rti Wi w i 


i = l,...,q 


(18.54) 


These equations are of course the critical points of the function 


W = J2ka log (Wi - Zg) -^2 log (wi - Wj) -co^Wi (18.55) 

2 , 0 , i~/~j 2 

As discussed at length in [32], the equations (18.54) define an oper with monodromy- 
free singularities. Consequently, there are close connections to integrable systems such 
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as the Gaudin model (with an irregular singular point at infinity when Co ^ 0) [25]. In 
particular, the equations (18.54) are just the Bethe ansatz equations for the Gaudin model. 
Moreover, after adding a term depending only on k a and z a : 

AW = y 52 kaZa - \ 52 “ z t>) (18.56) 

a a-=f=b 

the function W + AW is the Yang-Yang function of the model. It is shown in [ 22 ] that 
there are generically Y\ a (k a + 1) solutions to equation (18.54), provided we consider all 
0 < q < k. (This is also the dimension of a statement which is important in the 

theory of the Bethe ansatz.) In particular the space of vacua generically consists of a finite 
collection of distinct flat connections. 

Moreover, the integral of exp[(VF + AW)/b 2 } over the Lefshetz thimbles associated 
to (18.55) are the renowned free-held representations of conformal blocks of degenerate 
representations of the Viraroso algebra. This in turn leads to a demonstration that, in the 
case of M 3 = RxC and G = SU( 2 ), the Euler character of the MSW complex built on the 
KW( t) equations is indeed the Jones polynomial [32], thus providing substantial evidence 
that /C(L) is equivalent to Khovanov homology. 

All of this strongly suggests that there is a low energy effective description of the model 
CSLG2 - equivalent at the level of LA^ algebras and the A^ category of Interfaces - in 
terms of a simpler ungauged LG model with a finite-dimensional target space and with 
superpotential (18.55). We next proceed with an argument that this is indeed the case. 

18.4.6 Finite-Dimensional LG Models: The Monopole Model 

The first step in simplifying CSLG2, again described in [32], is to reduce it to an ungauged 
LG model whose target space is a moduli space of magnetic monopoles. We will refer to 
that as the monopole model We now briefly sketch how this is done. A full derivation, 
taking careful account of D-terms, remains to be done. 

A quick route to the monopole model is provided by applying the remark at the end 
of Section §18.4.2. Since S acts on X without fixed points, we can consider an equivalent 
ungauged Landau-Ginzburg model with target space the symplectic quotient. As a com¬ 
plex manifold this is X/S c = U c (z ai k a ;^c)/Q c and W cs (modulo periods) descends to a 
nondegenerate Morse function on this space. The critical points are, of course, just the 
gauge equivalence classes of flat connections A on M 3 satisfying the boundary conditions 
(18.47) - (18.50). We claim that, at least when all three components Cj/ 0 and £ ^ 0, 00 , 
there is a finite set of critical points which can identified as a finite set of points in a moduli 
space of smooth magnetic monopoles for SU(2) of charge 

m:=iy^fc a . (18.57) 

a 

(For G = SU{ 2 ), the integers k a are all even. For G — SO( 3), the integers k a can have any 
parity, but the sum is constrained to be even.) 

To explain this claim in some more detail, we begin with an important preliminary 
remark. Due to the Nahm pole, p := ~ 1 ^ 3 ) is nonzero and hence A z is not unitary. 


- 385 - 



For the moment take the complex symmetry breaking parameter Co = 0 but c\ 7 ^ 0. Since 
ci is nonzero the gauge symmetry is spontaneously broken to U( 1) and hence charged fields, 
such as <£>, will decay exponentially fast for y 00 on a scale set by ci. On the other hand, 
when p = 0 the equations (18.49) are equivalent to the “holomorphic part” of the standard 
Bogomolnyi equations for ordinary magnetic monopoles in a Yang-Mills-Higgs theory. 

We are therefore led to consider the space A4(ci,m) of smooth SU(2) magnetic 
monopoles with asymptotic Higgs field 



(18.58) 


where f) = icr 3 is a simple coroot in a standard Cart an subalgebra of su( 2 ) and we chose a 


gauge with <j) y constant at infinity. Moreover, we choose the gauge so that ci is positive. 
(This still leaves an SO( 2 ) subgroup of global gauge transformations unfixed. We will 
fix it below.) Although A4(ci,m) is hyperkahler, the choice of a distinguished direction 
y selects a distinguished complex structure on A4(ci,m) and we will simply regard it as 
a Kahler manifold in this complex structure. In order to incorporate the other flatness 
equations from W cs , and the fact that p is not exactly zero we will introduce an effective 
superpotential on the space A4(ci,m). It will be holomorphic in the complex structure 
selected by y. 

In order to write the effective superpotential, we will make use of a well-known presen¬ 
tation of the monopole moduli space 7W(ci,m) [45, 19, 52, 6 ]. We consider the scattering 
problem along the y axis at fixed (z,z) for the operator V y . The evolution operator along 
the y-axis is just 



(18.59) 


Using (18.58), it follows that there exists a basis of covariantly constant sections with 
y —» +00 asymptotics 



(18.60) 


Similarly, there is a basis of such sections with y —>► — 00 asymptotics 



(18.61) 


Since the space of flat sections is two-dimensional we have 


s (-00,-) _ Q s (+00,+) _ p s (+ OO-) 

s (-°o,+) = p s (+ 00 ,+) + Rs (+oc,~) 


(18.62) 
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where the scattering matrix 


P 

-P R 


(18.63) 


satisfies QR + PP = 1 since the field A y is traceless. The peculiar sign choice in front of 
P will be convenient later. 

Now, the holomorphic part of the Bogomolnyi equations can be written as 


Pz,V y ]= 0. (18.64) 

We may therefore choose the sections s( ± °°’ ± ) to be annihilated by T>z as well as V y and 
therefore the “S-matrix” (18.63) is holomorphic in z. The asymptotics (18.60) and (18.61) 
only determine the bases up to a shift of the growing solution by a multiple of the decaying 
solution. This multiple can be a holomorphic function of z and therefore the S-matrix is 
only determined up to multiplication 


( Q„ p\. ( i °\(Q„ p ) 

\-pr) \u+(z) l) \-p r) \o i ) 


(18.65) 


Note that if the monopoles are all uniformly translated by Ay in the ^/-direction then, 
from the asymptotics (18.60) and (18.61) we see that the scattering matrix is transformed 
to 


Q~ P 
-P R 


o c ! Ay Q 



g-ciAy \-P R 


(18.66) 


and in particular P —> e 2c ' A ' J P. From equation (18.62) it is clear that the zeroes of Q 
correspond to the points z — W{ where there is a boundstate for the scattering problem, 
with exponential decay at both ends y =boo. In the asymptotic region of moduli space 
with well-separated monopoles these zeroes represent the positions of the monopoles in the 
complex plane, and the S-matrix approaches a product of factors S 1 S 2 • • • S m where Si are 
the scattering matrices computed from the one monopole problem 





(18.67) 


and 

Re(Ti) < R e ( y 2 ) « ■ ■ ■ « Re(Tm). (18.68) 

Again, Re(T) shifts by 2 c\Ay under translation of the monopole by Ay in the ^/-direction, 
and hence represents the ^/-position of the monopole. 

Given the asymptotic factorization of the scattering matrix into factors of the form 
(18.67) it follows that the components of the matrix (18.63) are polynomial functions of z. 
In particular, Q has degree m. Using the residual SO(2 ) gauge freedom left unfixed from 
(18.58) we can take Q(z) to be monic: 

m 

Q(z) = Ipz - Wi). (18.69) 

2=1 
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Now we can fix the ambiguity (18.65) by requiring P, P to have degree m — 1 and R to 
have degree m — 2. Thus, we can uniquely associate to a point in monopole moduli space 
a rational map P/Q and, by [19] this is in fact a diffeomorphism with the space of rational 
maps. 

Given the above rational map presentation of A4(ci, m) we are now ready to introduce 
the effective superpotential on the space A4(ci,ra). By combining physical arguments 
with qualitative features of the moduli space of opers, reference [32] proposed the effective 
superpotential on monopole moduli space to be: 


w = ( Res ^=^i 

i=i \ 


K(z)P(z)dz 

Q(z) 


log P(wi) - CQWi + A W(z a ) 


(18.70) 


where K(z) was defined in (18.46) above and the last term AW(z a ) is independent of the 
W {, and cannot be determined by the above arguments. 116 Note that we have taken into 
account the complex symmetry breaking by Co through the superpotential. 

The justification for (18.70) is given by matching the critical points to the moduli space 
of opers with monodromy-free singularities. Assuming that the points are all distinct 
we can change coordinates to P{wi) := e~^\ As we have seen, in the asymptotic regions 
of moduli space the parameters Re(Ti) measure the positions of m basic’t Hooft-Polyakov 
monopoles in the y direction so long as these values are large and positive. In this limit the 
fields are heavy and it is justified to integrate them out leaving an effective superpotential 
for a collection of chiral superfields VR, whose leading term is The critical points are 
determined by 


e 




K(wj) 
Q'(wi ) 


(18.71) 


But, since QR + PP = 1, we have P{wi ) = eV This matches beautifully with (18.52). 
Moreover, the effective superpotential for the remaining fields is precisely (18.55). 

Of course, W is not single-valued due to the terms logP(u^). In fact ni(Ai) = Z 
and the universal cover of the moduli space is M = M 4 x Alo, where A4o is the simply 
connected moduli space of centered monopoles. The superpotential will be single-valued 
on this cover. Note that deck transformations shift W by elements of 2niZ. Until now we 
have not said how the trace Tr on g used in (18.28), (18.29), and (18.30) is normalized, 
but at this point it should be normalized so that the periods of the Chern-Simons form for 
the unitary gauge field A are in 27riZ. 

In summary we have the monopole model : 


1. The Kahler target space is the space of smooth monopoles Al(ci,m) on M 3 with 
magnetic charge ml ) and Higgs vev at infinity c\l ). Using the standard hyperkahler 
metric we consider it to be Kahler in the complex structure determined by y. 

2. The superpotential is given by (18.70). 

116 In principle, A W(z a ) could be determined by evaluation of the Chern-Simons functional on the critical 
flat connections. In [32], it was determined by a relation to conformal field theory. In any case, in the 
application to webs below, it is a constant shift in the superpotential and will not affect the webs. 
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18.4.7 Finite-Dimensional Models: The Yang-Yang Model 

The procedure of integrating out the fields Yz in the monopole model leads to a model we 
call the Yang- Yang model. Integrating out heavy fields is expected to produce a LG model 
whose associated LA^ algebra and categories of Branes and Interfaces is equivalent to the 
original one. 

To define the Yang- Yang model , we choose a collection of n distinct points z a £ C and 
label them with positive integers k a such that k — k a is even. Fix an integer 1 < q < k. 
(For q outside this range, the Bethe equations that we arrive at will have no solutions.) 
The target space of the model is a covering space of the configuration space C(q,S) of q 
distinct, but indistinguishable points uq, i = 1,..., q on S := C — {z i,..., z n }. To define 
the covering space we introduce the superpotential: 

w = Y ka lo s( w; * - z a) - w i) -°oY Wi (18.72) 

i,a iy^j % 

The target space X should be the smallest cover of C(q, S ) on which W is single-valued as 
a function of the W{. Thus, explicitly, X = C(q,s)/H where C(q,s) is the universal cover 
and H is the subgroup of 7Ti given by the kernel of the homomorphism § dW : tti 2niZ. 
X is thus a Galois cover with covering group tti/H = Z. We are primarily interested in 
the case q — |, since this is the case that arises from the monopole model. The derivation 
of the model from the monopole model suggests that the Kahler metric should be taken to 
be the metric induced from the hyperkahler metric on «M(ci,ra). Using the discussion of 
Section 10.7 above, the algebraic structures of concern to us will be unaffected if we replace 
that metric by the much simpler Euclidean metric JT \dwi\ 2 (pulled back to X) and we 
make this choice. In particular, with this choice we can define the model for any value of 
q. We denote the Yang-Yang model by T(g, { k a , z a }). 

18.4.8 Knot Homology From Interfaces Between Landau-Ginzburg Models 

We can now use the Yang-Yang model to formulate a knot homology complex. The vacua 
V are in 1-1 correspondence with the (lifts of) the Bethe roots of (18.54). They can 
be labeled (noncanonically) as w( r ’ n \ with r = 1,..., Y\ a (k a + 1) and n G Z. For each 
Bethe root u;( r,ri ) the vacuum weight is determined by the value of the Yang-Yang function 
W r ' n = W(w( r ^) + 27Tin. In addition the web representation 1Z, the interior amplitude /?, 
and, once we choose a phase £ and a half-plane, the category of branes are all determined, 
in principle, by the physical model. 

Now we consider again the link presented as a tangle determined by the functions 
Za^x 1 ). The vacuum data evolves with rr 1 , as does the web representation and interior am¬ 
plitude. When the number of strands is conserved as a function of x 1 the theory of Sections 
§6-8 determines an Interface 3[z a (x)\ between the initial and final Theories T(#, 
and T(#, {& a , z° ut }). As we have explained, this can be used to construct an A^ functor 
between the initial and final A^ categories of Branes. 

In addition, if two points, say z ai (x) and z a2 (x), carry the same integer, k ai = k a<2 = Aq, 
then they can be “annihilated,” changing n + 2 n. The “time-reversed” process creates 
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two points and changes n —>► n + 2. Taking, for simplicity q — the annihilation must 
lead to an Interface J n+2 ^ n (ai, a^) G 23t(T(g, {fc a , z a }), T(q', {fc a , z a }')), where q' — q — k\ 
and {fc a , z a }' = {fc a , — {k ai , k a<2 , z ai , z a2 }. Similarly, the creation process must lead to an 
interface 3 n ^ n+2 (ai, < 22 ) G y$x(T(q r , {fc a , 2 ^}'), T(g, {fc a , z a })). Moreover, these interfaces 
should be related by parity-reversal. 

Up to homotopy equivalence of Interfaces the Interface associated with a tangle can 
be decomposed into products of Interfaces associated with elementary positive or negative 
braidings of single pairs of points and associated to creation and annihilation of pairs of 
points. We are thus led to consider four types of basic interfaces: 

1. If the path p± a2 braids two points z ai (x) and z a2 (x) while all other points z a (x), for 
a ^ ai, a 2 are fixed (on some small interval in x) then there will be braiding Interfaces 

1 a 2 ) between the theory T({z a },{k a }) and the theory with k ai k a<2 . The 
superscript indicates whether the braiding is clockwise or counterclockwise. These 
will be very similar to the S-wall interfaces discussed above. 

2. If two points z ai (x) and z a2 (x ) annihilate then there will be an annihilation Inter¬ 
face 3 n ^ n+2 (ai, 02 ) as described above. Similarly, there will be creation Interfaces 
J n+2 ^ n (a i,a 2 ). 

Now, a tangle such as shown in Figure 174 is an aA-ordered instruction of creation 
of pairs of points, braidings of points, and annihilations of pairs of points. Let us denote 
the corresponding ordered set of Interfaces for the tangle as 3i,..., 3/y> f° r some TV, where 
each 3 S is one of the four types of basic interfaces described above. Then we can use the 
interface product M described above to construct 

3(Tangle) := 3i Kl • • • Kl Jjy. (18.73) 

The Interface (18.73) is an Interface between the trivial Theory and itself. As we saw in 
Section §6.1.5 an Interface between the trivial Theory and itself is a chain complex. We 
propose that this chain complex defines a knot homology complex JC(L). Moreover, in 
the case of G — SO( 3) and all k a — 1 this should give a theory equivalent to Khovanov 
homology. 

The required double-grading on K{L) comes about as follows: The Rij and Chan-Paton 
data have the usual grading by Fermion number IF. The second grading comes from the 
fact that dW has periods. As we have seen, the vacua w r,n are labeled (noncanonically) 
by a sheet index n G Z. It is natural to assign ^-grading (712 —n\) to the Morse complexes 

,m),(r 2 ,n 2 ) an d ^-grading n to the Chan-Paton spaces 8 ^^ of the Branes and Interfaces. 
One important statement which is expected, but should be proven, is that the Interface 
(18.73) does not depend on the tangle presentation of L, up to homotopy equivalence of 
Interfaces. 

It remains to construct the elementary interfaces. This is beyond the scope of the 
present work and will be addressed elsewhere. We simply mention that one can get a good 
analytic understanding of the Bethe roots and the critical values of W in the limit that cq 
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is large but S — cq(zi — z<i) —>► 0 as a double expansion in 1/co and S. Moreover, the critical 
values form two clusters of vacua 117 and hence the results on cluster webs from Section 
§18.3 will be relevant to the construction. 

Example In order to illustrate some of the issues which must be overcome to make this 
proposal computationally effective let us consider the construction of the complex /C(L) for 
the unknot with k\ = /c 2 = 1. In this case two points z a , a — 1,2 are simply created and 
then annihilated. The superpotential, after creation, is just 

W lo g(w — z{) + lo g(w — Z 2 ) — cow (18.74) 

The target space X is therefore a cyclic cover of the plane with two punctures. Writing 
zi = S/cq and Z 2 = — 5/co, the two Bethe roots are 

e 1 y/l + P 

W =-b € - 

CO Co 

where e G {±1}- Hence the vacua on X can be denoted by ic e,ri , n G Z. The critical values 
of W at these vacua are 

W e,n = 2 log- b log[2(1 + ey/ 1 + 5 2 )] — 2 + 27rin (18.76) 

co 

The soliton spaces B\ ei ,ni),(e 2 ,n 2 ) d ear ly on ly depend on n — n\ — ri 2 so denote we denote 
them simply by R 6l ^ 2 ^ n . This space should have q grading q n . For 6162 — +1 the spaces 
are nonzero only for n = ±1. When 6162 = —1 there will be an infinite number of nonzero 
spaces R ei ,e 2 ,n- 118 Hence there is an infinite number of soliton slopes, with an accumulation 
slope along the vertical axis. We therefore choose boundary conditions to preserve £- 
supersymmetry with £ ^ ±1. There are in principle an infinite number of cyclic fans and 
interior amplitudes, but the L^ Maurer-Cartan equations will be well-defined, as discussed 
above in Section §18.1. Specifying the creation Interface requires specifying the Chan- 
Paton spaces £(3 > ) e ,n together with the boundary amplitudes. Once this is determined 
the annihilation Interface is just the parity reverse. Thus, altogether, the complex for 
the unknot is 

®e,n£{'3 > )e,n®£{^ < )ln (18-77) 

with a differential obtained by our formalism using the taut strip-webs and the bound¬ 
ary and interior amplitudes. We hope to return to a more complete analysis on another 
occasion. 

Remarks 

1. The generalization where C is a Riemann surface makes contact with the theory of 
surface defects in class S theories. The surface defect theories for §> Zli . m . lZn mentioned 

117 These clusters can be nicely understood in terms of bases of conformal blocks for degenerate represen¬ 
tations of the Viraroso algebra. 

118 Whether or not the cohomology of Re 1: e 2 ,n is nonzero is more subtle. Experience with the closely 
related CP 1 model with a twisted mass parameter suggests that this depends on cq and 5. 


(18.75) 
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above should be closely related to the Landau-Ginzburg models we have just discussed 
based on the data z a . An important lesson we learn is that there are topological 
interactions between the distinct M2 branes ending on the UV curve, and they cannot 
be treated independently, even when they are far separated. 

2. Knot bordisms can be incorporated into our formalism by using the (x°, x 1 )-dependent 
data of Theories discussed in Section §6.3.3 and §8. 

3. The categorified version of the skein relations should translate into some interesting 
relations between the basic Interfaces described above. In order to prove, for example, 
that the Interface (18.73) is independent of the tangle presentation up to homotopy 
equivalence it would then suffice to prove these relations on the Interfaces. 
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A. Summary Of Some Homotopical Algebra 

This subject is well-reviewed. See, for examples, [5, 57, 81]. We briefly summarize some 
material to establish our notation and conventions and, in some places, to emphasize a 
slightly nonstandard viewpoint on this standard material. 

Throughout this appendix and the next, the term “module” refers to either a Z- 
module, i.e., an abelian group, or a vector space over a field. All modules are assumed to 
be Z-graded. Moreover, all infinite sums are assumed to be convergent. 

A.l Shuffles And Partitions 

If P is any ordered set we define an ordered n-partition of P to be an ordered disjoint 
decomposition into n ordered subsets 

p = p 1 np 2 n---np n (A.i) 
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where the ordering of each summand P a is inherited from the ordering of P and all the 
elements of P a precede all elements of P a +i inside P. We allow the P a to be the empty 
set. For an ordered set P we let Pa n (P) denote the set of distinct n-partitions of P. If 
p = \P\ there are such partitions. For example, if n = 2 there are p+ 1 different 2- 

partitions. Each 2-partition is completely determined by specifying the number of elements 
in Pi. This number can be any integer from 0 to p. 

If S is an ordered set then an n-shuffle of S is an ordered disjoint decomposition into 
n ordered subsets 

5 = Si II S 2 II • • • II S n (A. 2 ) 

where the ordering of each summand S a is inherited from the ordering of S and the S a are 
allowed to be empty. Note that the ordering of the sets S a also matters so that Si II S 2 
and S 2 U Si are distinct 2 -shuffles of S. For an ordered set S we let Sh n (S) denote the set 
of distinct n-shuffles of S. We can count n-shuffles by successively asking each element of 
S which set S a it belongs to. Hence there are such shuffles. 


A.2 Aoq Algebras 

An Aqo structure /iona module A is defined by a collection of multilinear maps 

p n : A® n -> A (A.3) 

of degree 2 — n, which satisfies the following A^ associativity relation: 

E *p( p 1 . 2 , 3 ) l l (Pi,»(P2), Pi) = 0 (A.4) 

-Pl,2,3€Pa3 (P) 


for all ordered sets P of elements in A. (We identify ordered sets of elements in A with 
monomials in A® n .) We define for convenience / i(P a ) := p\p a \(P a ) and we take /i(0) := 0 . 
119 We will define the sign ep(Pi , 2 , 3 ) momentarily. The pair ( A , p) is called an A^ algebra. 

In this paper, we choose the sign convention where ep(Pp 2 , 3 ) — (—l) de §r( p i), where 
the reduced degree deg r for a set {ai, • • • a n } of elements in A is 


n 

deg r ({ai, • • • a n }) = ^ (deg(a fc ) - 1 ) 

k =1 


(A.5) 


This is an example of the reduced Koszul rule we use throughout this paper: in order to 
determine the sign ep(Pi , 2 , 3 ) we assign reduced degree deg r (a) = deg(a) — 1 to arguments 
in P and deg r (^) = 1 to p and use the Koszul rule with the reduced degree in order to 
bring the symbols in (A.4) from a canonical order ppP to the order they appear with in 

119 It is straightforward, if needed, to relax the axioms for Too structures by allowing a choice of nonvan¬ 
ishing “source” p(0) G A. Such an algebra is called a “curved Too-algebra” in the math literature. 
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the equation. For example, the first few associativity relations are 
Mi (/ 11 (a)) = 0 

Hi (/i 2 (ai,a 2 )) + H 2 (Mi(ai), a 2 ) + (-l) deg(ai)_ V 2 (ai,Mi(« 2 )) = 0 

Hi (m3(«i, a 2 , as)) + /i 2 (/i 2 (a 1, a 2 ), 03) + (—l) deg ^ ai - )_1 /i2 (ai, /i 2 (a 2 , 03)) + /13 (Mi(ai), a 2 ,03) 
+ (-l) deg(ai) -V 3 (ai, Ml(02), a 3 ) + (_l)deg(ai)+deg(a 2)/i3 ^ = Q 

(A.6) 

The choice of signs based on the reduced Koszul rule may appear surprising at first 
sight. In order to understand why it is the “correct” choice, as opposed to naive alternatives, 
such as a sign based on a standard Koszul rule, it is useful to point out a simple consistency 
condition on the associativity constraint (A. 4). Choose an ordered set of elements P in A 
and, for any Pi, 2,3 £ Pa 3 (P) let Pi, 2,3 denote the ordered set of objects Pi II {/i(P 2 )} II P 3 . 
We consider the associativity constraint (A. 4) for the ordered set Pi, 2 , 3 , and then sum that 
over Pa 3 (P), weighted by ep(Pi, 2 , 3 ): 

X. ep(Pi i2;3 ) X tp^ 3 (.Qi,2,3)li{Qi-,li{Q2),Q?,) = 0 (A.7) 

Pi, 2 , 3 ePa 3 (P) 0i, 2 ,3ePa 3 (PiVi) 

Now, to each nested partition Qi, 2,3 we can associate a 5-partition of P. There are three 
cases, according to whether ^(Pz) is in Q 1 , Q 2 , or Q 3 . In each case, if /i(P 2 ) G Q a then 
we write Q a as a disjoint union Q a = Q' a II {/i(P 2 )} II Q" and to the partition Qi, 2,3 we 
associate the 5-partition of P given by 


Q’i II P 2 II Q’l II Q 2 II Q 3 

H2 (P) € Q 1 

(A.8) 

Qi II C / 2 II P 2 U Q2 II Q 3 

H2(P) € Q 2 

(A.9) 

QiUQ 2 UQ' 3 UP 2 U q " 

M 2 (P) e Q 3 

(A.10) 


We now decompose the sum (A.7) into three terms corresponding to these three cases: 

0= X e P(Pi,2,3) e pTT-AQl,2,3)fl'(Qi,fl'(P2),Qi,fl'(Q2),Q3) 

M 2 (P 2 )eQi 

+ X e p(Pl,2,3)ep^- 3 (Ql,2,3)^(Ql, ^(Q2^(P2),Q2),Q3) (A.ll) 

M 2 (-p 2 )eQ 2 

+ X e p(- p i,2,3)e^—~(Qi ;2 , 3 )M(eiiM(e2),Q3>M(- p 2),e3) 

i» 2 (P 2 )eQ 3 

The middle sum can be rearranged with an inner sum over partitions of the fixed set 
R = Q' 2 II P 2 II Q 2 . Since ep(Pp 2 , 3 )ep^(Qi, 2 , 3 ) = (—l) deg T-(Qa) the signs are such that 
the middle sum is zero by (A.4). The first and third lines of (A.ll) will cancel each other 
by exchanging the roles of /i(P 2 ) and /i(Q 2 ), but the cancelation requires that we use the 
reduceed Koszul rule in formulating the equations. If we had used a standard Koszul rule, 
rather than the reduced Koszul rule, the terms would not have cancelled out, and the 
associativity constraints would have been over-constraining. 
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It is possible to seek for sign redefinitions of the (i n maps which give the axioms a more 
familiar form. For example, we could define maps Jl n by 

n 

II 

_m= 1 

where 6 m are formal variables of degree 1 which are manipulated on the right hand side 
using a standard Koszul relation. Concretely, 

Mi(°i) = -ft(ai) 

Mai,a 2 ) = (-l) de ^Mai,a 2 ) 

M3(ai,a 2 ,a 3 ) = -(-l) 2d ^ +de ^Mai,a 2 ,a 3 ) 

(A.13) 

Indeed, plugging this into the associativity relations A.6, we get conventional-looking 
graded associativity relations 

Ml (Ml (a)) = 0 

Ml (ft(ai,a 2 )) - ft (ft(ai),a 2 ) - (-l) deg(ai) /I 2 (ai,ft(a 2 )) = 0 

Ml (M3(«l) «2, «3)) + M2 (M2(«l) «2), «3) ~ M2 («1, M2(«2, «3)) + M3 (Ml( a l)> a 2, «3) 

+ (-l) deg(ai) M3 (ai,Mi(a 2 ),a 3 ) + (-l) deg(Ql ) +deg(a2) M3 ( 01 , 03 ,ft(<* 3 )) = 0 

(A.14) 

Although homotopical algebra has its origins in the homotopy theory of H-spaces, it has 
a highly abstract and algebraic character. It is useful to give the equations a geometrical 
interpretation. One such interpretation involves odd vector fields on non-commutative 
manifolds. Here we will emphasize the physical interpretation according to which A^ 
algebras encode general non-linear gauge symmetries. This interpretation arises naturally 
in the applications to string field theory (see, for examples, [27, 97, 96]) and constitutes 
a particularly interesting class of such odd vector fields. In order to make this relation 
explicit, we should identify the degree 1 elements a G A as “connections,” and define a 
“covariantized” differential A —> A 

oo oo 

Ma(ft = E (A.15) 

k=0 n=0 

The “field strength” for such an ^.-connection is defined naturally as 

oo 

j- a = y>(a® n ) 

71=1 

and has degree two. 

If we plug a® n into the A^ associativity relations and sum over n we find that the 
field strength is covariantly closed 

Ma(^a)=0. (A.17) 


(A.16) 


1? * * ‘ ^n) — Mn(0iai, * * * ^n^n)? 


(A.12) 
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If we plug a® k ® a® a® n and sum over fc, n, we find that the square of the covariantized 
differential is proportional to the field strength: 

Ha (Ha(a)) + Haifa, a) + {-l) deer ^ Ha{a, fa) = 0 (A.18) 

where we defined the second deformed operation 

oo oo oo 

M«(Hi,a 2 ) = E E E M(a® no ,5i,a® ni ,S2,a® na ). (A.19) 

77-0=0 77-1=0 77-2=0 

The first term in A.18 collects all terms in the associativity relation A.4 such that a E P 2 , 
the second and third collect all terms where a E P 3 and a E P\ respectively. In particular, 
the field strength transforms covariantly under the infinitesimal “gauge transformations” 
a a + fi a (a) (where a has degree zero): 

3-a a + /^a(Ma(tt)) = a + Ma(<T J~ a ) ~ 2 , &)• (A.20) 

Thus “flat connections” coincide with solutions of the Maurer-Cartan equation for the 
Aqo algebra: 

00 

EM« 0n ) = o. (A. 21 ) 

77- =1 

Given such a flat ^-connection a, we can actually define a full finite deformation of all the 
original Aoo operations on A: 

00 00 

Haiai,--- ,a k ) = E ••• E A‘(a® no ,o 1 ,o® ni ,-” ,a® n *-S5 fc) a® n *) (A.22) 

77-0=0 Tlfa =0 

The Aqo associativity relation for /i a can be easily rewritten as a linear combination of 

associativity relations for / 1. 120 If a satisfies the MC equations for /i a , then a + a satisfies 

the MC equations for /jl. 

It is straightforward to extend this analogy to “matrix-valued connections”. Given 
any differential graded module £, we can extend the fi operations to multilinear maps /j? 
on A s := £ ® A ® £* by matrix multiplication, i.e. simply by contracting the £* and 
£ factors of consecutive arguments and acting on the A factors with the vanilla fi maps. 
The sign conventions needed to to satisfy (A.6) are a little tricky, so we spell them out. 
The differential fi\ on A s is the natural one induced by that on the three factors. It is 
crucial to use the convention that the differentials on £ and £* are related by the sign rule 
Mi,£*( e i) ' e 2 = ( — l) deg ( e i) e * . /i 1 ^(e 2 ) when checking (A.6). Thus, for example, if a E A, 
e E £ and e* E £* are three independent homogeneous elements then 

Hi(eae*) = Hi,s( e ) ae * + (-l) deg(e) eA i M (a)e* + (-l) deg(e)+deg(a) ea^i,g* (e*) (A.23) 

(Notice we use the standard Koszul rule for computations with fi 1 .) For n > 1 the multi¬ 
plication is defined by 

Hniieiaie\) ■ ■ • (e n a n e*)) = (-l) de §( ei ) a e\Hn{ai ,..., a n )e* (A.24) 

120 The proof of this is a special case of the discussion below (B.4) below. In a is not flat, we find instead 
the weaker version of the Aoo relations, with non-zero source /x a (0) = T a 
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where a is the scalar: 


= (e* • e 2 ) • • • «_! • e n ) 


(A.25) 


Again, the sign in (A.23) is crucial to checking (A.6). 

A (flat) matrix-valued A connection is defined simply as a (flat) ^-connection. 

A.3 Aqo Morphisms 

Given two Aoq algebras A and £>, with operations fij^ and /ig, we can define an Aoq 
morphism from A to B as a collection of multi-linear maps 

(\) n -A® n ^B n > 1. (A.26) 

The degree of 0 is 1 — n and hence it has reduced degree deg r (0) = 0. It must satisfy the 
following relations: 

E ep(Pi,2,a)<t>(Pul*A(P2),P3) = E E »b(<KPi),-" ,<KPn)), (A.27) 

Pa 3 (P) n>l Pa n (P) 

for all ordered sets P of elements in A, where we defined for convenience 0(P a ) •= 0|p a | (A) 
and 0(0) := 0. The identity morphism, B — A, with 0 n = 0 for n > 1 and 0i(a) = a, is an 
Aoo-morphism. 

Given three Aoq algebras A and B and C, and Aoo morphisms 0 from A to B and 0' 
from 0 to C, we can define the composition of the two A^ morphisms by: 

[^o^](P):=^ £ (A.28) 

n>l Pa n (P) 

Composition with the identity morphism is a left- and right- identity element for this com¬ 
position. One can verify that this composition is associative as follows: The composition 
0" o (0' o 0)(P) involves a sum over nested partitions 

p = [p^ n • • • h pf :i) ] n [p 2 (1) n • • • n p 2 (fcl) ] n • n [pW n n p ( n kn> ] (A. 29 ) 

where n, fci, &2, • • • > 1- On the other hand, the composition (0" o 0') o 0(P) is a sum over 
all double partitions, where we first partition P into P\^.^ n and then consider partitions: 

{0(A),..., 0(P n )} = Q 1 II • • • II Q n . (A.30) 

But there is a 1-1 correspondence between these two kinds of partitions. Similar manipu¬ 
lations confirm that in fact 0 r o 0 does define an A^-morphism from A to C. It is simplest 
to start with the right-hand-side of the identity, identify it as a sum over nested partitions 
and rearrange that sum as a sum over partitions of the form (A.30): 

E E E E ^\Qi),...a\Qn)) (a. 31 ) 

n>l Pa n (P) N> 1 P aiV ({0(Pi),...,0(^n)}) 

Next use the fact that 0' is an Aoo-morphism. The resulting sum can be rearranged to give 
the left-hand-side of the desired identity. Thus, the set of Aoo-morphisms forms a standard 
category. 
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A simple observation is that an A^ morphism </> from A to 25 can be used to map flat 
^-connections to flat 25-connect ions: if a satisfies the MC equations for A, then the degree 
one element 

(X) 

6 := <M0) := (A.32) 

n— 1 

satisfies the MC equations for 25. This can be shown simply by plugging a® n in A.27, 
recalling that deg r (0) = 0, and summing over n. Similarly, the morphism maps gauge 
transformations to gauge transformations: If we define 

oo oo 

cf)(a® k ,a, a® n ) (A.33) 

k= 0 n =0 

then the gauge transformation a —>> a + /i a (a) induces the transformation 

0a(0) 0a(0) +0a(^a(S)) = 0 a (0) + /^a(0) (0a (2)) = & + //£,&(&). (A.34) 

Similarly multilinear maps 0 a : M® 71 —>> 25 give an Aoo morphism from the finite deformation 
of A by a to the finite deformation of 25 by b = 0 a (0). 

A more surprising observation is that the equations A.27 which define A^ morphisms 
from A to 25 can be reinterpreted as the MC equations for an A ^ algebra Hop(M, 25). 
A degree k element of the algebra Hop(M, 25) is a collection a of multi-linear maps a n : 
A® n —>>25 of degree k — n (i.e. reduced degree k — 1). The A^ operations are 

[^Hop(AB)(«)]( P ) = w(«(P)) + (-l) des(Q) ^ e P a(P 1 ,fi A (P 2 ),P 3 ) 

Pa 3 (P) 

[vnop(A,B)(ai, ■ ■ ■ ,«»)] (-P) = ^ MB(ai(-Pi),-" ,«n(-Pn)) (A.35) 

Pan(P) 

The Aqo associativity relations for Huop(A,B) can be reduced to the relations for A and 25 
in a straightforward, if tedious, way. The three groups of terms involving two /ig, a hb 
and a ha or two l 1 A respectively cancel out separately. Thus A^ morphisms from A to 
25 coincide with flat Hop(M, 25)-connections. In particular they inherit the A^ category 
structures discussed in appendix B. 

A.4 Aoo Modules 

A (left) Aoo-module for an Aoo-algebra A is a module M equipped with a collection of 
multi-linear maps 

v n : A® n ® M —>> M n > 0 (A.36) 

of degree 1 — n. These maps must satisfy the following relations: 

Y 2,3) V (Pi,ha(P2)i P3', m) + Yj tp(Pii2)v(Pi', p(P2', m)) = 0 , 

Pi,2,36Pa 3 (P) Pi, 2 CPa 2 (P) 

(A.37) 

for all ordered sets P of elements in A and any element m in M. Here we defined for 
convenience u(P a ) •= i/\p a \(Pa)- We denote the map for n = 0 in (A.36) by v(m) and define 
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1/(0; m) := v(rn). The map v : M A4 provides a differential on M. The sign ep(Pij>) 
is obtained by starting with the order vvP and rearranging using the reduced Koszul rule, 
where deg r (z/ n ) = 1 . As a check on the sign in the second term note that an Aoo-algebra 
should be a left-A^-module over itself with v n = /i n+ With our sign convention this 
is indeed the case: Apply the relations (A.4) to partitions whose last element is m. The 
second term in (A.37) corresponds to the partitions with P 3 = 0. 

Following the analogy between algebras and gauge connections, we can pick a 
“connection” a G A and define the “covariantized” differential v a on A4 

00 

v a {(m) := ^ v(a® n -, m) (A.38) 

n =0 

and “gauge transformations” of parameter a: 

m—>m + v a (a\m) (A.39) 


with 

oo oo 

i z a (a; m) := EE v{a® n ,a,a® n '-,m). (A.40) 

n =0 n '=0 

The defining relations for the A^ morphism insure that the differential v a transforms 
covariantly under gauge transformations of a and m with parameter a. 

u a {m) ->■ u a (m ) + u a (u a (a; m)) + v a (^ a (a)\m) = v a (m ) + v a (a ; u a (m)) (A.41) 


To check the signs here recall that the gauge field a has reduced degree zero and the 
gauge parameter a has reduced degree —1. The defining equations (A.37) also insure that 
a flat ^-connection gives a nilpotent differential v a . Similarly defined multilinear maps 
v a : A® n ® M M give A4 the structure of a left A ^ module for the finite deformation 
of A by a. 

There are natural relations between Aoo morphisms and Aoq modules. As noted above, 
A is an Aoo-module over itself. Moreover, modules pull back: That is, if vp, n : B® n <g)A4 
M defines the structure of an A^-module on M for an A^-algebra £>, and if </> is an 
A^-morphism from A to B then u^ n : A® n ® M M defined by 

: = E E (A.42) 

ri> 1 Pa n (P) 

where p = |P|, defines the structure of an A^-A- module on M. To prove this assertion 
it is easiest to begin with the v^Pm term, and use the definition to write it in the 
form up(j)m. The sum can be rearranged as a sum over 2-partitions of sets of the 
form 0(Pi),..., (f)(P n )- One then applies the module axiom for up and rearranges the sum 
to be of the form of the first term in the z/^-module axiom. As a corollary, if </> is an 
Aoo-morphism from A to £>, then B is canonically an M-module. 

A second relation between morphisms and modules is the following. An A^ module 
M for A can be reinterpreted as an Aoo-morphism into a very simple A^algebra B. As a 
module B = A4 0 M* = End(A / l). There are only two nontrivial operations on B , first, 

= -(ub + (-l) des ^bu) = ~[u,b ] (A.43) 
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where v is the differential on J\4 and second, 


Me,2O1, b 2 ) = (-l) deSt - ( 6 l) 6 i ob 2 


(A.44) 


where on the right hand side we have ordinary composition of endomorphisms. Again we 
see that, given an Aoo morphism from A to £>, and a £>-module M we get a A-module. 
This is simply a composition of A 0c morphisms. 

A right Aqo module M, is a vector space equipped with a collection of multilinear maps 
v n '■ M® A® n M of degree 1 — n, which satisfies the following relations: 


X zp(Pi, 2 ,z)v{m\Pi,ii, A (P 2 ),Pz) + X Pi)> p z) = 0- (A.45) 

Pi,2,36Pa 3 (P) Pa 2 (P) 


The symbols and reduced degree are defined as before. The sign ?p(Pi,2,3) is computed by 
starting with the order 1 smP/i and then distributing the factors with the reduced Koszul 
sign rule. 

Finally an A^ bimodule A"! is a vector space equipped with a collection of multi-linear 
maps : A® m ® M ® B® n —)► M of degree 1 — n — m, which satisfies the following 
relations: 


X tv{P\,V‘A{P2),Pz\m\P')+ X €>v {P'i m \P[^B{P2)^ p z) 

Pa 3 (P) Pas(P') 

+ X X e / V(A;p(P2;m;P');P 2 )=0. 

Pa 2 (P) Pa 2 (P') 


(A.46) 


The symbols and reduced degree are defined as before. The signs are given by combining 
those of the previous two cases. 

Notice that an A^ bimodule maps an A-flat connection a to a right B module 

00 

z/ a (ra; P ) := m ; P). (A.47) 

n =0 

A.5 Lqo Algebras, Morphisms, And Modules 


Roughly speaking, an L^ algebra is a graded-commutative version of an A^ algebra. In 
the context of the present paper, and in other physical contexts in which Aoo and 
algebras occur, the former are associated to correlation functions of operators located on 
the boundary of a two-dimensional region, the latter to correlation functions of operators 
located in the interior. As a consequence, the natural degree assignment for the operations 
of Aoo and L^ algebras in a physical context differ: the former are maps of degree 2 — n 
acting on n arguments, while the latter are maps of degree 3 — 2 n. Thus in standard mathe¬ 
matical notation our algebras would be denoted as L^— 1] algebras. Correspondingly, 
the reduced degree of elements in L^ algebras will coincide with the degree minus 2. 

We are ready for our definition. Consider a module C. An L^ structure A on £ is 
defined by a collection of multi-linear, graded-commutative maps \ n : C® n C of degree 
3 — 2n, which satisfies the following L^ associativity relation: 

X ts(Si,2)HHSi),S 2 ) = 0 (A.48) 

Si, 2 eSh 2 (5) 
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for all sets S of elements in £, where we defined for convenience A (S a ) := A|^ a |(5 a ) and 
A(0) := 0. 121 The sign es(Si^) is given again by the reduced Koszul rule, with the symbol 
A having degree 1. Of course, in this case this is the same as the standard Koszul rule. 
The pair (£, A) is called an L^ algebra. 

The counterpart to the equations (A.6) are 


Ai(AiO) = 0 

Al(A2(si, 52)) + A2 (Ai(si), S2) + ( — l) 5 lS 2 A 2 (Ai(s 2 )j 5 l) = 0 
A3(Al(si), 52, 53) + (-l) SlS2 A 3 (Ai(s 2 ), Si, 53) + (-1) S3 ^ 1+S2 ^A 3 (Ai(s3), Si, s 2 ) + 

A2(A2(si, S2), S3) + ( — 1 ) S2S3 A2(A2(si, S3), S2) + ( — 1) Si ^ S2+S3 ^A2(A2(s 2, S3), Si) + 

+ Al(A3(si, S2, S3)) = 0 


The third equation is a version of the Jacobi identity, up to homotopy. 

The natural MC equation associated to an algebra can be written compactly as 

00 . 

A(e^) ■= E ~M^ n ) = 0 (A.50) 

z ' n\ 

n= 0 

where (3 has deg(/3) = 2. In analogy to the main text of the paper, we can denote a 
solution of such MC equation as an “interior amplitude”. We could pursue an analogy 
between interior amplitudes and flat 2-form connections, but we will not do so. Again, an 
interior amplitude gives a finite deformation of an L 0 c algebra £, with operations 

\p(S) = \(e?,S). (A.51) 

See equation (4.17) for a detailed proof. 

We can define L^ morphisms from an L^ algebra C to an L ^ algebra C in an obvious 
way, as collection of maps cp n : C® n C of degree 2 — 2 n (hence d eg r (ip) = 0) which 
satisfy 

E 5 2 ) = E 2 [ E e 5 (A lr .., n )A^(5 1 ), • • • <p(Sn)) 

Si, 2 eSh 2 (S) n >0 U ' 5i,...,n6Sh n (5) 

(A.52) 

where the signs are given by the Koszul sign required for rearranging the elements of S. 
Again v?(0) = 0. Such morphisms map any interior amplitude /? to an interior amplitude 
(/?(e^). Two Loo morphisms can also be composed 

W ° <p\ (S) = E E e s(Si,...,n)<p(<p(Si),---<p(S n )) (A.53) 

n>0 ’ Sh n (S) 

and composition is associative. Once again the identity morphism is a left- and right- 
identity for this composition. 

121 It is straightforward, if needed, to relax the axioms for structures by allowing a choice of “source” 

A(0) / 0. 
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We can also define an L ^ module M. It is a module M together with a collection of 
maps v n C® n ® M M of degree 1 — 2 n with 

e s (5 li2 )i/(A(S 1 ),52;m)+ E u(S 2 ] m)) = 0 (A.54) 

Si, 2 eSh 2 (S) s lj2 esh 2 (s) 

The sign rule e' s (Si^) can be deduced by requiring that an L^ algebra C be a left-module 
over itself. Then equation (A.54) is the L^-relation for a set S whose last element is m. 
The first term in (A.54) corresponds to the term in (A.48) where m is not an element of 
Si and the second term in (A.54) corresponds to the term in (A.48) where m is an element 
of Si. 

A.6 LAqo Algebras, Morphisms, And Modules 

In this paper we encounter a neat structure which allows an L^ algebra to control de¬ 
formations of an Aoo algebra. This structure, which we dub an LA 0 0 algebra, is defined 
by an L^ algebra £, together with a module A equipped with multilinear operations 
: ® A® n A, k > 0, n > 0, graded symmetric in the first set of arguments, 

and of degree 2 — n — 2k. We abbreviate the operation on monomials as /i(S;P). The 
expression /i(S; P) is zero if P = 0. The operations satisfy the relations 

E e ^S 1 -,Pi,ii(S 2 -P 2 ),P 3 )+ J2 zs(Si, 2 ) ii{X{S 1 ),Sr,P) = 0. (A.55) 

Sh 2 (S'),Pa 3 (P) Sh 2 (S) 

Here e is the reduced Koszul sign computed from the order /i/iSP and the sign in the 
second term comes from fiXSP. Therefore 

e = e5 (5' 1;2 )(-i) d A5i)+d r .(Pi)+d r .(PiK(S' 2 )_ ( A .56) 

The maps fio :Tl endow A with an Aoq algebra structure. The maps /i&q alone give 
multilinear maps C® k ® A A which endow A with the structure of an L^ module. 
Furthermore, given any interior amplitude /3 for L, 

^(P)=n( e P-,P) (A.57) 

endow A with an A^ algebra structure controlled by /?. 

The relations involving a non-empty set S can be expressed as the statement of an 
Lqo morphism from C to the Hochschild complex of A , denoted CC*(A). This complex 
can be thought of as an L^ algebra whose interior amplitudes are deformations of the A 
operations. 

We define a degree k element in CC k (A) as a collection of multilinear maps 5 n : 
A® n A of degree k — n. The Hochschild complex is equipped with linear and quadratic 
operations, and all higher operations can be taken to be 0 when giving it the structure of 
an Lqo algebra. The first operation on the complex is 

A c(6)(P)= E E e 2 MA,5(P 2 ),P 3 ) (A-58) 

Pa 3 (P) Pa 3 (P) 
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where both e\ and 62 are determined by using the reduced Koszul rule starting from the 
order /iAP, so 

^ ]_)<L (S)-\-d r (Pi) ^ ^ ^d r (S)d r (Pi) (A.59) 

The second operation on the Hochschild complex is the graded-symmetric operation: 

A/^OMaXP) = ^(Pi,S 2 (P2),P3) + e4S2(Pi,S 1 (P 2 ),P 3 ) (A.60) 

Pa 3 (P) 


where 


g 3 _ 


(A.61) 


and 


€4 = (-i)^) 


^_l^d r (Si)d r (S 2 )+d r (P 1 )d r (S 1 ) 


(A.62) 


These are almost but not quite what we would get from the reduced Koszul rule starting 
from the ordering 6 ± 82 P- (The factor (— 1 )^(^) in 63 violates the rule, but is needed for 
the Loo relations. We can restore the ordering rule by shifting d r (P) —» d r (P) + 1.) 

Now, the Lqo morphism p : C CC*(A) takes a monomial S to p(S) where p(S) is 
the Hochschild cochain taking P G A® n to 


<P(S)(P) :=KS\P) 


(A.63) 


Note that 


deg /i(S; P) = 2 - p - 2s + deg(P) + deg(S) = (2 + deg r (S)) + deg r (P) (A.64) 

so the Hochschild cochain 5 — p(S) has degree k = 2 + deg r (S) as we expect if p is to be 
an Loo morphism. 

Now we interpret the equation (A.55) as the condition for p to be an Loo morphism. 
The second term of (A.55) is identified with the left hand side of equation A.52. The first 
term of equation (A.55) can be identified with (minus) the right hand side of equation 
A.52. It can be decomposed into terms with Si and S 2 both not empty, which give terms 
quadratic in p, and terms with Si or S 2 empty, which give terms linear in p. A special 
case of the relation of LA^ algebras and the Hochschild complex is worked out in detail 
in Section §3.2.4 above. 

Given an LAoo structure ji on C and A, and an L^ morphism p from £ to £, one 
gets an LA^ structure /i o p by composing (i and p, interpreted as an L^ morphism. 
Concretely, 

\p°<p] ( s ', p ) = “j (A.65) 

n>0 ■ Sh n (S) 

An LAoo morphism between LAoq algebras (£ 1 , Al) and (£ 2 ,-4.2) can be defined as a 
collection of maps 


4> Kn -.Cf k ®Af n ^A 2 

fykfi '■ Pf k £2 


n > 0 , k > 0 
k> 0 


(A. 66 ) 


The degree of (j>^ n is 1 — n — 2k for n > 0, k > 0 and 2 — 2k for n — 0. Moreover the <fik,n 
must satisfy: 

e <KS 1 ;P 1 ,n Cl MS2-> p 2),P3)+ E e ' (KSwcdSxP)) 

Pa 3 (P),Sh 2 (S) Sh 2 (S) 

- E E £ e ^£ 2/2 (0(5l), • ••0(5 m ); 0(5 m +1 j -Pl)vj 0(5m+rb -fn))* 

n,m>0Pa n (P) Sh n+m (S) 

(A.67) 

Where (we didn’t check) the signs should be determined from the reduced Koszul rule 
starting with canonical orderings. This equation can be understood as a morphism between 
two morphisms (fi : Ci -A CC*(Ai). 

A left LAoo module can be defined as a collection of multi-linear maps 

Vk,n ■ £® k ® A® n <g>M M n,k> 0 (A.68) 

We write v(S\P\m) on monomials. The structure of an LAoq module allows one to as¬ 
sociate to any choice of interior amplitude /? an Aoo module for the corresponding Aoo 
structure on A. The defining relations can be written as: 

0= E e v(Si;Pi,n(S 2 ;P 2 ),P 3 ',m) 

Sh 2 (S),Pa 3 (P) 

+ ^e'p(A (+)+ 2 ;P;m)+ £ e" p+i; P l5 u(S 2 -, P 2 ); m)). 

Sh 2 (S) Sh 2 (S),Pa 2 (P) 

(A.69) 

The signs e, e', e" are determined by using the reduced Koszul rule starting with the orders 
is/iSPni, v\SPmn and visSPm, respectively. 

Clearly, the z/o,™ maps give A4 the structure of an A^ module. It would be interesting 
to interpret the remaining equations as some morphism from C to some kind of Hochshild 
complex for the A^ module At, which encodes the possible deformations of the A 0c module 
structure which possibly accompany deformations of the A^ algebra. 

Right LAqo modules and LA^ bimodules can be defined in a similar manner. 

B. A 0 o Categories And Mutations 

B.l Aoq Categories And Exceptional Categories 

An Aoo category 21 consists of the following data: 

• A set of objects, which we denote as Ob(21) 

• For each pair of objects A, B G Ob(21) a module 122 Hom(A, B ) := Hop(L>, A) 

122 See the preface to Appendix A for our use of the word “module.” 
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• Multilinear composition maps 


Hn : Hop(^4 0 , A\) ® ■ ■ ■ <g> Hop(^ n _i, A n ) -> Hop(,4o, A n ) (B.l) 

of degree 2 — n which satisfy the associativity axiom. 

Note that an A^ algebra A is a special case of an A^ category, with a single object 
A and A = Hop(A, A). It is straightforward to refine the definitions we gave for A^ mor- 
phisms, modules, etc. to corresponding categorical notions such as A^ functors, etc. The 
defining relations take an identical form, but the arguments live in compatible sequences 
of Hop spaces. 

As a first example, an A^ functor from 21 to 93 is given by a map P from objects of 
21 to objects of 23 together with a collection of multilinear maps 

In : Hop( J 4 0 , A\) ® ® Hop(y4 n _i, A n ) ->■ Hop(P(A 0 ), I(A n )) (B. 2 ) 

of degree 1 — n satisfying relations formally identical to the those for morphisms, equation 
(A.27). As a second example, one can define a categorical analogue to an A^ module by 
a map 9JT from objects Ai of 21 to modules and collections of multilinear maps 

v n : Hop(A 0 , Ai) ® • • • 0 Hop(A n _i, A n ) ® 9 7t(A n ) -> M (A 0 ) (B.3) 

of degree 1 — n and satisfying the analogue of equation (A.37). And so forth. 

A somewhat surprising observation is that given an A^ algebra A , the set of M-flat 
connections forms an A^ category. The spaces Hop(a,a / ) from a Maurer-Cartan element 
a! to a Maurer-Cartan element a all coincide with A as a module, and the multilinear 
operations take the form 

M(a±, ■ ■ ■ ,a n ) = , ai, af kl , • • • ,a n ,a® fcn ). (B.4) 

ki> 0 

This fact was used in defining the category of Branes using the multiplications in equation 
(5.17) above. Here we give a simple proof that (B.4) satisfy the A^-relations. Given 
P = {ai, • • • ,a n } we wish to show that 

ep(P 1 , 2;3 )M(P 1 ,M(P 2 ),P 3 ) = 0. (B.5) 

Pi,2,36Pa 3 (P) 


For each vector k — (/co,..., k n ) E Z ™ +1 define the ordered set: 

P(fc) = {Oo°, 01,0^,025... ,a n ,Cln n }. (B. 6 ) 

We then apply the A^-relations for fijs, to the set P(k). Then we sum these over all k. 
Now we reorganize the terms in the disjoint union 

% eZ n + 1 p a 3 (P(fc)) (B. 7 ) 
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according to 


u F 1 , 2 , 3 ePa 3 (P)|Ufc iezP+ i+ 1 IW +2+1 n 4ezP+3+ i {P 1 (ki)} n {P 2 (k 2 )} n {P 3 (k 3 )}'j (B.8) 

This gives precisely the expression 

T e p( p i,2,3)M pi+P3+ i(Pi,M P2 (P 2 ),P 3 ) = 0. (B.9) 

Pa 3 (P) 

where we include P 2 — 0. The one place we use the property that the solve the Maurer- 
Cartan equation is that the P 2 = 0 terms can be dropped. 

This statement can be extended to the set of matrix-valued M-flat connections, given 
by pairs B := (£, a G £ 0 A 0 £*). Then Hop(£q, £> 2 ) := £\ 0 A 0 as a module, with 
compositions fi including the contractions of £* and Si factors in consecutive arguments. 
We use the sign conventions of equation (A.23) et. seq. Taking together all modules £ 
(with suitable finiteness properties) the resulting A^ category is denoted as *Bt[y4]. 

Given any A^ category 21, we can define a flat 21 connection B starting from a collection 
of pairs of objects and vector spaces ( Ai,£i ) and solving the MC equation for an element 
a G ®ij£i 0 Hop (Ai,Aj) 0 £*. Flat 21 connections also form a larger A^ category 93t[2l] 
with Hop(£>, B') := Si 0 Hop Aj) 0 (£')*. 

In general, spaces of flat A or 21 connections can be very intricate, as they are defined 
by intricate, possibly non-polynomial, MC equations. The equations greatly simplify if the 
there is an ordering on the set of objects Ob(21) = {Ti} such that there is a triangular 
structure on the hom-sets. This motivates the 

Definition: An exceptional category (£ is an Aoo-category such that there is an ordering 
on the (countable) set of objects {T^} such that 


Hop(Ti,Tj) = 0 i>j (B.10) 

Moreover Hop(T^,T^) = Z is concentrated in degree zero and the generator Id^ = 1 is a 
graded identity for fi 2 '- 


/i 2 (Id, a) = a /i 2 (a,Id) = (-l) deg ^a (B.ll) 

where Id = ©^Id^ and a is homogeneous. Moreover, fi n {P) = 0 whenever n ^ 2 and P 
contains a multiple of Id. 

The MC equations in an exceptional category have a triangular structure and are 
rather tractable. 123 This is precisely the case which occurs in our paper. Physically, the 
objects in the exceptional collection coincide with the thimble branes. General branes in a 
given theory appear as 21-flat connections for the exceptional category. 

123 In this situation, the definition of flat 21-connections coincides with the mathematical notion of twisted 
complex. 
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B.2 Mutations Of Exceptional Categories 

B.2.1 Exceptional Pairs And Two Distinguished Branes 

An exceptional pair is a pair of objects in a category such that 


Hop(Ti,Ti) 9* Z Hop(Ti,T 2 ) := U 

Hop(T 2 ,T 1 ) = 0 Hop(T 2 ,T 2 )^Z 


where T~L is in general nonzero, and is simply some differential graded module. 

Given an exceptional pair (Ti,T 2 ) and any given differential graded modules E\ — Et x 
and £2 = £t 2 we can put a differential graded associative algebra structure on the set of 
matrices with elements in 

{ 0 ^ 2 * ) (EU3) 

To define fi 1 we simply apply it to each of the matrix elements using the natural induced 
differential. The definition of fi 2 requires some care, given the conventions above. If we 
consider homogeneous matrices of monomials like 


then /i 2 (Xi, X 2 ) is given by 


X = 


/ee* ea/*\ 

\0 ff*J 


(-l)^(el-e 2 )e 1 e * 2 

0 


• e 2 )e 1 o 2 /| + (-l)*+“i(/f • / 2 )eiai/|\ 


(B.14) 


(B.15) 


where ( —l) v is short for (—l) deg M for a homogeneous vector v. The extra sign (—l) ai 
in the 12 element comes about because the identity in Hop(Ti,Ti) and Hop(T 2 ,T 2 ) is a 
graded identity, so /i 2 (l, a) = a but fi 2 (a, 1) = (—l) a a. Taking fi n = 0 for n > 2 one can 
check that the equations (A.6) are indeed satisfied. 

Now, using this construction we can construct two distinguished Maurer-Cartan ele¬ 
ments in the above differential graded algebra. They will therefore define objects in 25t(2l) 
in any category 21 which contains the exceptional pair (Ti,T 2 ). We will therefore refer to 
them as “Branes.” 

The first Brane, denoted L(Ti,T 2 ) may be denoted 


L(Ti,T 2 ) = 5iTi © S 2 T 2 = Ti © n [ ~ 1] T 2 


(B.16) 


where we recall that T~L 
amplitude”) is 


Hop(Ti,T 2 ). 124 The Maurer-Cartan element (“boundary 



(B.17) 


with 

£12:= Y , /*® (/»[-!])* ( R18 ) 

S 


124 We adopt the convention that for a degree shift by s, deg(n[s]) = deg(o) + s. 
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where we sum over a basis {f s } for T~L. It is not difficult to check that /i 1 (^ 12 ) = 0 and 
hence the MC equation is satisfied. 

The second Brane, denoted i?(Ti,T 2 ), has Chan-Paton factors: 

R(T u T 2 ) = £1 T x © £ 2 T 2 = © T 2 . (B.19) 


The Maurer-Cartan element (“boundary amplitude”) is again of the form 

'0 b 12 \ 


B = 


0 0 


(B.20) 


now with 

B 12 :=Y,(fs[-W®fs (B.21) 

where we sum over a basis {f s } for T~L. It is not difficult to check that /ii(£>i 2 ) = 0 and 
hence the MC equation is satisfied. 


B.2.2 Left And Right Mutations 

Now suppose that (£ is an exceptional category. We begin with a definition: 


Definition: A left mutation at j of an exceptional category (£ is another exceptional 
category with an ordering on its objects {Si} such that there is an Aoo-functor 


T : $ -> ®r(C) 


(B.22) 


with 


and 


F(Si) 


Ti i 7 ^ j , j + 1 

< T j+ 1 i = 3 

^L{Tj,Tj+ 1 ) i = j + 1 


(B.23) 


T x : Hop (S^ S k ) Hop (F(Si),F(S k )) (B.24) 


is a quasi-isomorphism for all i, k. 

We now show that left mutations in fact do exist. To do this, we first note that it is 
not immediately obvious that quasi-isomorphisms of the desired type in fact do exist. Note 
that if we consider the full subcategory of 93t((£) whose set of objects is just {T^} 

with 


Ti={ 


T J +1 

l [L(Tj,T j+1 ) 


+ 1 

i = j 

i = j + 1 


(B.25) 


The resulting subcategory Lj{ft) is not an exceptional category. It does not satisfy the 
definition because Hop(T J+ i,T J+ i) is not isomorphic to Z and Hop(T J+ i,Tj) is not isomor¬ 
phic to zero. We therefore should check that they are at least quasi-isomorphic to Z and 
zero, respectively. 
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We first show there is a quasi-isomorphism of Hop(T J+ i, T J+ i) with Z. Now, 


Hop (L(Tj, T j+1 ),L(Tj,T j+ i)) (B.26) 

is the associative matrix algebra associated with the exceptional pair (Tj, Tj+i). So, our 
definition only makes sense if this matrix algebra is quasi-isomorphic to Z with the differ¬ 
ential M\ in the brane category. Let us check that this is indeed the case: 

Morphisms S E Hop(L(Tj, T J+ i), L(Tj, T J+ i) can be thought of as being in 


/.z -Hj ® (n [ ~ 1] )* \ 
\o (n [ ~ 1 ] )®(n [ ~ l] y) 


where TLj = Hop(Tj, T 1+ \ ). We write these as 


($11 $ 12 ^\ 

( 0 $22 J 


and, using 8 2 = 0 we compute 


(B.27) 


(B.28) 


Mi( 8 ) = /ii($) + 112 ( 8 , $) + /i 2 ($, 8 ) 


(B.29) 


So 


/ 0 m ($i 2 ) + 112(8 12, $22) + $nh2(l) B12A 

( 0 n 1 ( 622 ) J 


(B.30) 


It is not difficult to show that the cohomology of M\ on the subspace of morphisms of the 
form 


$ = 


(0 $12) 

(o $22 J 


(B.31) 


is zero, precisely because the operation x —)■ 112 ( 812 , x) acts as a “twisted degree shift.” 
The projection of the kernel of Mi to $n € Z is then the desired quasi-isomorphism. 

Now consider (a, (3) = (j + 1, j ) then, on the one hand, Hop(,Sj + i. Sj) = 0, and 
therefore 


Rop(L(Tj,T j+ i),T j+ i) = Hop(7), T j+ 1) © £ j+i © Hop(7) + i, T j+ 1) 

= Uj © n [ r 1] 


(B.32) 


must be quasi-isomorphic to zero with the differential M\ in the Brane category. Indeed 
this is the case. Once again 

Mi (5) = /xi (5) + /x 2 (S, 5) + /x 2 (<S, B). (B.33) 

Writing an element of (B.32) as 5 — Si © 62 we compute that 

Mi(5) = (^ 1 ( 81 ) + 112 ( 812 , $2)) © 111 ( 82 ) (B.34) 
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and again 112 ^x 2 ^ 2 ) acts as a twisted degree shift. Using this property it is not difficult 
to show that the cohomology is zero. 

If we consider the fourteen remaining cases of T\ : Hop (S a ,Sp) —^ Hop (T a ,Tp) then 
many cases are trivially quasi-isomorphisms, and the remaining ones simply constrain the 
relation of the hom-sets in interesting ways. We will comment on those below. 

We can now show the existence of left-mutations, in the sense of our definition. We 
use the result of Kadeishvili, and of Kontsevich and Soibelman (see [5], pp. 587-593 
for a detailed exposition) that there is always a quasi-isomorphism of any Aoo-category 
with another A^-category with the same set of objects, but whose morphism spaces are 
the cohomologies of the original category. If we apply the construction of Kadeishvili- 
Kontsevich-Soibelman to Lj(<£) we obtain the required exceptional category 

In an entirely analogous fashion we can give the: 


Definition A right mutation at j of an exceptional category (£ is another exceptional 
category with an ordering on its objects {Si} such that there is an Aoo-functor 


T : $ ®t(<£) 


such that 


and 


F(Si) = 


Ti 

R{Tj , Tj+ 1 ) 


+ 1 

i = 3 
i = j + 1 


1 : Hop(*%, Sk) Hop (F(Si),F(S k )) 


is a quasi-isomorphism for all z, fc. 

We would like to conclude with a number of remarks: 


(B.35) 


(B.36) 


(B.37) 


1 . As a general rule, in a mutation, if we “add” a new brane of the type C — A + SB 
where £ ~ Hop(A, B) (up to degree shift and duals) then the new set of objects 
contains C and B but not A. 

2 . The categorical mutations described here arise from framed-wall-crossing on 5^-walls, 
as described in Section §7.8 above. 

3. As we remarked, the existence of a left- or right-mutation implies some interesting 
relations between the spaces Hop (S a , S/ 3 ) and Hop(T a ,T^). For example, considering 
the case (cq/3) = (j,j + 1 ) for a left-mutation at j we find that there must be a 
quasi-isomorphism 

Ti ■ Hop (Sj,S j+1 ) -> (Hop(T i ,T i+1 )[- 1 ])* (B.38) 

This is in harmony with the expectations of S'-wall-crossing. Similarly, the case 
(a, j + 1 ) for a < j implies there are quasi-isomorphisms 

: Hop(S' a , Sj+i) ->■ H.op(T a ,L(Tj,T j+1 )) = Hop (T Q , Tj) © Hop ( T a , T ]+ \ ) 0 

(B.39) 
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while (j + 1, 6) for f3 > j + 1 implies there are quasi-isomorphisms 


: Hop (S j+1 , Sp) ->■ Hop(L(T i , T i+1 ), 7» = Hop (7), T p ) © 1] © Hop(T i+1 , T p ) 

(B.40) 


Again, in harmony with S'-wall-crossing. 


4. There is a sense in which left and right mutations are inverse to each other: If $ is 
a left mutation at j of (2, then £ is a right mutation at j of As a check on this 
assertion note that J 7 ^ o J 7 ^ takes Sj Sj but 

jj R) o f\ L) : S j+ 1 -> SSj © Sj+i (B.41) 

where 

s = (ilop(S j ,S j+1 )^y © Hop(T j.Tj+OH] (B.42) 

and by equation (B.38) above this space can indeed admit a differential making it 
quasi-isomorphic to zero. Similarly, J 7 ^ o takes Sj + i —>> 2q+i but 

jj L) o : Sj -> S', © £ 5 i+ i (B.43) 

where 

£ = Hop(S'j, 5 i+ i)[- 1 l © (Hop(rj, r i+1 )[- 1 l)[- 1 ] (B.44) 

and again (B.38) shows this space can indeed admit a differential making it quasi¬ 
isomorphic to zero. 


5. Moreover, we expect the left and right mutations to define a braid group action in 
the following sense. Suppose we have left-mutations: 

: <£i -> <Bt(<£ 2 ) 

jjQ ■ ^2 -»• <8t(<£ 3 ) (B.45) 

: <£3 -+ <Bt(<£ 4 ) 

and similarly, 

^2 ■■ -»• ®t(^) 

lf ] : <S' 2 -»■ ®r(tSg) (B.46) 

■ &3 -»• **(<£4) 

then we expect that there is an equivalence of Aoo-categories Q : *8t((24) —)► 23t((24) 
such that there is an isomorphism of A^-functors: 


(B.47) 


That is, there is an invertible A^-natural transformation between these two functors. 
We have not checked the details of these last assertions, so we’ll leave it here for now. 
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C. Examples Of Categories Of Branes 

For small numbers of vacua it is possible to write out in some generality the full structure 
of the web-formalism of Sections §2-9. Of course the complexity increases rapidly as the 
number of vacua is increased. 

C.l One Vacuum 

In this case there are no planar webs. There are no unextended half-plane webs but there 
are extended half-plane and interface webs. As noted in Section §6.1.5, the category of 
Branes, and also the category of Interfaces between the trivial Theory and itself is precisely 
the category of chain complexes. 

C.2 Two Vacua 

Suppose that V has cardinality 2. Then the entire web formalism can still be written out 
quite explicitly. We will describe the category of Branes for the positive and negative half¬ 
plane and the differential on the strip complex. Therefore we must assume that Re(zi2) ^ 0. 
By reordering vacua may assume without loss of generality that Re(zi2) > 0. 

There are no unextended plane webs. In particular there are no vertices of valence 
three or higher. The only plane webs consist of a single line with arbitrarily many 2-valent 
vertices on it. For a web representation we are free to choose any pair of Z-graded modules 
^12,^21 together with a perfect degree —1 pairing K : Ru ® R 21 Z. There is one 
taut web, illustrated in Figure 27(a). As explained in the text, the L^ Maurer-Cartan 
equation implies that the interior amplitude defines a differential Q on R 12 and R 21 so that 
the pairing is Q-invariant. Thus, the Theory T is entirely characterized by a choice of a 
complex R \2 and a dual complex R 21 with a perfect pairing. 

The complex (i? c , d c ) of local operators is 

0 —> R\ © i?2 —^ -R 12 ® -R 21 —^ 0 (C.l) 

where i?i, R 2 = Z with generators </> 1, <p 2 and 

MM = (C 2) 

MM = K21 

so that the Q-invariant local operators on the plane consist of the identity 1 = (j)\ + </>2 in 
degree zero and a space of operators isomorphic to (R 12 ® R 21 ) /A^Z. The CP 1 model 
discussed in Section §16.3.3 above is a special case of this situation. 

Now let us consider the category *Bt(T, R + ) in the positive half-plane for the above 
Theory. The half-plane webs consist of an arbitrary number of zero-valent boundary ver¬ 
tices with one or zero emission lines separating vacua 1 and 2. If there is such a line it 
can have an arbitrary number of 2-valent vertices on it. In particular, there are five taut 
half-plane webs shown in Figure 176. 

Now we construct positive half-plane Branes. We choose two Z-graded Chan-Paton 
modules £ 1 , 82 - The boundary amplitude is an element 

B G ®ij£i ® Hop(i,j) ® £j (C.3) 
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Figure 176: In a Theory with two vacua, with Re (zi 2 ) > 0, there are five taut positive half-plane 
webs, illustrated here. 

and may be thought of as a 2 x 2 matrix: 

e =( e »‘S) (c - 4) 

As in the discussion of Section §4.5 the Maurer-Cartan equation following from the two 
taut webs on the top of Figure 176 imply that Bn G £{ 0 £* = End(^) are differentials, 
while the remaining three taut webs imply that 

B 12 G Hom(£ 2 , £1 0 Ri 2) (C.5) 

is annihilated by the differential induced from that on £\,£ 2 and R\ 2 . We conclude that 
the objects in the category 5St(T, R + ) consist of a pair of Z-graded complexes (£i,£ 2 ) 
together with an arbirary degree one, Q-invariant morphism in (C.5). 

The space Hop(5S, 53') between two Branes 53, 53' in 5St(T, R + ) can be thought of as 
2x2 matrices valued in 

( Hom(f^i) Hom(^, £ x 0 i?i 2 )\ (r 

^ 0 Hom(^,f 2 ) ) [ } 

The differential M\ on Hop(5S,5S / ) computed using equation (5.17) with the taut element 
shown in Figure 176 is the natural differential acting on (C.6), so the local operators 
between 53 and 5S 7 can be identified with the Q-cohomology of (C.6). The multiplication 
M 2 on the category is given by the naive multiplication of elements of the form (C.6) since 
all taut half-plane webs have at most two boundary vertices. Moreover, for this reason, 
the higher multiplications M n , n > 3 all vanish. 

Similarly, the objects in the category 5St(T, R~) associated with the negative half¬ 
plane consist of a pair of Z-graded complexes (£1, £ 2 ) together with an arbirary degree one, 
Q- invariant morphism 

B 12 G Hom(£ 2 , R 2 1 0 £ 1 ) (C.7) 
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Figure 177: In a Theory with two vacua, with Re(zi 2 ) > 0, there are three taut webs on the strip. 


Now, consider the strip with a Brane 23 G 23t(T, T~L + ) on the left-boundary and 23 G 
23t(T, T~L~) on the right boundary. The complex of approximate groundstates is 

£\ 0 £\ © £2 0 £2 (C. 8 ) 


with a differential induced from the taut strip-webs shown in Figure 177. The first two 
types of webs give the naive differential on (C. 8 ). Using the block form corresponding to 
the direct sum decomposition in (C. 8 ) the differential has the form 


dLR 


(Qi 0 1 + 10 Qi 

{ 0 


O2 


Ql2 
1 + 1 


0,2 t 


(C.9) 


where, up to sign 


Q12 = if 12(#12 0 B12) G Hom(£ 2 0 £ 2 , £\ 0 £1) (C.10) 


We can compute the cohomology of by first passing to the naive cohomology of (C. 8 ) 
using the diagonal elements of (C.9). The operator Q 12 passes to an operator Q 12 on 
the this cohomology. The “space of exact ground states” in the sense of Section §4.3 is 
therefore 

Ker(Qi 2 )©Cok(Qi 2 ). (C.ll) 

Note that if we work over the integers the cokernel can be a finite abelian group, and 
therefore the space of exact ground states can have torsion. It would be interesting to 
know if this has a physical interpretation. 

One can similarly work out the general category of Interfaces, but to do this one must 
drop the assumption that Re( 2 : 12 ) > 0 since there are now two Theories associated (up to 
locally trivial parallel transport) with Re(zi 2 ) > 0 and Re(zi 2 ) < 0. It is then possible to 
write out in full detail the Interfaces J[p] for a vacuum homotopy zu(x) and the 5-wall 
Interfaces. This is a good exercise that we will leave to the reader. 

Similarly, one could move on and write out in full generality the web formalism when 
V has three vacua. Again, we leave this as an extensive exercise to the reader. 
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D. Proof Of Equation (7.181) 

In this appendix we prove that the characteristic polynomial of the N x N matrix 

N—2 

£ = —Rn- 1^0,0 + ^ e j+l,j — e 0,iV-l 

i=° (D.l) 

+ ^ RN-l-2jZN-j,j + ^ Rn— 2—2j^N—l —j,j 

l<j<(N-l)/2 0<j<(N—2)/2 

(where we treat R n as scalars) is simply 

N—l 

det(xljv — £) = x N + RjX^ + 1 (D.2) 

3 = 1 

We prove equation (D.2) by expansion by minors. We use the last column of xIn — £ 
because it has only two nonzero entries. The minor of the (N — 1, N — 1) matrix element 
is lower triangular and immediately gives 

x n -\x + R N - i) (D.3) 

The minor of the (0,N — 1) matrix element is ( —lj ,v+l times the determinant of the 
(N — 1) x (N — 1) dimensional matrix: 


N -3 N-2 

m = xJ2 e i,i+1 - E e xj 

3=0 3=0 


E R N — 2 — 2 j&N— 2 —j,j 

0<j<(N-2)/2 


(D.4) 


Now we use row and column operations to eliminate the x’s above the diagonal. For 
simplicity assume that N is even. Then, adding x times row (N — 2) to row (N — 3), then 
x times row (N — 3) to row (N — 4) and so forth up to (but not including) row N/2 gives 
a matrix of the form 



(D.5) 


where 


N/ 2-1 N/ 2-1 

A = x E e i>i+i — E e hi 

j —o j=o 

- x( n ~W Rn - 2 e N/ 2-i , 0 ~ {x {N - 2 )/ 2 R N -z + x( n -^R N - 4 ) 


(D.6) 


— • • • — (x 2 i ?3 + xR,2)e N /2-l,N/2-2 ~ xR\e^ /2-1,. N /2-1 


Now to determine detA use column operations to eliminate the x’s above the diagonal: 
First add x times column 0 to column 1, then x times column 1 to column 2 and so forth 
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to produce a lower triangular matrix with diagonal with —1 in every element except the 
(y — 1 , Y — 1 ) matrix element which is 

— 1 — xRi — x 2 R 2 — • • • — x n ~ 2 Rn -2 (D.7) 

Thus the contribution of the (0, N — 1) minor in xljy — £ is (recall N is even): 

— det M = (— 1) N / 2 det A 

= — (—l) iV / 2 (—l)^/ 2-1 (1 + xR x + x 2 R 2 + • • • + x n ~ 2 R N - 2 ) (D.8) 

— 1 xR\ x 2 R 2 “t - * ■ ■ ~\~ xN 2 Rj\f _2 

completing the proof of (D.2). 



Figure 178: In the regions 7Zk,k+i which contain the boosted soliton core rays r & and are at 
| s | > R (the region outside the blue circle) we can write approximate solutions to the instanton 
equations to exponentially good accuracy. 


E. A More Technical Definition Of Fan Boundary Conditions 

In this appendix we describe how to define a set of boundary conditions for the ("-instanton 
equation (11.18) associated with a fan of solitons 

(E- 1 ) 

To begin, we need to define some notation. We choose a set of points si,..., s n in the 
complex s = x + ir plane. To these points we attach a set of rays t k = s k + z ik^k+ i®H-‘ 
index k is now considered modulo n. Now we also choose an 1?> |s&|. Now consider the 
connected components of the complement of the rays in the region |s| > R. The region 
between and is labeled with a vacuum i Now, in each such component write the 
ray with slope bisecting and t&. Finally, define a region 

Yfc+i(i?) := {s|argD fc > args > argt5 fc+ i |s| > R} (E.2) 
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In the region TZk-i,k(R) we use a boosted soliton solution ^~^i k with core centered on 
the ray t&_i. These are true solutions of the ("-instanton equation, but only in this region. 
On the boundary D& between IZk-i,k(R) and i(R) there is a discontinuity. However, 

for large R and for large mass scale m of the LG theory both solutions and 

are within order 0{e~ mR ) of the vacuum cj>i k . Therefore, as R —» oo our solution, which 
is only defined on the open region [JjJZk-i^k bas exponentially small discontinuities at D&. 
Let us denote these discontinuous solutions by where T stands for the fan data 

(E.l), 5 , is the vector of origins of the rays tfc, and R is large. 

Now we state the the boundary conditions on the instanton equation (11.18). First, 
our solutions </>(x,r) should be continuously differentiable. Next, we require that there is 
some 5 , and some i?o, sufficiently large, and some constant C so that admissible solutions 
satisfy 

\<Kx, r) - < Ce~ mR V|s| > R (E.3) 

when R > Rq. 

Given a fan of solitons T we let denote the moduli space of smooth solutions 

to the ("-instanton equation (11.18) with fan boundary conditions (E.3). As explained 
in Sections §§14.2-14.4 when the excess dimension dimension of all zeta vertices vanishes 
there is a physical expectation that the component of A4(J r ) of maximal dimension has 
dimension given by: 

dim = ( K4 ) 

k 

where D & is the Dirac operator (12.6) on M with W" evaluated for the soliton 0?^ . 

In particular, it is physically reasonable to expect that the excess dimension vanishes for 
X = C n . Giving a rigorous proof of (E.4), even in this case, would seem to be a challenging 
task. One needs to compute the index of the Dirac operator corresponding to the first order 
variation of the ("-instanton equation 


d_ _ . 3 d_ _ 1 / 0 ClW) 

dr lU dx 2 \CW" 0 ) 


(E.5) 


Superficially this would appear to be a problem of the kind studied in [12, 10]. However, 
the presence of the center of mass collective coordinates discussed at length in §14.5 im¬ 
plies that the Dirac operator with our boundary conditions is not Fredholm, so standard 
theorems will not apply. Nevertheless, there should be a good theory of the Dirac opera¬ 
tor D with our boundary conditions. In particular, we need to orient the moduli spaces 
M(R). The relative orientation for different fan boundary conditions should be fixed from 
a trivialization of the determinant line of D on the space of all LG fields. 


F. Signs In The Supersymmetric Quantum Mechanics Formulation Of 
Morse Theory 

In this Appendix we briefly remark on the signs by which instantons are weighted in the 
approach to Morse theory reviewed in Section §10 above. In particular we comment on how 
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to choose the signs for instanton amplitudes in (10.35) and (10.50). This is closely related 
to the proper interpretation of the fermion determinant (10.33). The sign conventions 
for m qp were already discussed in footnote 3 of the original article [87] (see the end of 
Section 10.5.3 of [50] for an elaboration of that discussion). We will take our cue from the 
description of signs on p. 106 of [11] and Section 2 of [53]. 


F.l Preliminaries 


We first need a little notation. It will be useful to speak of determinant line bundles. If V 
is a finite-dimensional real vector space then Det(H) is the real line given by the highest 
exterior power. The set of nonzero vectors in Det(H) has two connected components. 
A choice of a component is, by definition, an orientation of V. We can thus identify an 
orientation of V with a choice of a nonzero vector in Det(F) up to rescaling by positive real 
numbers. If V has a metric then a volume form on V is a nonzero product of orthonormal 
vectors, and corresponds to a vector of norm one in Det(H). When V is a vector bundle 
over a manifold a choice of metric defines a reduction of structure group of Det(V) from 
GL( 1,R) =R* to 0(1) ^Z 2 . 

The set of descending flows from a critical point p G M is the set of trajectories u{r) 
satisfying (10.20) with lim r ^_ 00 i/(r) = p. The union of the descending flows is a cell 
U p C M. Similarly, the set of ascending flows from p is the set of trajectories satisfying 
(10.19) with lim^-oo u{r) — p. Their union is also a cell in M denoted U p . 125 At a 
nondegenerate critical point the Hessian, or fermion mass matrix: 


D 2 h 

rrijn — ————r 

3 Du l Dui 


(F.l) 


is a symmetric, real, nondegenerate form on T p M. Let P+{p) be the projector onto the 
subspace of T p M with positive fermion masses and P~(p) the projector onto the space with 
negative fermion masses. We can identity 


P+(p)T p M = T p Up & P-(p)T p M = T p V p (F.2) 

Thus, assuming M is finite-dimensional, we can say that V p is a cell of dimension n p and 
U p is a cell of dimension d — n p , where d — dim M. 

If (p, h) are sufficiently generic then the ascending and descending cells from two critical 
points p, q will intersect transversally in the following sense: We suppose h(p) > h(q ) so 
there is a moduli space M qp of ascending flows from q to p. It will be a manifold, perhaps 
with many connected components, of dimension n p — n q . We let T qp C M be the the image 
of these flows in M. Of course, T qp C V p P\U q . Our primary example is when n p = n q + 1 

125 Recall that a cell of dimension n is a topological space homeomorphic to the open n-dimensional ball 
in R n . Using the Morse lemma it is easy to see that the union of flows defines a cell in the neighborhood of 
a critical point. For example, for ascending flows the coefficients ci in (10.26) with fi>0 provide a system 
of coordinates. Since we have a first order differential equation the flows will not intersect even when we 
follow them beyond the neighborhood where the Morse lemma applies. See [2] for the rigorous proof that 
V p and Up are cells. One of the very useful aspects of Morse theory in topology is that it provides explicit 
cell decompositions of topological spaces. 
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so that M qp (generically) consists of an isolated set of instanton trajectories. The image 
T qp is a union of disjoint one-manifolds in M and the closure is a graph with two vertices 
at q and p. We will also need the case n p — n q + 2 below. We say that (p, h ) determine 
transversal flows if there is an exact sequence 

0 —> TpT qp —y T'plAq © T'p'Dp —v T'pM —y 0 (F.3) 

for any point V G Y qp . Linear algebra now guarantees the existence of a canonical isomor¬ 
phism 

Det (T'pTqp) © Det(TpM) = Det {T'plAq) © Det (T'p'Dp). (F.4) 

This will be the crucial identity in our determination of sign rules. 

F.2 A Mathematical Sign Rule 

In many mathematical treatments of the MSW complex (see, for examples [11], [53] Section 
2, or [5] Section 8.3) one chooses generators [U p \ of the complex to be orientations of T p U p , 
that is, a nonzero vector in Det(T p U p ), up to positive scaling. The choice of orientation 
at each critical point p is made arbitrarily. Since U p is a cell, such a choice determines an 
orientation of T^pU p for all V G U p , say, by parallel transport. Similarly, we have a canonical 
isomorphism Det(T q U q ) © Det (T q V q ) = Det (T q M) and hence an orientation of T q U q also 
determines a nonzero vector (up to positive scaling) of Det(T q M) © (Det(T g D g )) _1 . Again, 
the orientation of this line can be extended continuously to an orientation of Det(TpM) © 
(Det(TpP <7 )) _1 for all V G U q . Now, rewrite the canonical isomorphism (F.4) as 

Det {T'plAq) = Det(TpT qp ) © (Det(TpAL) © (Det (T'p'Dp)) ^) (F.5) 

Now suppose that n p = n q + 1. Then A4 qp is a disjoint union over instantons £. The 
matrix element m qp in (10.35) is a sum of contributions m qp (£) G {±1} where, in this 
approach, one identifies 4> p = [U p \ in (10.35). For each instanton £ choose a point V ^ p,q 
on £ and choose the upwards-flowing orientation of TjyT qp . Then the arbitrary choices of 
orientations of [U p \ and [U q \ will either agree or disagree with the canonical isomorphism 
(F.5) for a trajectory £ containing a point V. If the orientations agree then m qp [£ ) is +1 
and if they disagree it is —1. Note, incidentally, that it was not necessary to orient M. 
This is the sign rule given in [11] and [53] and it is equivalent to that given in [87]. 

As an example let us check that the two upward flows in Figure 122(a) indeed cancel. 
The ascending cell U q is the circle minus p, while V q is the 0-cell q itself. The descending 
cell Vp is the circle minus q while U p is the 0-cell p itself. We choose the orientation of U q to 
be defined by a nonzero horizontal tangent vector pointing left at q and the orientation of 
Vp to be a nonzero horizontal tangent vector pointing right at p. We choose the clockwise 
orientation for TM . The orientations of the two ascending flows will be given by a nonzero 
tangent vector in the ascending direction. With these choices we compute from the above 
sign rule that the contribution to m qp from the ascending flow on the left is +1 and that 
of the ascending flow on the right is —1. 
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F.3 Approach Via Supersymmetric Quantum Mechanics 

Our goal here is to give a slight reformulation of the above sign rule which makes more 
direct contact with the physical approach from supersymmetric quantum mechanics. This 
approach provides a framework for generalization to the case when M is an infinite¬ 
dimensional function space, such as is necessary in applications to quantum field theory 
(such as Landau-Ginzburg theory). 

We must first return to the description of the Fermion state associated with a critical 
point p G M (See the discussion from equations (10.9) to (10.11) above.) 

At any point V G M, the span of the Fermions is HT^M and their canonical 
conjugates ^ = gijip J span HTpM. (Here n indicates parity reversal - these are odd real 
vector spaces.) The canonical quantization relations define the natural Clifford algebra 
of T^M © T'pM associated with the natural signature (d, d ) form given by contraction. 
In order to write a definite Fermionic Hilbert space we must choose a particular Clifford 
module and this is done by choosing a maximal isotropic subspace of T^M © TpM. If we 
quantize by choosing the vacuum line to be determined by the maximal isotropic subspace 
TjyM then the Hilbert space of Fermionic states at V G M is the Clifford module 

ft£ ermi = A* (TpM) <g> 9 Jl v . (F.6) 

where, for any point V G M we have introduced the notation := Det(TpM). Heuris- 
tically, this is the real span of the product of the This quantization applies to general 
manifolds M, orientable or not. When M is orientable, there exist smooth trivializations 
of Det (TM). Since M is Riemannian there are two natural trivializations of unit norm, 
corresponding to the two possible orientations of M. Relative to such a trivialization a 
vector in (F.6) can be identified with a differential form at P, and in this way the en¬ 
tire Hilbert space of the theory is identified with D*(M). When M is unorientable there 
is no continuous trivialization of = Det (TM). Rather wavefunctions are sections of 
D*(M; 931). These are known as densities, and can be integrated on any manifold, oriented 
or not. 

Remarks 

1. It is useful to note that the supersymmetric quantum mechanics can be coupled to a 
flat line bundle £. When we do this equation (F.6) is generalized to 

^Fermi = A * (T*M) <g> <g> 2 V . (F.7) 

The instanton amplitudes m qp discussed below now have an extra factor correspond¬ 
ing to the parallel transport from £ q to £ p . This leads to the MSW complex twisted 
by a flat line bundle. If £ is a real line bundle then Pp ermi is a real Hilbert space. 

2. There is a dual quantization where the Clifford vacuum is based on the maximal 
isotropic subspace T^M. This corresponds to an exchange of ijj 1 for Equation 
(F.6) treats ^ and asymmetrically and moreover differs in our conventions for 
the relation of Fermion number to the degree of a form. In (F.6) a differential form 
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of degree n corresponds naturally to a Fermion state of Fermion number n — d. If 
M is orientable then one can maintain the (Hodge) symmetry between t/ 4 and r ijj i by 
choosing £ _1 to be a real line bundle which squares to Det (TM). We can use the 
metric to reduce the structure group of 9JT to 0(1) = Z2. If we do so, then a choice 
of £ is a choice of a flat order two real line bundle. If we twist by such a line £ then 
a differential form of degree n corresponds to a Fermionic state in (F.7) of Fermion 
number n — d/2. 

Now we wish to define a (perturbative) ground state associated with a critical point p 
in the supersymmetric quantum mechanics. 

In general, in quantum mechanics, a (pure) state is a one-dimensional complex line in 
a complex Hilbert space. (In the physics literature such a line is often called a “ray.”) In 
our problem the Hilbert space is naturally real. The perturbative ground state is a product 
of real lines for the bosonic and Fermionic degrees of freedom. The bosonic groundstate, 
which has Gaussian support near p, poses no sign difficulties and will henceforth be ignored. 
The Fermionic ground state is therefore considered to be a real line in the real Hilbert space 
(F.6). Physicists often use the word “state” to refer to either a line or a norm one vector 
in that line. Since the distinction will be important in what follows, and in order to avoid 
confusion, we will use the term Fermion vector to refer to an actual vector in the line. In 
Morse theory we are interested in transition matrix elements and not their squares so we 
must choose a Fermion vector 4/(p) E T-L p erini . Since the Fermion line is a real line there are 
two normalized vectors ±\I/(p). The vectors 4> p used in equations (10.27) et. seq. of Section 
§10.4 are then obtained by taking a product with the (unproblematic) bosonic vector. 

Now, for any critical point p, let us determine the Fermion line in which 4/(p) must live. 
Recall from the analysis above (10.11) that if we choose a coordinate frame diagonalizing 
rriij(p) then the ground state is made by acting on the vacuum line of (F.6) with the wedge 
product of ?/4 for i running over the downward directions. Thus, the Fermion ground vector 
at p is an element of the real line 


S p := Det {T*Vp) <g> m p . 

(F.8) 

Using the canonical isomorphisms 


Det {T;V p ) =* (Det(T^))- 1 

(F.9) 

and 


VJlp = Det (T P V P ) 0 Det (T P U P ) 

(F.10) 

we can equally well write 


S p = Bet (T P U P ) 

(F.ll) 


This will be the form of most use to us, and we will find it useful to introduce the notation 


ii p Det (TpUp) &; D p := Det (T p V p ). (F.12) 

Now we can start to make contact with the mathematical formulation of Section §F.2 
above. A choice at each critical point p of 4/(p) determines a set of nonzero vectors in S p 
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up to positive scaling. That is equivalent to a choice of orientation of U p . The difference is 
that in physics T(p) is vector in a Hilbert space and in the mathematical approach [U p \ is 
just an abstract generator of a Z-module. 

Let us next turn to the matrix element m qp of equation (10.35). Here p, q are critical 
points with n p = n q + 1. The operator Q is not a section of a line bundle so we regard m qp 
as an element of a line 

mq p G (F.13) 

The matrix element m qp is in the dual line to Hom(<S g , <S p ). The localization of the path 
integral states that m qp — J2ieM qp m qp(^)i an d each m qp (£) is given by the one-loop path 
integral expanded around the instanton £. This is the Fermionic path integral normalized by 
the (unproblematic) one loop bosonic determinant. The Fermionic path integral is a section, 
det(L) of the determinant line bundle Det(L). In general, if T : T~L\ I-L 2 is a Fredholm 
operator between two Hilbert spaces we can define Det(T) = Det(kerL) -1 ® Det(kerLi). 
As explained in Section §10.2, since l(L) — n p — n q — 1 is positive, we generically have 
ker l} — {0} and for simplicity we will assume that this is the case. Thus, det(L) G 
Det(kerL) -1 . Indeed, this is where the measure of the Fermion zeromodes should live. On 
the other hand, for any point V G £, we can also identify kerL = Tp£, since the zeromode 
is just u 1 (t ), defining a nonvanishing vector field along £. Thus, we can choose any point 
V G l and use this isomorphism to identify the path integral as an nonzero vector in 
Det(Tp^). Now we have isomorphisms 


no 

itp' 


ilq'&p ^ Det(TpZYg)Det(TpT ) p 


m v 


= Det (TpY qp ) — Det (Tp£). 


(F. 14) 


where the first isomorphism is canonical, the second uses parallel transport along £ to a 
point V G £, and the third is the canonical isomorphism (F.4). In this way, for each £ we 
can map the amplitude to an element m qp (£) G in a common line, where the amplitudes 
can be sensibly added. 

As explained in Section §10.4, det(L) is a product of the zeromode measure (valued in 
Det(Tp^), for any choice of V G £) and the ratio of determinants in equation (10.33): 

det' L ^ 

(det'(LtL)) 1 / 2 ( ^ 


The ratio of determinants is a number (in general complex) not a section of a line bundle 
and can be defined, say, by ("-function regularization. In our case, since L is real this 
number is ±1. Once we have chosen a trivialization T(p), T(g) of ii q /iip the contributions 
of the amplitudes m qp [£) for different instantons differ by ±1 where this sign is given by 
both the ratio of determinants and the ratio of orientations of Fermion measures. This 
makes contact with the mathematical sign rule of Section §F.2 above. 

As an example, consider again Figure 122(a). Let <fi ~ 0 + 2n parametrize the circle 
and let h — cos(0). The two instanton flows are given by tan(0/2) = ±e - ( r-T °) and 
L = + cos (j). In this case (F.15) is clearly the same for the two flows, but the Fermion 

measure is oriented in opposite directions for the two flows, and hence the two instanton 
amplitudes cancel. 
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More generally, it is instructive to go back to the localization formula for the vev of 
some generic operator of the form 

0 = (F.16) 

which is Q-closed if the degree n form O = Oi 1 ...i n du tl • • • d u ln on M is closed. The same 
analysis as for [Q, /] given in Section §10.4 shows that 

($ p |6(t)|<I> 9 > = [ O (F.17) 

Here n — n p — n q , otherwise both sides are zero. The right hand side is a sum over the 
components T^ p of T qp , but how should these components be oriented? Having made a 
choice of T(p) and T(g) to define the left hand side, we can again use (F.14) to determine 
the orientations of the components T^ p . We define the sign of the integral f ra O using this 
orientation. 



Figure 179: A component of M qr when n r — n q = 2 corresponds to a two-cell T qr C M depicted 
schematically here. There are two one-dimensional boundaries of this cell, corresponding two broken 
paths * £2 and £[ * £' 2 interpolating q p r, where n p = n q + 1. 


Let us now address the cancellations required for equation (10.41) to hold. Suppose 
that n r = n p + 1 = n q + 2 and focus on a particular component of the moduli space M qr - 
This component will map to a two-dimensional cell T qp C M with boundaries corresponding 
to broken paths £\ * £2 and £[ * £! 2 as in Figure 179. The product of instanton amplitudes 
m qp m pr for both broken paths is, according to (F.13), valued in 


m qp m pr 



Hr ~ Ur 


(F.18) 


Now, once again, if we choose a particular two-cell in F f/r as in Figure 179 we can use the 
isomorphism (F.14) to map to an element 


mqpmpr € Det(TpA4 9r ) 


(F.19) 
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where V E T qr is any point in the cell. Thus the contributions of the two bounding broken 
paths £\ *£2 and £[ *£ 2 lie in the same line and can meaningfully be compared. On the other 
hand, from (F.14) we see that m qp {£ i) and m pr [£ 2 ) determine orientations of £\ and £ 2 . 
Since the broken path £\ *£2 is a limit of smooth paths, all of which can be oriented, there 
is a natural correlation between the orientation of £\ and £2 so that there is a well-defined 
orientation of the boundary £\ * £ 2 . Thus, m qp (£\)m pr (£ 2 ) determines an orientation of 
the boundary one-cell £\ * £ 2 . There are only two natural maps into Det (T'pM qr ), namely 
taking a wedge product with the outward or the inward normal to the two-cell T qr . Making 
the same choice for both £\ *£2 and £[ *£ 2 the contributions from the two boundaries cancel. 
The reason we make the same choice is that we then have a rule analogous to (F.17) for 
matrix elements of operators of Fermion number 2. 

Finally, we discuss the sign choices for the exceptional instantons counted by E in 
equation (10.50). Let sq be an isolated value of s such that equation (10.49) has a solution. 
The relevant linear operator acts on a Fermion field with one extra component 

V , ( r ) = (V’*( r )) V ,s ( r )) (F.20) 


where ^ s (r) takes into account the first order variation in the s direction. The relevant 
Dirac operator is given by 


(wy = 


~d7 


a D2h ,k 9 
9 DuWu k ^ ds 


50 


fi dh_ 

dui 




r 


(F.21) 


where g, h and their derivatives are evaluated on the exceptional instanton u l (r ; so). The 
contribution of the exceptional instanton at so to e pp r in equation (10.50) is, as usual, an 
element 

e PP '(s 0 )e^®T: o I (F.22) 

IXpf 

where the last factor T* I on the right hand side comes from the extra component of 
the Fermi field, in the domain of the Dirac operator L, and / = [0,1] is the space 
parametrized by s and describing the homotopy between (g(r),h(r)) and (g f (r), h' (r)). 
Accordingly, once we choose an orientation for / we can add the contributions of the 
different exceptional instantons. Reversing the orientation changes the sign of the operator 
E. From equation (10.48) it is clear this must be the case. 
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